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Deep Learning in Safety Critical Domains
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Deep Learning in Autonomous Systems
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Current Limitation: Lack of Robustness 
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Camera Self-driving CarDNN

- Adversarial attacks
- Camera noise



Research Overview
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Adoption of deep learning in safety-critical systems 
requires strict guarantees of robustness, stability and safety

automated healthcare conversational AIautonomous systems critical infrastructure



Neural Network Driven Dynamical Systems
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�
<latexit sha1_base64="OkUVFM4iogoZhQm+LgOSnlhuHZg=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHos6sFjBfsB7VKyabaNzSZLMiuU0v/gxYMiXv0/3vw3pu0etPWFwMM7M2TmjVIpLPr+t7eyura+sVnYKm7v7O7tlw4OG1ZnhvE601KbVkQtl0LxOgqUvJUaTpNI8mY0vJnWm0/cWKHVA45SHia0r0QsGEVnNTq3XCLtlsp+xZ+JLEOQQxly1bqlr05PsyzhCpmk1rYDP8VwTA0KJvmk2MksTykb0j5vO1Q04TYcz7adkFPn9EisjXsKycz9PTGmibWjJHKdCcWBXaxNzf9q7Qzjq3AsVJohV2z+UZxJgppMTyc9YThDOXJAmRFuV8IG1FCGLqCiCyFYPHkZGueVwPH9Rbl6ncdRgGM4gTMI4BKqcAc1qAODR3iGV3jztPfivXsf89YVL585gj/yPn8AYI6O/A==</latexit><latexit sha1_base64="OkUVFM4iogoZhQm+LgOSnlhuHZg=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHos6sFjBfsB7VKyabaNzSZLMiuU0v/gxYMiXv0/3vw3pu0etPWFwMM7M2TmjVIpLPr+t7eyura+sVnYKm7v7O7tlw4OG1ZnhvE601KbVkQtl0LxOgqUvJUaTpNI8mY0vJnWm0/cWKHVA45SHia0r0QsGEVnNTq3XCLtlsp+xZ+JLEOQQxly1bqlr05PsyzhCpmk1rYDP8VwTA0KJvmk2MksTykb0j5vO1Q04TYcz7adkFPn9EisjXsKycz9PTGmibWjJHKdCcWBXaxNzf9q7Qzjq3AsVJohV2z+UZxJgppMTyc9YThDOXJAmRFuV8IG1FCGLqCiCyFYPHkZGueVwPH9Rbl6ncdRgGM4gTMI4BKqcAc1qAODR3iGV3jztPfivXsf89YVL585gj/yPn8AYI6O/A==</latexit><latexit sha1_base64="OkUVFM4iogoZhQm+LgOSnlhuHZg=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHos6sFjBfsB7VKyabaNzSZLMiuU0v/gxYMiXv0/3vw3pu0etPWFwMM7M2TmjVIpLPr+t7eyura+sVnYKm7v7O7tlw4OG1ZnhvE601KbVkQtl0LxOgqUvJUaTpNI8mY0vJnWm0/cWKHVA45SHia0r0QsGEVnNTq3XCLtlsp+xZ+JLEOQQxly1bqlr05PsyzhCpmk1rYDP8VwTA0KJvmk2MksTykb0j5vO1Q04TYcz7adkFPn9EisjXsKycz9PTGmibWjJHKdCcWBXaxNzf9q7Qzjq3AsVJohV2z+UZxJgppMTyc9YThDOXJAmRFuV8IG1FCGLqCiCyFYPHkZGueVwPH9Rbl6ncdRgGM4gTMI4BKqcAc1qAODR3iGV3jztPfivXsf89YVL585gj/yPn8AYI6O/A==</latexit><latexit sha1_base64="OkUVFM4iogoZhQm+LgOSnlhuHZg=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHos6sFjBfsB7VKyabaNzSZLMiuU0v/gxYMiXv0/3vw3pu0etPWFwMM7M2TmjVIpLPr+t7eyura+sVnYKm7v7O7tlw4OG1ZnhvE601KbVkQtl0LxOgqUvJUaTpNI8mY0vJnWm0/cWKHVA45SHia0r0QsGEVnNTq3XCLtlsp+xZ+JLEOQQxly1bqlr05PsyzhCpmk1rYDP8VwTA0KJvmk2MksTykb0j5vO1Q04TYcz7adkFPn9EisjXsKycz9PTGmibWjJHKdCcWBXaxNzf9q7Qzjq3AsVJohV2z+UZxJgppMTyc9YThDOXJAmRFuV8IG1FCGLqCiCyFYPHkZGueVwPH9Rbl6ncdRgGM4gTMI4BKqcAc1qAODR3iGV3jztPfivXsf89YVL585gj/yPn8AYI6O/A==</latexit>

neural network

P
<latexit sha1_base64="DUK8772RZQVXwIeQPAGNJiA+GCA=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2Lumd567LWuCnqKMMJnMI5eHAFDbiDJrSBAcIzvMKb8+i8OO/OxyJacoqZY/gD5/MHqZuM1A==</latexit><latexit sha1_base64="DUK8772RZQVXwIeQPAGNJiA+GCA=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2Lumd567LWuCnqKMMJnMI5eHAFDbiDJrSBAcIzvMKb8+i8OO/OxyJacoqZY/gD5/MHqZuM1A==</latexit><latexit sha1_base64="DUK8772RZQVXwIeQPAGNJiA+GCA=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2Lumd567LWuCnqKMMJnMI5eHAFDbiDJrSBAcIzvMKb8+i8OO/OxyJacoqZY/gD5/MHqZuM1A==</latexit><latexit sha1_base64="DUK8772RZQVXwIeQPAGNJiA+GCA=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2Lumd567LWuCnqKMMJnMI5eHAFDbiDJrSBAcIzvMKb8+i8OO/OxyJacoqZY/gD5/MHqZuM1A==</latexit>

outputdisturbance

known dynamics

Goal: verify a property about the closed-
loop system for all admissible disturbances 
and modeling uncertainties
• stability
• robustness
• safety



Neural Network Driven Dynamical Systems

6

modeling 
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�
<latexit sha1_base64="OkUVFM4iogoZhQm+LgOSnlhuHZg=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHos6sFjBfsB7VKyabaNzSZLMiuU0v/gxYMiXv0/3vw3pu0etPWFwMM7M2TmjVIpLPr+t7eyura+sVnYKm7v7O7tlw4OG1ZnhvE601KbVkQtl0LxOgqUvJUaTpNI8mY0vJnWm0/cWKHVA45SHia0r0QsGEVnNTq3XCLtlsp+xZ+JLEOQQxly1bqlr05PsyzhCpmk1rYDP8VwTA0KJvmk2MksTykb0j5vO1Q04TYcz7adkFPn9EisjXsKycz9PTGmibWjJHKdCcWBXaxNzf9q7Qzjq3AsVJohV2z+UZxJgppMTyc9YThDOXJAmRFuV8IG1FCGLqCiCyFYPHkZGueVwPH9Rbl6ncdRgGM4gTMI4BKqcAc1qAODR3iGV3jztPfivXsf89YVL585gj/yPn8AYI6O/A==</latexit><latexit sha1_base64="OkUVFM4iogoZhQm+LgOSnlhuHZg=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHos6sFjBfsB7VKyabaNzSZLMiuU0v/gxYMiXv0/3vw3pu0etPWFwMM7M2TmjVIpLPr+t7eyura+sVnYKm7v7O7tlw4OG1ZnhvE601KbVkQtl0LxOgqUvJUaTpNI8mY0vJnWm0/cWKHVA45SHia0r0QsGEVnNTq3XCLtlsp+xZ+JLEOQQxly1bqlr05PsyzhCpmk1rYDP8VwTA0KJvmk2MksTykb0j5vO1Q04TYcz7adkFPn9EisjXsKycz9PTGmibWjJHKdCcWBXaxNzf9q7Qzjq3AsVJohV2z+UZxJgppMTyc9YThDOXJAmRFuV8IG1FCGLqCiCyFYPHkZGueVwPH9Rbl6ncdRgGM4gTMI4BKqcAc1qAODR3iGV3jztPfivXsf89YVL585gj/yPn8AYI6O/A==</latexit><latexit sha1_base64="OkUVFM4iogoZhQm+LgOSnlhuHZg=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHos6sFjBfsB7VKyabaNzSZLMiuU0v/gxYMiXv0/3vw3pu0etPWFwMM7M2TmjVIpLPr+t7eyura+sVnYKm7v7O7tlw4OG1ZnhvE601KbVkQtl0LxOgqUvJUaTpNI8mY0vJnWm0/cWKHVA45SHia0r0QsGEVnNTq3XCLtlsp+xZ+JLEOQQxly1bqlr05PsyzhCpmk1rYDP8VwTA0KJvmk2MksTykb0j5vO1Q04TYcz7adkFPn9EisjXsKycz9PTGmibWjJHKdCcWBXaxNzf9q7Qzjq3AsVJohV2z+UZxJgppMTyc9YThDOXJAmRFuV8IG1FCGLqCiCyFYPHkZGueVwPH9Rbl6ncdRgGM4gTMI4BKqcAc1qAODR3iGV3jztPfivXsf89YVL585gj/yPn8AYI6O/A==</latexit><latexit sha1_base64="OkUVFM4iogoZhQm+LgOSnlhuHZg=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHos6sFjBfsB7VKyabaNzSZLMiuU0v/gxYMiXv0/3vw3pu0etPWFwMM7M2TmjVIpLPr+t7eyura+sVnYKm7v7O7tlw4OG1ZnhvE601KbVkQtl0LxOgqUvJUaTpNI8mY0vJnWm0/cWKHVA45SHia0r0QsGEVnNTq3XCLtlsp+xZ+JLEOQQxly1bqlr05PsyzhCpmk1rYDP8VwTA0KJvmk2MksTykb0j5vO1Q04TYcz7adkFPn9EisjXsKycz9PTGmibWjJHKdCcWBXaxNzf9q7Qzjq3AsVJohV2z+UZxJgppMTyc9YThDOXJAmRFuV8IG1FCGLqCiCyFYPHkZGueVwPH9Rbl6ncdRgGM4gTMI4BKqcAc1qAODR3iGV3jztPfivXsf89YVL585gj/yPn8AYI6O/A==</latexit>

neural network

P
<latexit sha1_base64="DUK8772RZQVXwIeQPAGNJiA+GCA=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2Lumd567LWuCnqKMMJnMI5eHAFDbiDJrSBAcIzvMKb8+i8OO/OxyJacoqZY/gD5/MHqZuM1A==</latexit><latexit sha1_base64="DUK8772RZQVXwIeQPAGNJiA+GCA=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2Lumd567LWuCnqKMMJnMI5eHAFDbiDJrSBAcIzvMKb8+i8OO/OxyJacoqZY/gD5/MHqZuM1A==</latexit><latexit sha1_base64="DUK8772RZQVXwIeQPAGNJiA+GCA=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2Lumd567LWuCnqKMMJnMI5eHAFDbiDJrSBAcIzvMKb8+i8OO/OxyJacoqZY/gD5/MHqZuM1A==</latexit><latexit sha1_base64="DUK8772RZQVXwIeQPAGNJiA+GCA=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2Lumd567LWuCnqKMMJnMI5eHAFDbiDJrSBAcIzvMKb8+i8OO/OxyJacoqZY/gD5/MHqZuM1A==</latexit>

outputdisturbance

known dynamics

Goal: verify a property about the closed-
loop system for all admissible disturbances 
and modeling uncertainties
• stability
• robustness
• safety

Nubert, Julian, et al. "Safe and fast tracking on a robot manipulator: Robust mpc and neural network control." IEEE Robotics and 
Automation Letters 5.2 (2020): 3050-3057.
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�
<latexit sha1_base64="OkUVFM4iogoZhQm+LgOSnlhuHZg=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHos6sFjBfsB7VKyabaNzSZLMiuU0v/gxYMiXv0/3vw3pu0etPWFwMM7M2TmjVIpLPr+t7eyura+sVnYKm7v7O7tlw4OG1ZnhvE601KbVkQtl0LxOgqUvJUaTpNI8mY0vJnWm0/cWKHVA45SHia0r0QsGEVnNTq3XCLtlsp+xZ+JLEOQQxly1bqlr05PsyzhCpmk1rYDP8VwTA0KJvmk2MksTykb0j5vO1Q04TYcz7adkFPn9EisjXsKycz9PTGmibWjJHKdCcWBXaxNzf9q7Qzjq3AsVJohV2z+UZxJgppMTyc9YThDOXJAmRFuV8IG1FCGLqCiCyFYPHkZGueVwPH9Rbl6ncdRgGM4gTMI4BKqcAc1qAODR3iGV3jztPfivXsf89YVL585gj/yPn8AYI6O/A==</latexit><latexit sha1_base64="OkUVFM4iogoZhQm+LgOSnlhuHZg=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHos6sFjBfsB7VKyabaNzSZLMiuU0v/gxYMiXv0/3vw3pu0etPWFwMM7M2TmjVIpLPr+t7eyura+sVnYKm7v7O7tlw4OG1ZnhvE601KbVkQtl0LxOgqUvJUaTpNI8mY0vJnWm0/cWKHVA45SHia0r0QsGEVnNTq3XCLtlsp+xZ+JLEOQQxly1bqlr05PsyzhCpmk1rYDP8VwTA0KJvmk2MksTykb0j5vO1Q04TYcz7adkFPn9EisjXsKycz9PTGmibWjJHKdCcWBXaxNzf9q7Qzjq3AsVJohV2z+UZxJgppMTyc9YThDOXJAmRFuV8IG1FCGLqCiCyFYPHkZGueVwPH9Rbl6ncdRgGM4gTMI4BKqcAc1qAODR3iGV3jztPfivXsf89YVL585gj/yPn8AYI6O/A==</latexit><latexit sha1_base64="OkUVFM4iogoZhQm+LgOSnlhuHZg=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHos6sFjBfsB7VKyabaNzSZLMiuU0v/gxYMiXv0/3vw3pu0etPWFwMM7M2TmjVIpLPr+t7eyura+sVnYKm7v7O7tlw4OG1ZnhvE601KbVkQtl0LxOgqUvJUaTpNI8mY0vJnWm0/cWKHVA45SHia0r0QsGEVnNTq3XCLtlsp+xZ+JLEOQQxly1bqlr05PsyzhCpmk1rYDP8VwTA0KJvmk2MksTykb0j5vO1Q04TYcz7adkFPn9EisjXsKycz9PTGmibWjJHKdCcWBXaxNzf9q7Qzjq3AsVJohV2z+UZxJgppMTyc9YThDOXJAmRFuV8IG1FCGLqCiCyFYPHkZGueVwPH9Rbl6ncdRgGM4gTMI4BKqcAc1qAODR3iGV3jztPfivXsf89YVL585gj/yPn8AYI6O/A==</latexit><latexit sha1_base64="OkUVFM4iogoZhQm+LgOSnlhuHZg=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHos6sFjBfsB7VKyabaNzSZLMiuU0v/gxYMiXv0/3vw3pu0etPWFwMM7M2TmjVIpLPr+t7eyura+sVnYKm7v7O7tlw4OG1ZnhvE601KbVkQtl0LxOgqUvJUaTpNI8mY0vJnWm0/cWKHVA45SHia0r0QsGEVnNTq3XCLtlsp+xZ+JLEOQQxly1bqlr05PsyzhCpmk1rYDP8VwTA0KJvmk2MksTykb0j5vO1Q04TYcz7adkFPn9EisjXsKycz9PTGmibWjJHKdCcWBXaxNzf9q7Qzjq3AsVJohV2z+UZxJgppMTyc9YThDOXJAmRFuV8IG1FCGLqCiCyFYPHkZGueVwPH9Rbl6ncdRgGM4gTMI4BKqcAc1qAODR3iGV3jztPfivXsf89YVL585gj/yPn8AYI6O/A==</latexit>

neural network

P
<latexit sha1_base64="DUK8772RZQVXwIeQPAGNJiA+GCA=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2Lumd567LWuCnqKMMJnMI5eHAFDbiDJrSBAcIzvMKb8+i8OO/OxyJacoqZY/gD5/MHqZuM1A==</latexit><latexit sha1_base64="DUK8772RZQVXwIeQPAGNJiA+GCA=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2Lumd567LWuCnqKMMJnMI5eHAFDbiDJrSBAcIzvMKb8+i8OO/OxyJacoqZY/gD5/MHqZuM1A==</latexit><latexit sha1_base64="DUK8772RZQVXwIeQPAGNJiA+GCA=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2Lumd567LWuCnqKMMJnMI5eHAFDbiDJrSBAcIzvMKb8+i8OO/OxyJacoqZY/gD5/MHqZuM1A==</latexit><latexit sha1_base64="DUK8772RZQVXwIeQPAGNJiA+GCA=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2Lumd567LWuCnqKMMJnMI5eHAFDbiDJrSBAcIzvMKb8+i8OO/OxyJacoqZY/gD5/MHqZuM1A==</latexit>

outputdisturbance

known dynamics

Goal: verify a property about the closed-
loop system for all admissible disturbances 
and modeling uncertainties
• stability
• robustness
• safety

Over-approximation of 
reachable sets



Neural Network Driven Dynamical Systems
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modeling 
uncertainties

�
<latexit sha1_base64="OkUVFM4iogoZhQm+LgOSnlhuHZg=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHos6sFjBfsB7VKyabaNzSZLMiuU0v/gxYMiXv0/3vw3pu0etPWFwMM7M2TmjVIpLPr+t7eyura+sVnYKm7v7O7tlw4OG1ZnhvE601KbVkQtl0LxOgqUvJUaTpNI8mY0vJnWm0/cWKHVA45SHia0r0QsGEVnNTq3XCLtlsp+xZ+JLEOQQxly1bqlr05PsyzhCpmk1rYDP8VwTA0KJvmk2MksTykb0j5vO1Q04TYcz7adkFPn9EisjXsKycz9PTGmibWjJHKdCcWBXaxNzf9q7Qzjq3AsVJohV2z+UZxJgppMTyc9YThDOXJAmRFuV8IG1FCGLqCiCyFYPHkZGueVwPH9Rbl6ncdRgGM4gTMI4BKqcAc1qAODR3iGV3jztPfivXsf89YVL585gj/yPn8AYI6O/A==</latexit><latexit sha1_base64="OkUVFM4iogoZhQm+LgOSnlhuHZg=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHos6sFjBfsB7VKyabaNzSZLMiuU0v/gxYMiXv0/3vw3pu0etPWFwMM7M2TmjVIpLPr+t7eyura+sVnYKm7v7O7tlw4OG1ZnhvE601KbVkQtl0LxOgqUvJUaTpNI8mY0vJnWm0/cWKHVA45SHia0r0QsGEVnNTq3XCLtlsp+xZ+JLEOQQxly1bqlr05PsyzhCpmk1rYDP8VwTA0KJvmk2MksTykb0j5vO1Q04TYcz7adkFPn9EisjXsKycz9PTGmibWjJHKdCcWBXaxNzf9q7Qzjq3AsVJohV2z+UZxJgppMTyc9YThDOXJAmRFuV8IG1FCGLqCiCyFYPHkZGueVwPH9Rbl6ncdRgGM4gTMI4BKqcAc1qAODR3iGV3jztPfivXsf89YVL585gj/yPn8AYI6O/A==</latexit><latexit sha1_base64="OkUVFM4iogoZhQm+LgOSnlhuHZg=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHos6sFjBfsB7VKyabaNzSZLMiuU0v/gxYMiXv0/3vw3pu0etPWFwMM7M2TmjVIpLPr+t7eyura+sVnYKm7v7O7tlw4OG1ZnhvE601KbVkQtl0LxOgqUvJUaTpNI8mY0vJnWm0/cWKHVA45SHia0r0QsGEVnNTq3XCLtlsp+xZ+JLEOQQxly1bqlr05PsyzhCpmk1rYDP8VwTA0KJvmk2MksTykb0j5vO1Q04TYcz7adkFPn9EisjXsKycz9PTGmibWjJHKdCcWBXaxNzf9q7Qzjq3AsVJohV2z+UZxJgppMTyc9YThDOXJAmRFuV8IG1FCGLqCiCyFYPHkZGueVwPH9Rbl6ncdRgGM4gTMI4BKqcAc1qAODR3iGV3jztPfivXsf89YVL585gj/yPn8AYI6O/A==</latexit><latexit sha1_base64="OkUVFM4iogoZhQm+LgOSnlhuHZg=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHos6sFjBfsB7VKyabaNzSZLMiuU0v/gxYMiXv0/3vw3pu0etPWFwMM7M2TmjVIpLPr+t7eyura+sVnYKm7v7O7tlw4OG1ZnhvE601KbVkQtl0LxOgqUvJUaTpNI8mY0vJnWm0/cWKHVA45SHia0r0QsGEVnNTq3XCLtlsp+xZ+JLEOQQxly1bqlr05PsyzhCpmk1rYDP8VwTA0KJvmk2MksTykb0j5vO1Q04TYcz7adkFPn9EisjXsKycz9PTGmibWjJHKdCcWBXaxNzf9q7Qzjq3AsVJohV2z+UZxJgppMTyc9YThDOXJAmRFuV8IG1FCGLqCiCyFYPHkZGueVwPH9Rbl6ncdRgGM4gTMI4BKqcAc1qAODR3iGV3jztPfivXsf89YVL585gj/yPn8AYI6O/A==</latexit>

neural network

P
<latexit sha1_base64="DUK8772RZQVXwIeQPAGNJiA+GCA=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2Lumd567LWuCnqKMMJnMI5eHAFDbiDJrSBAcIzvMKb8+i8OO/OxyJacoqZY/gD5/MHqZuM1A==</latexit><latexit sha1_base64="DUK8772RZQVXwIeQPAGNJiA+GCA=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2Lumd567LWuCnqKMMJnMI5eHAFDbiDJrSBAcIzvMKb8+i8OO/OxyJacoqZY/gD5/MHqZuM1A==</latexit><latexit sha1_base64="DUK8772RZQVXwIeQPAGNJiA+GCA=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2Lumd567LWuCnqKMMJnMI5eHAFDbiDJrSBAcIzvMKb8+i8OO/OxyJacoqZY/gD5/MHqZuM1A==</latexit><latexit sha1_base64="DUK8772RZQVXwIeQPAGNJiA+GCA=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2Lumd567LWuCnqKMMJnMI5eHAFDbiDJrSBAcIzvMKb8+i8OO/OxyJacoqZY/gD5/MHqZuM1A==</latexit>

outputdisturbance

known dynamics

Goal: verify a property about the closed-
loop system for all admissible disturbances 
and modeling uncertainties
• stability
• robustness
• safety

Over-approximation of 
reachable sets

Reachability (uncertainty propagation)



Part I
A Robust Control Perspective to Neural Network 

Verification
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Neural Network Verification
• Given a set of inputs, compute/localize the output reachable set

• Example: robustness certification in NN-classifiers

10

<latexit sha1_base64="L+oIOj1MRAZfdobxrbtRhTkjgIw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuFfUiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjG6mfuuRKs2kuDfjmPoRHggWMoKNlZrj67D8dNorltyKOwNaJl5GSpCh3it+dfuSJBEVhnCsdcdzY+OnWBlGOJ0UuommMSYjPKAdSwWOqPbT2bUTdGKVPgqlsiUMmqm/J1IcaT2OAtsZYTPUi95U/M/rJCa88lMm4sRQQeaLwoQjI9H0ddRnihLDx5Zgopi9FZEhVpgYG1DBhuAtvrxMmtWKd1E5uzsv1apZHHk4gmMogweXUINbqEMDCDzAM7zCmyOdF+fd+Zi35pxs5hD+wPn8Acs5jpM=</latexit>

y = f(x)

<latexit sha1_base64="GBLdsWo8tpJA7WYIDIq8pHPyVAk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqqMeCF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xCzhfkSHSoSCUbTSQ9av9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/QnVKJjk01IvNTyhbEyHvGupohE3/mR+6pScWWVAwljbUkjm6u+JCY2MyaLAdkYUR2bZm4n/ed0Uwxt/IlSSIldssShMJcGYzP4mA6E5Q5lZQpkW9lbCRlRThjadkg3BW355lbRqVe+qenF/WanX8jiKcAKncA4eXEMd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QMMho2a</latexit>y2

<latexit sha1_base64="VIGy+SAIWHIVLS2FpImPyduC47E=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqqMeCF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xCzhfkSHSoSCUbTSQ9b3+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6C/oRqFEzyaamXGp5QNqZD3rVU0YgbfzI/dUrOrDIgYaxtKSRz9ffEhEbGZFFgOyOKI7PszcT/vG6K4Y0/ESpJkSu2WBSmkmBMZn+TgdCcocwsoUwLeythI6opQ5tOyYbgLb+8Slq1qndVvbi/rNRreRxFOIFTOAcPrqEOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AELAo2Z</latexit>y1
<latexit sha1_base64="eOEcj8xdIuo4d03j+8xxS6FwEC0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vjw4rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxbusnN9dlGvVPI4CHMMJnIEHV1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEJfI2Y</latexit>x1

<latexit sha1_base64="/lzW1j9KBeDT57JtMXK0VDAYES8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vjw4rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/WqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindZOb+7KNeqeRwFOIYTOAMPrqAGt1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QMLAI2Z</latexit>x2

<latexit sha1_base64="LpgHiChbABx/BTlz5I8ubfO/UwY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbBqEcSLx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX7RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7LFfvLkq1ShZHHk7gFM7BgyuowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8ADISNmg==</latexit>x3

<latexit sha1_base64="+LItfGdO8YJFiq6ESiXtkC1VBZk=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclaSKuiy4cVnBPqANZTKdtEMnkzBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nrg2IlaPOE24H9GREqFgFK3U60cUx4zKrDsbVKpuzZ2DrBKvIFUo0BxUvvrDmKURV8gkNabnuQn6GdUomOSzcj81PKFsQke8Z6miETd+No88I+dWGZIw1vYpJHP190ZGI2OmUWAn84hm2cvF/7xeiuGtnwmVpMgVW3wUppJgTPL7yVBozlBOLaFMC5uVsDHVlKFtqWxL8JZPXiXtes27rl0+XFUb9aKOEpzCGVyABzfQgHtoQgsYxPAMr/DmoPPivDsfi9E1p9g5gT9wPn8AkQ2RZg==</latexit>

X

Image from http://safeai.ethz.ch/



• Verification = constraint satisfaction problem

• Equivalent non-convex optimization problem 

Neural Network Verification
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<latexit sha1_base64="xzSxBqykpCelDK0w771G53DWia8=">AAACF3icbVDLSgMxFM34rPU16tJNsAjtpsxUUZcFN+Kqgn1Ap5Q7aaYNzWSmSUZahv6FG3/FjQtF3OrOvzF9LLT1QOBwzr3k3OPHnCntON/Wyura+sZmZiu7vbO7t28fHNZUlEhCqyTikWz4oChnglY105w2Ykkh9Dmt+/3riV9/oFKxSNzrUUxbIXQFCxgBbaS2XbzNB/lhoYA9TgfYwd4ggQ72gkgC53iIPSawF4LuEeBpY9y2c07RmQIvE3dOcmiOStv+8joRSUIqNOGgVNN1Yt1KQWpGOB1nvUTRGEgfurRpqICQqlY6vWuMT43SwSaLeULjqfp7I4VQqVHom8lJRLXoTcT/vGaig6tWykScaCrI7KMg4VhHeFIS7jBJieYjQ4BIZrJi0gMJRJsqs6YEd/HkZVIrFd2L4tndea5cmteRQcfoBOWRiy5RGd2gCqoigh7RM3pFb9aT9WK9Wx+z0RVrvnOE/sD6/AEBOJ37</latexit>

J(f(x))  0 8x 2 X

<latexit sha1_base64="qGICzwYUZWdpiBOmfaNWcbaHYaY="></latexit>

J? = sup{J(y) | y = f(x), x 2 X}  0

Unsafe space

Unsafe space

<latexit sha1_base64="Aue2Zw9VGGZJ66gd8KSVLsDujsg=">AAACCXicbVC7TsMwFL0pr1JeAUYWiwqJqUoqEIyVWBiLRB9SUyLHdVqrzkO2g6iirCz8CgsDCLHyB2z8DU6aAVqOZOnonHvt4+PFnEllWd9GZWV1bX2julnb2t7Z3TP3D7oySgShHRLxSPQ9LClnIe0opjjtx4LiwOO0502vcr93T4VkUXirZjEdBngcMp8RrLTkmih1iktSjyc0cwKsJp6fPmR3jlRYuHbmmnWrYRVAy8QuSR1KtF3zyxlFJAloqAjHUg5sK1bDFAvFCKdZzUkkjTGZ4jEdaBrigMphWoTI0IlWRsiPhD6hQoX6eyPFgZSzwNOTeVS56OXif94gUf7lMGVhnCgakvlDfsKRilBeCxoxQYniM00wEUxnRWSCBSZKl1fTJdiLX14m3WbDPm9YN2f1VrOsowpHcAynYMMFtOAa2tABAo/wDK/wZjwZL8a78TEfrRjlziH8gfH5AyoBmzQ=</latexit>

x?
1

<latexit sha1_base64="U/X81ZkF5qaivIQqnQxT84R6+Fc=">AAACDHicbVC7TsMwFL3hWcqrwMhiUSGVpUoQCMZKLIxFog+pKZXjOq1Vx4lsB1FF+QAWfoWFAYRY+QA2/gYnzQAtR7J0dM659vXxIs6Utu1va2l5ZXVtvbRR3tza3tmt7O23VRhLQlsk5KHselhRzgRtaaY57UaS4sDjtONNrjK/c0+lYqG41dOI9gM8EsxnBGsjDSrVxM0vSTwe09SvuQHWY89PHtKBc+cqjeVJalJ23c6BFolTkCoUaA4qX+4wJHFAhSYcK9Vz7Ej3Eyw1I5ymZTdWNMJkgke0Z6jAAVX9JN8jRcdGGSI/lOYIjXL190SCA6WmgWeS2a5q3svE/7xerP3LfsJEFGsqyOwhP+ZIhyhrBg2ZpETzqSGYSGZ2RWSMJSba9Fc2JTjzX14k7dO6c163b86qDbuoowSHcAQ1cOACGnANTWgBgUd4hld4s56sF+vd+phFl6xi5gD+wPr8AdC+nAc=</latexit>

f(x?
1)

<latexit sha1_base64="Wkjdl57jJduwg3RbfB40TdEgUms=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRahXspuUfRY8OKxgv2Adi3ZNNuGJtklyWrL0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0c3Mbz1SpVkk780kpr7AA8lCRrCx0sMYdQWOtYlQWB6f94olt+LOgVaJl5ESZKj3il/dfkQSQaUhHGvd8dzY+ClWhhFOp4VuommMyQgPaMdSiQXVfjq/eorOrNJHYaRsSYPm6u+JFAutJyKwnQKboV72ZuJ/Xicx4bWfMhknhkqyWBQmHNkvZxGgPlOUGD6xBBPF7K2IDLHCxNigCjYEb/nlVdKsVrzLint3UapVszjycAKnUAYPrqAGt1CHBhBQ8Ayv8OY8OS/Ou/OxaM052cwx/IHz+QOEp5HR</latexit>

x 7! f(x)

Input set 

<latexit sha1_base64="bhzOF8NKM/HkNDXA4ZsLRiqYtNU=">AAACCHicbVA7T8MwGHR4lvIKMDJgUSExVUkFgrESC2OR6ENqQuQ4TmvVcSLbQVRRRhb+CgsDCLHyE9j4NzhpBmg5ydLp7vvs8/kJo1JZ1rextLyyurZe26hvbm3v7Jp7+z0ZpwKTLo5ZLAY+koRRTrqKKkYGiSAo8hnp+5Orwu/fEyFpzG/VNCFuhEachhQjpSXPPMqc8pJMkCB3IqTGfpg95F7rzpEKidwzG1bTKgEXiV2RBqjQ8cwvJ4hxGhGuMENSDm0rUW6GhKKYkbzupJIkCE/QiAw15Sgi0s3KDDk80UoAw1jowxUs1d8bGYqknEa+niyiynmvEP/zhqkKL92M8iRVhOPZQ2HKoIph0QoMqCBYsakmCAuqs0I8RgJhpbur6xLs+S8vkl6raZ83rZuzRtuu6qiBQ3AMToENLkAbXIMO6AIMHsEzeAVvxpPxYrwbH7PRJaPaOQB/YHz+AFIWmr0=</latexit>

x?
2

<latexit sha1_base64="ihUhZfDmPAjRgat8hx9EEmf4nGc=">AAACC3icbVA7T8MwGHR4lvIKMLJYrZDKUiUVCMZKLIxFog+pKZHjOK1Vx4lsB1FF2Vn4KywMIMTKH2Dj3+CkGaDlJEunu++zz+fFjEplWd/Gyura+sZmZau6vbO7t28eHPZklAhMujhikRh4SBJGOekqqhgZxIKg0GOk702vcr9/T4SkEb9Vs5iMQjTmNKAYKS25Zi11iktSQfwsaDghUhMvSB8yt3XnSIXEaeaadatpFYDLxC5JHZTouOaX40c4CQlXmCEph7YVq1GKhKKYkazqJJLECE/RmAw15SgkcpQWMTJ4ohUfBpHQhytYqL83UhRKOQs9PZlnlYteLv7nDRMVXI5SyuNEEY7nDwUJgyqCeTHQp4JgxWaaICyozgrxBAmEla6vqkuwF7+8THqtpn3etG7O6m27rKMCjkENNIANLkAbXIMO6AIMHsEzeAVvxpPxYrwbH/PRFaPcOQJ/YHz+APmpm5I=</latexit>

f(x?
2)

<latexit sha1_base64="O29poeIR+bPUWQ129Zp0CiYJa2s=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuFfUiFLyIpwr2A9qlZNNsG5tNliQrlKX/wYsHRbz6f7z5b0zbPWjrg4HHezPMzAtizrRx3W8nt7K6tr6R3yxsbe/s7hX3D5paJorQBpFcqnaANeVM0IZhhtN2rCiOAk5bwehm6reeqNJMigczjqkf4YFgISPYWKl5Vx6fXru9YsmtuDOgZeJlpAQZ6r3iV7cvSRJRYQjHWnc8NzZ+ipVhhNNJoZtoGmMywgPasVTgiGo/nV07QSdW6aNQKlvCoJn6eyLFkdbjKLCdETZDvehNxf+8TmLCKz9lIk4MFWS+KEw4MhJNX0d9pigxfGwJJorZWxEZYoWJsQEVbAje4svLpFmteBeVs/vzUq2axZGHIziGMnhwCTW4hTo0gMAjPMMrvDnSeXHenY95a87JZg7hD5zPHzJqji8=</latexit>

J(y) = 0

<latexit sha1_base64="O29poeIR+bPUWQ129Zp0CiYJa2s=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuFfUiFLyIpwr2A9qlZNNsG5tNliQrlKX/wYsHRbz6f7z5b0zbPWjrg4HHezPMzAtizrRx3W8nt7K6tr6R3yxsbe/s7hX3D5paJorQBpFcqnaANeVM0IZhhtN2rCiOAk5bwehm6reeqNJMigczjqkf4YFgISPYWKl5Vx6fXru9YsmtuDOgZeJlpAQZ6r3iV7cvSRJRYQjHWnc8NzZ+ipVhhNNJoZtoGmMywgPasVTgiGo/nV07QSdW6aNQKlvCoJn6eyLFkdbjKLCdETZDvehNxf+8TmLCKz9lIk4MFWS+KEw4MhJNX0d9pigxfGwJJorZWxEZYoWJsQEVbAje4svLpFmteBeVs/vzUq2axZGHIziGMnhwCTW4hTo0gMAjPMMrvDnSeXHenY95a87JZg7hD5zPHzJqji8=</latexit>

J(y) = 0

<latexit sha1_base64="tsy1J/KMlcSTQMkle2kgoh0xb/s=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6sFDwIt4imAekqxhdjKbDJmdXWZ6hbDkK7x4UMSrn+PNv3HyOGhiQUNR1U13V5BIYdB1v52l5ZXVtfXcRn5za3tnt7C3XzdxqhmvsVjGuhlQw6VQvIYCJW8mmtMokLwRDK7HfuOJayNidY/DhPsR7SkRCkbRSg+3j22DVF+5nULRLbkTkEXizUgRZqh2Cl/tbszSiCtkkhrT8twE/YxqFEzyUb6dGp5QNqA93rJU0YgbP5scPCLHVumSMNa2FJKJ+nsio5ExwyiwnRHFvpn3xuJ/XivF8NLPhEpS5IpNF4WpJBiT8fekKzRnKIeWUKaFvZWwPtWUoc0ob0Pw5l9eJPVyyTsvnd6dFSvlWRw5OIQjOAEPLqACN1CFGjCI4Ble4c3Rzovz7nxMW5ec2cwB/IHz+QMu24/2</latexit>

J? < 0

<latexit sha1_base64="4doAIX6HarwHJSFWW3+Mb8quYss=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6kkCXsRTBPOQZA2zk9lkyOzsMtMrhCVf4cWDIl79HG/+jZPHQRMLGoqqbrq7gkQKg6777Swtr6yurec28ptb2zu7hb39uolTzXiNxTLWzYAaLoXiNRQoeTPRnEaB5I1gcD32G09cGxGrexwm3I9oT4lQMIpWerh9bBuk+srtFIpuyZ2ALBJvRoowQ7VT+Gp3Y5ZGXCGT1JiW5yboZ1SjYJKP8u3U8ISyAe3xlqWKRtz42eTgETm2SpeEsbalkEzU3xMZjYwZRoHtjCj2zbw3Fv/zWimGl34mVJIiV2y6KEwlwZiMvyddoTlDObSEMi3srYT1qaYMbUZ5G4I3//IiqZdL3nnp9O6sWCnP4sjBIRzBCXhwARW4gSrUgEEEz/AKb452Xpx352PauuTMZg7gD5zPHzHlj/g=</latexit>

J? > 0

<latexit sha1_base64="+LItfGdO8YJFiq6ESiXtkC1VBZk=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclaSKuiy4cVnBPqANZTKdtEMnkzBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nrg2IlaPOE24H9GREqFgFK3U60cUx4zKrDsbVKpuzZ2DrBKvIFUo0BxUvvrDmKURV8gkNabnuQn6GdUomOSzcj81PKFsQke8Z6miETd+No88I+dWGZIw1vYpJHP190ZGI2OmUWAn84hm2cvF/7xeiuGtnwmVpMgVW3wUppJgTPL7yVBozlBOLaFMC5uVsDHVlKFtqWxL8JZPXiXtes27rl0+XFUb9aKOEpzCGVyABzfQgHtoQgsYxPAMr/DmoPPivDsfi9E1p9g5gT9wPn8AkQ2RZg==</latexit>

X



• Non-convex optimization problem 
⎯ MILP for ReLU activation functions

• Convex relaxations: find guaranteed upper bounds in polynomial time

• The relaxation gap ̅𝐽 − 𝐽⋆ (propagation error) grows for large input sets and large 
neural networks

Neural Network Verification
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<latexit sha1_base64="qGICzwYUZWdpiBOmfaNWcbaHYaY="></latexit>

J? = sup{J(y) | y = f(x), x 2 X}  0

<latexit sha1_base64="L+oIOj1MRAZfdobxrbtRhTkjgIw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuFfUiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjG6mfuuRKs2kuDfjmPoRHggWMoKNlZrj67D8dNorltyKOwNaJl5GSpCh3it+dfuSJBEVhnCsdcdzY+OnWBlGOJ0UuommMSYjPKAdSwWOqPbT2bUTdGKVPgqlsiUMmqm/J1IcaT2OAtsZYTPUi95U/M/rJCa88lMm4sRQQeaLwoQjI9H0ddRnihLDx5Zgopi9FZEhVpgYG1DBhuAtvrxMmtWKd1E5uzsv1apZHHk4gmMogweXUINbqEMDCDzAM7zCmyOdF+fd+Zi35pxs5hD+wPn8Acs5jpM=</latexit>

y = f(x)

<latexit sha1_base64="GBLdsWo8tpJA7WYIDIq8pHPyVAk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqqMeCF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xCzhfkSHSoSCUbTSQ9av9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/QnVKJjk01IvNTyhbEyHvGupohE3/mR+6pScWWVAwljbUkjm6u+JCY2MyaLAdkYUR2bZm4n/ed0Uwxt/IlSSIldssShMJcGYzP4mA6E5Q5lZQpkW9lbCRlRThjadkg3BW355lbRqVe+qenF/WanX8jiKcAKncA4eXEMd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QMMho2a</latexit>y2

<latexit sha1_base64="VIGy+SAIWHIVLS2FpImPyduC47E=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqqMeCF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xCzhfkSHSoSCUbTSQ9b3+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6C/oRqFEzyaamXGp5QNqZD3rVU0YgbfzI/dUrOrDIgYaxtKSRz9ffEhEbGZFFgOyOKI7PszcT/vG6K4Y0/ESpJkSu2WBSmkmBMZn+TgdCcocwsoUwLeythI6opQ5tOyYbgLb+8Slq1qndVvbi/rNRreRxFOIFTOAcPrqEOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AELAo2Z</latexit>y1
<latexit sha1_base64="eOEcj8xdIuo4d03j+8xxS6FwEC0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vjw4rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxbusnN9dlGvVPI4CHMMJnIEHV1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEJfI2Y</latexit>x1

<latexit sha1_base64="/lzW1j9KBeDT57JtMXK0VDAYES8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vjw4rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/WqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindZOb+7KNeqeRwFOIYTOAMPrqAGt1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QMLAI2Z</latexit>x2

<latexit sha1_base64="LpgHiChbABx/BTlz5I8ubfO/UwY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbBqEcSLx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX7RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7LFfvLkq1ShZHHk7gFM7BgyuowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8ADISNmg==</latexit>x3

<latexit sha1_base64="+LItfGdO8YJFiq6ESiXtkC1VBZk=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclaSKuiy4cVnBPqANZTKdtEMnkzBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nrg2IlaPOE24H9GREqFgFK3U60cUx4zKrDsbVKpuzZ2DrBKvIFUo0BxUvvrDmKURV8gkNabnuQn6GdUomOSzcj81PKFsQke8Z6miETd+No88I+dWGZIw1vYpJHP190ZGI2OmUWAn84hm2cvF/7xeiuGtnwmVpMgVW3wUppJgTPL7yVBozlBOLaFMC5uVsDHVlKFtqWxL8JZPXiXtes27rl0+XFUb9aKOEpzCGVyABzfQgHtoQgsYxPAMr/DmoPPivDsfi9E1p9g5gT9wPn8AkQ2RZg==</latexit>

X

<latexit sha1_base64="c4wJpfpqBpews1gQm3ZJtawOg+Q=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkpSFF0W3EhXFewDmlAm00k7dPJwZqKE2E9x40IRt36JO//GaZuFth64cDjnXu69x4s5k8qyvo3C2vrG5lZxu7Szu7d/YJYPOzJKBKFtEvFI9DwsKWchbSumOO3FguLA47TrTa5nfveBCsmi8E6lMXUDPAqZzwhWWhqY5WY1PUMOp/fI8bDImtOBWbFq1hxoldg5qUCO1sD8coYRSQIaKsKxlH3bipWbYaEY4XRachJJY0wmeET7moY4oNLN5qdP0alWhsiPhK5Qobn6eyLDgZRp4OnOAKuxXPZm4n9eP1H+lZuxME4UDclikZ9wpCI0ywENmaBE8VQTTATTtyIyxgITpdMq6RDs5ZdXSadesy9q1u15pVHP4yjCMZxAFWy4hAbcQAvaQOARnuEV3own48V4Nz4WrQUjnzmCPzA+fwDcr5MO</latexit>

J(y)  J̄

<latexit sha1_base64="pIKLAoemsETBA3wIYpQbXXqK0ww="></latexit>

J? = sup{J(y) | y = f(x), x 2 X}  J̄



• Feed-forward fully-connected neural networks (FFC)

Deep Neural Networks
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layer 0x0
<latexit sha1_base64="YTcfj324/tXEY1g8BPJiojsdQB0=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix4MVjRfsBbSyb7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjK9n9fYj10bE6h4nCfcjOlQiFIyite6eHtx+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y7cXlXotj6MIJ3AK5+DBJdThBhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwPZjY4=</latexit><latexit sha1_base64="YTcfj324/tXEY1g8BPJiojsdQB0=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix4MVjRfsBbSyb7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjK9n9fYj10bE6h4nCfcjOlQiFIyite6eHtx+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y7cXlXotj6MIJ3AK5+DBJdThBhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwPZjY4=</latexit><latexit sha1_base64="YTcfj324/tXEY1g8BPJiojsdQB0=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix4MVjRfsBbSyb7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjK9n9fYj10bE6h4nCfcjOlQiFIyite6eHtx+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y7cXlXotj6MIJ3AK5+DBJdThBhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwPZjY4=</latexit><latexit sha1_base64="YTcfj324/tXEY1g8BPJiojsdQB0=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix4MVjRfsBbSyb7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjK9n9fYj10bE6h4nCfcjOlQiFIyite6eHtx+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y7cXlXotj6MIJ3AK5+DBJdThBhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwPZjY4=</latexit>

f(x0)
<latexit sha1_base64="YHaotuSqTN3jTUJwNWDHJ8Ne51o=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZKYIuC25cVrAXaMeSSTNtbCYZkoxYhr6DGxeKuPV93Pk2ptNZaOsPgY//nEPO+YOYM21c99sprK1vbG4Vt0s7u3v7B+XDo7aWiSK0RSSXqhtgTTkTtGWY4bQbK4qjgNNOMLme1zuPVGkmxZ2ZxtSP8EiwkBFsrNUOq0/37vmgXHFrbia0Cl4OFcjVHJS/+kNJkogKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGeRYEjqv0023aGzqwzRKFU9gmDMvf3RIojradRYDsjbMZ6uTY3/6v1EhNe+SkTcWKoIIuPwoQjI9H8dDRkihLDpxYwUczuisgYK0yMDahkQ/CWT16Fdr3mWb69qDTqeRxFOIFTqIIHl9CAG2hCCwg8wDO8wpsjnRfn3flYtBacfOYY/sj5/AGLpo5j</latexit><latexit sha1_base64="YHaotuSqTN3jTUJwNWDHJ8Ne51o=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZKYIuC25cVrAXaMeSSTNtbCYZkoxYhr6DGxeKuPV93Pk2ptNZaOsPgY//nEPO+YOYM21c99sprK1vbG4Vt0s7u3v7B+XDo7aWiSK0RSSXqhtgTTkTtGWY4bQbK4qjgNNOMLme1zuPVGkmxZ2ZxtSP8EiwkBFsrNUOq0/37vmgXHFrbia0Cl4OFcjVHJS/+kNJkogKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGeRYEjqv0023aGzqwzRKFU9gmDMvf3RIojradRYDsjbMZ6uTY3/6v1EhNe+SkTcWKoIIuPwoQjI9H8dDRkihLDpxYwUczuisgYK0yMDahkQ/CWT16Fdr3mWb69qDTqeRxFOIFTqIIHl9CAG2hCCwg8wDO8wpsjnRfn3flYtBacfOYY/sj5/AGLpo5j</latexit><latexit sha1_base64="YHaotuSqTN3jTUJwNWDHJ8Ne51o=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZKYIuC25cVrAXaMeSSTNtbCYZkoxYhr6DGxeKuPV93Pk2ptNZaOsPgY//nEPO+YOYM21c99sprK1vbG4Vt0s7u3v7B+XDo7aWiSK0RSSXqhtgTTkTtGWY4bQbK4qjgNNOMLme1zuPVGkmxZ2ZxtSP8EiwkBFsrNUOq0/37vmgXHFrbia0Cl4OFcjVHJS/+kNJkogKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGeRYEjqv0023aGzqwzRKFU9gmDMvf3RIojradRYDsjbMZ6uTY3/6v1EhNe+SkTcWKoIIuPwoQjI9H8dDRkihLDpxYwUczuisgYK0yMDahkQ/CWT16Fdr3mWb69qDTqeRxFOIFTqIIHl9CAG2hCCwg8wDO8wpsjnRfn3flYtBacfOYY/sj5/AGLpo5j</latexit><latexit sha1_base64="YHaotuSqTN3jTUJwNWDHJ8Ne51o=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZKYIuC25cVrAXaMeSSTNtbCYZkoxYhr6DGxeKuPV93Pk2ptNZaOsPgY//nEPO+YOYM21c99sprK1vbG4Vt0s7u3v7B+XDo7aWiSK0RSSXqhtgTTkTtGWY4bQbK4qjgNNOMLme1zuPVGkmxZ2ZxtSP8EiwkBFsrNUOq0/37vmgXHFrbia0Cl4OFcjVHJS/+kNJkogKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGeRYEjqv0023aGzqwzRKFU9gmDMvf3RIojradRYDsjbMZ6uTY3/6v1EhNe+SkTcWKoIIuPwoQjI9H8dDRkihLDpxYwUczuisgYK0yMDahkQ/CWT16Fdr3mWb69qDTqeRxFOIFTqIIHl9CAG2hCCwg8wDO8wpsjnRfn3flYtBacfOYY/sj5/AGLpo5j</latexit>

· · ·<latexit sha1_base64="8IfO6WdGagA15SktrVqcHgaJOe8=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix4MVjBfsBbSibzaZdu8mG3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jEq04y3mZJK9wJquBQJb6NAyXup5jQOJO8Gk9t5vfvEtREqecBpyv2YjhIRCUbRWp0BCxWaYbXm1t2FyDp4BdSgUGtY/RqEimUxT5BJakzfc1P0c6pRMMlnlUFmeErZhI5432JCY278fLHtjFxYJySR0vYlSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMbvxcJGmGPGHLj6JMElRkfjoJheYM5dQCZVrYXQkbU00Z2oAqNgRv9eR16DTqnuX7q1qzUcRRhjM4h0vw4BqacActaAODR3iGV3hzlPPivDsfy9aSU8ycwh85nz+piY8f</latexit><latexit sha1_base64="8IfO6WdGagA15SktrVqcHgaJOe8=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix4MVjBfsBbSibzaZdu8mG3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jEq04y3mZJK9wJquBQJb6NAyXup5jQOJO8Gk9t5vfvEtREqecBpyv2YjhIRCUbRWp0BCxWaYbXm1t2FyDp4BdSgUGtY/RqEimUxT5BJakzfc1P0c6pRMMlnlUFmeErZhI5432JCY278fLHtjFxYJySR0vYlSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMbvxcJGmGPGHLj6JMElRkfjoJheYM5dQCZVrYXQkbU00Z2oAqNgRv9eR16DTqnuX7q1qzUcRRhjM4h0vw4BqacActaAODR3iGV3hzlPPivDsfy9aSU8ycwh85nz+piY8f</latexit><latexit sha1_base64="8IfO6WdGagA15SktrVqcHgaJOe8=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix4MVjBfsBbSibzaZdu8mG3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jEq04y3mZJK9wJquBQJb6NAyXup5jQOJO8Gk9t5vfvEtREqecBpyv2YjhIRCUbRWp0BCxWaYbXm1t2FyDp4BdSgUGtY/RqEimUxT5BJakzfc1P0c6pRMMlnlUFmeErZhI5432JCY278fLHtjFxYJySR0vYlSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMbvxcJGmGPGHLj6JMElRkfjoJheYM5dQCZVrYXQkbU00Z2oAqNgRv9eR16DTqnuX7q1qzUcRRhjM4h0vw4BqacActaAODR3iGV3hzlPPivDsfy9aSU8ycwh85nz+piY8f</latexit><latexit sha1_base64="8IfO6WdGagA15SktrVqcHgaJOe8=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix4MVjBfsBbSibzaZdu8mG3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jEq04y3mZJK9wJquBQJb6NAyXup5jQOJO8Gk9t5vfvEtREqecBpyv2YjhIRCUbRWp0BCxWaYbXm1t2FyDp4BdSgUGtY/RqEimUxT5BJakzfc1P0c6pRMMlnlUFmeErZhI5432JCY278fLHtjFxYJySR0vYlSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMbvxcJGmGPGHLj6JMElRkfjoJheYM5dQCZVrYXQkbU00Z2oAqNgRv9eR16DTqnuX7q1qzUcRRhjM4h0vw4BqacActaAODR3iGV3hzlPPivDsfy9aSU8ycwh85nz+piY8f</latexit>

x1
<latexit sha1_base64="f+DJFblmutbvtQIwmUAgKsilrfM=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix4MVjRfsBbSyb7aRdutmE3Y1YQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8fWs3n5EpXks780kQT+iQ8lDzqix1t3Tg9cvV9yqOxdZBS+HCuRq9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xalDRC7WfzVafkzDoDEsbKPmnI3P09kdFI60kU2M6ImpFers3M/2rd1IRXfsZlkhqUbPFRmApiYjK7mwy4QmbExAJlittdCRtRRZmx6ZRsCN7yyavQqlU9y7cXlXotj6MIJ3AK5+DBJdThBhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzmfPwVdjY8=</latexit><latexit sha1_base64="f+DJFblmutbvtQIwmUAgKsilrfM=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix4MVjRfsBbSyb7aRdutmE3Y1YQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8fWs3n5EpXks780kQT+iQ8lDzqix1t3Tg9cvV9yqOxdZBS+HCuRq9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xalDRC7WfzVafkzDoDEsbKPmnI3P09kdFI60kU2M6ImpFers3M/2rd1IRXfsZlkhqUbPFRmApiYjK7mwy4QmbExAJlittdCRtRRZmx6ZRsCN7yyavQqlU9y7cXlXotj6MIJ3AK5+DBJdThBhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzmfPwVdjY8=</latexit><latexit sha1_base64="f+DJFblmutbvtQIwmUAgKsilrfM=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix4MVjRfsBbSyb7aRdutmE3Y1YQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8fWs3n5EpXks780kQT+iQ8lDzqix1t3Tg9cvV9yqOxdZBS+HCuRq9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xalDRC7WfzVafkzDoDEsbKPmnI3P09kdFI60kU2M6ImpFers3M/2rd1IRXfsZlkhqUbPFRmApiYjK7mwy4QmbExAJlittdCRtRRZmx6ZRsCN7yyavQqlU9y7cXlXotj6MIJ3AK5+DBJdThBhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzmfPwVdjY8=</latexit><latexit sha1_base64="f+DJFblmutbvtQIwmUAgKsilrfM=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix4MVjRfsBbSyb7aRdutmE3Y1YQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8fWs3n5EpXks780kQT+iQ8lDzqix1t3Tg9cvV9yqOxdZBS+HCuRq9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xalDRC7WfzVafkzDoDEsbKPmnI3P09kdFI60kU2M6ImpFers3M/2rd1IRXfsZlkhqUbPFRmApiYjK7mwy4QmbExAJlittdCRtRRZmx6ZRsCN7yyavQqlU9y7cXlXotj6MIJ3AK5+DBJdThBhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzmfPwVdjY8=</latexit>

�
<latexit sha1_base64="K9wlo1DVAl4rOcAwfTRUSL8CmSA=">AAAB63icbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXRZcOOygr1AO5RMmumEJpkhyQhl6Cu4caGIW1/InW9jpp2Ftv4Q+PjPOeScP0wFN9bzvlFlY3Nre6e6W9vbPzg8qh+fdE2Saco6NBGJ7ofEMMEV61huBeunmhEZCtYLp3dFvffEtOGJerSzlAWSTBSPOCW2sIZpzEf1htf0FsLr4JfQgFLtUf1rOE5oJpmyVBBjBr6X2iAn2nIq2Lw2zAxLCZ2SCRs4VEQyE+SLXef4wjljHCXaPWXxwv09kRNpzEyGrlMSG5vVWmH+VxtkNroNcq7SzDJFlx9FmcA2wcXheMw1o1bMHBCqudsV05hoQq2Lp+ZC8FdPXofuVdN3/HDdaF2XcVThDM7hEny4gRbcQxs6QCGGZ3iFNyTRC3pHH8vWCipnTuGP0OcPD1SOMQ==</latexit><latexit sha1_base64="K9wlo1DVAl4rOcAwfTRUSL8CmSA=">AAAB63icbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXRZcOOygr1AO5RMmumEJpkhyQhl6Cu4caGIW1/InW9jpp2Ftv4Q+PjPOeScP0wFN9bzvlFlY3Nre6e6W9vbPzg8qh+fdE2Saco6NBGJ7ofEMMEV61huBeunmhEZCtYLp3dFvffEtOGJerSzlAWSTBSPOCW2sIZpzEf1htf0FsLr4JfQgFLtUf1rOE5oJpmyVBBjBr6X2iAn2nIq2Lw2zAxLCZ2SCRs4VEQyE+SLXef4wjljHCXaPWXxwv09kRNpzEyGrlMSG5vVWmH+VxtkNroNcq7SzDJFlx9FmcA2wcXheMw1o1bMHBCqudsV05hoQq2Lp+ZC8FdPXofuVdN3/HDdaF2XcVThDM7hEny4gRbcQxs6QCGGZ3iFNyTRC3pHH8vWCipnTuGP0OcPD1SOMQ==</latexit><latexit sha1_base64="K9wlo1DVAl4rOcAwfTRUSL8CmSA=">AAAB63icbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXRZcOOygr1AO5RMmumEJpkhyQhl6Cu4caGIW1/InW9jpp2Ftv4Q+PjPOeScP0wFN9bzvlFlY3Nre6e6W9vbPzg8qh+fdE2Saco6NBGJ7ofEMMEV61huBeunmhEZCtYLp3dFvffEtOGJerSzlAWSTBSPOCW2sIZpzEf1htf0FsLr4JfQgFLtUf1rOE5oJpmyVBBjBr6X2iAn2nIq2Lw2zAxLCZ2SCRs4VEQyE+SLXef4wjljHCXaPWXxwv09kRNpzEyGrlMSG5vVWmH+VxtkNroNcq7SzDJFlx9FmcA2wcXheMw1o1bMHBCqudsV05hoQq2Lp+ZC8FdPXofuVdN3/HDdaF2XcVThDM7hEny4gRbcQxs6QCGGZ3iFNyTRC3pHH8vWCipnTuGP0OcPD1SOMQ==</latexit><latexit sha1_base64="K9wlo1DVAl4rOcAwfTRUSL8CmSA=">AAAB63icbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXRZcOOygr1AO5RMmumEJpkhyQhl6Cu4caGIW1/InW9jpp2Ftv4Q+PjPOeScP0wFN9bzvlFlY3Nre6e6W9vbPzg8qh+fdE2Saco6NBGJ7ofEMMEV61huBeunmhEZCtYLp3dFvffEtOGJerSzlAWSTBSPOCW2sIZpzEf1htf0FsLr4JfQgFLtUf1rOE5oJpmyVBBjBr6X2iAn2nIq2Lw2zAxLCZ2SCRs4VEQyE+SLXef4wjljHCXaPWXxwv09kRNpzEyGrlMSG5vVWmH+VxtkNroNcq7SzDJFlx9FmcA2wcXheMw1o1bMHBCqudsV05hoQq2Lp+ZC8FdPXofuVdN3/HDdaF2XcVThDM7hEny4gRbcQxs6QCGGZ3iFNyTRC3pHH8vWCipnTuGP0OcPD1SOMQ==</latexit>

xk+1 = �(W kxk + bk)
<latexit sha1_base64="KwBESzzPGVhZzfOc3+BQgTAZQD4=">AAACBnicbZDLSsNAFIZPvNZ6i7oUYbAIlUJJiqAboeDGZQV7gTYtk+mkHTK5MDORltCVG1/FjQtF3PoM7nwbp20W2vrDgY//nMPM+d2YM6ks69tYWV1b39jMbeW3d3b39s2Dw4aMEkFonUQ8Ei0XS8pZSOuKKU5bsaA4cDltuv7NtN98oEKyKLxX45g6AR6EzGMEK231zJNRN/VL9gRdo048ZMVm10cjXSXkdv3znlmwytZMaBnsDAqQqdYzvzr9iCQBDRXhWMq2bcXKSbFQjHA6yXcSSWNMfDygbY0hDqh00tkZE3SmnT7yIqErVGjm/t5IcSDlOHD1ZIDVUC72puZ/vXaivCsnZWGcKBqS+UNewpGK0DQT1GeCEsXHGjARTP8VkSEWmCidXF6HYC+evAyNStnWfHdRqFayOHJwDKdQBBsuoQq3UIM6EHiEZ3iFN+PJeDHejY/56IqR7RzBHxmfP/2QltQ=</latexit><latexit sha1_base64="KwBESzzPGVhZzfOc3+BQgTAZQD4=">AAACBnicbZDLSsNAFIZPvNZ6i7oUYbAIlUJJiqAboeDGZQV7gTYtk+mkHTK5MDORltCVG1/FjQtF3PoM7nwbp20W2vrDgY//nMPM+d2YM6ks69tYWV1b39jMbeW3d3b39s2Dw4aMEkFonUQ8Ei0XS8pZSOuKKU5bsaA4cDltuv7NtN98oEKyKLxX45g6AR6EzGMEK231zJNRN/VL9gRdo048ZMVm10cjXSXkdv3znlmwytZMaBnsDAqQqdYzvzr9iCQBDRXhWMq2bcXKSbFQjHA6yXcSSWNMfDygbY0hDqh00tkZE3SmnT7yIqErVGjm/t5IcSDlOHD1ZIDVUC72puZ/vXaivCsnZWGcKBqS+UNewpGK0DQT1GeCEsXHGjARTP8VkSEWmCidXF6HYC+evAyNStnWfHdRqFayOHJwDKdQBBsuoQq3UIM6EHiEZ3iFN+PJeDHejY/56IqR7RzBHxmfP/2QltQ=</latexit><latexit sha1_base64="KwBESzzPGVhZzfOc3+BQgTAZQD4=">AAACBnicbZDLSsNAFIZPvNZ6i7oUYbAIlUJJiqAboeDGZQV7gTYtk+mkHTK5MDORltCVG1/FjQtF3PoM7nwbp20W2vrDgY//nMPM+d2YM6ks69tYWV1b39jMbeW3d3b39s2Dw4aMEkFonUQ8Ei0XS8pZSOuKKU5bsaA4cDltuv7NtN98oEKyKLxX45g6AR6EzGMEK231zJNRN/VL9gRdo048ZMVm10cjXSXkdv3znlmwytZMaBnsDAqQqdYzvzr9iCQBDRXhWMq2bcXKSbFQjHA6yXcSSWNMfDygbY0hDqh00tkZE3SmnT7yIqErVGjm/t5IcSDlOHD1ZIDVUC72puZ/vXaivCsnZWGcKBqS+UNewpGK0DQT1GeCEsXHGjARTP8VkSEWmCidXF6HYC+evAyNStnWfHdRqFayOHJwDKdQBBsuoQq3UIM6EHiEZ3iFN+PJeDHejY/56IqR7RzBHxmfP/2QltQ=</latexit><latexit sha1_base64="KwBESzzPGVhZzfOc3+BQgTAZQD4=">AAACBnicbZDLSsNAFIZPvNZ6i7oUYbAIlUJJiqAboeDGZQV7gTYtk+mkHTK5MDORltCVG1/FjQtF3PoM7nwbp20W2vrDgY//nMPM+d2YM6ks69tYWV1b39jMbeW3d3b39s2Dw4aMEkFonUQ8Ei0XS8pZSOuKKU5bsaA4cDltuv7NtN98oEKyKLxX45g6AR6EzGMEK231zJNRN/VL9gRdo048ZMVm10cjXSXkdv3znlmwytZMaBnsDAqQqdYzvzr9iCQBDRXhWMq2bcXKSbFQjHA6yXcSSWNMfDygbY0hDqh00tkZE3SmnT7yIqErVGjm/t5IcSDlOHD1ZIDVUC72puZ/vXaivCsnZWGcKBqS+UNewpGK0DQT1GeCEsXHGjARTP8VkSEWmCidXF6HYC+evAyNStnWfHdRqFayOHJwDKdQBBsuoQq3UIM6EHiEZ3iFN+PJeDHejY/56IqR7RzBHxmfP/2QltQ=</latexit>

xk
<latexit sha1_base64="EBn7pUAQAW3skofz3OcybJuhYiA=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix4MVjRfsBbSyb7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjK9n9fYj10bE6h4nCfcjOlQiFIyite6eHsb9csWtunORVfByqECuRr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdi4pG3PjZfNUpObPOgISxtk8hmbu/JzIaGTOJAtsZURyZ5drM/K/WTTG88jOhkhS5YouPwlQSjMnsbjIQmjOUEwuUaWF3JWxENWVo0ynZELzlk1ehVat6lm8vKvVaHkcRTuAUzsGDS6jDDTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwBdRY3J</latexit><latexit sha1_base64="EBn7pUAQAW3skofz3OcybJuhYiA=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix4MVjRfsBbSyb7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjK9n9fYj10bE6h4nCfcjOlQiFIyite6eHsb9csWtunORVfByqECuRr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdi4pG3PjZfNUpObPOgISxtk8hmbu/JzIaGTOJAtsZURyZ5drM/K/WTTG88jOhkhS5YouPwlQSjMnsbjIQmjOUEwuUaWF3JWxENWVo0ynZELzlk1ehVat6lm8vKvVaHkcRTuAUzsGDS6jDDTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwBdRY3J</latexit><latexit sha1_base64="EBn7pUAQAW3skofz3OcybJuhYiA=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix4MVjRfsBbSyb7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjK9n9fYj10bE6h4nCfcjOlQiFIyite6eHsb9csWtunORVfByqECuRr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdi4pG3PjZfNUpObPOgISxtk8hmbu/JzIaGTOJAtsZURyZ5drM/K/WTTG88jOhkhS5YouPwlQSjMnsbjIQmjOUEwuUaWF3JWxENWVo0ynZELzlk1ehVat6lm8vKvVaHkcRTuAUzsGDS6jDDTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwBdRY3J</latexit><latexit sha1_base64="EBn7pUAQAW3skofz3OcybJuhYiA=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix4MVjRfsBbSyb7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjK9n9fYj10bE6h4nCfcjOlQiFIyite6eHsb9csWtunORVfByqECuRr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdi4pG3PjZfNUpObPOgISxtk8hmbu/JzIaGTOJAtsZURyZ5drM/K/WTTG88jOhkhS5YouPwlQSjMnsbjIQmjOUEwuUaWF3JWxENWVo0ynZELzlk1ehVat6lm8vKvVaHkcRTuAUzsGDS6jDDTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwBdRY3J</latexit> (W k, bk)

<latexit sha1_base64="a3NL3Ka5LOMJDwPNk6HeaG27MCs=">AAAB8HicbZDLSgMxFIbPeK31VnXpJliEClJmiqDLghuXFexF2mnJpJk2TJIZkoxQhj6FGxeKuPVx3Pk2pu0stPWHwMd/ziHn/EHCmTau++2srW9sbm0Xdoq7e/sHh6Wj45aOU0Vok8Q8Vp0Aa8qZpE3DDKedRFEsAk7bQXQ7q7efqNIslg9mklBf4JFkISPYWOux0u5Hl0E/uhiUym7VnQutgpdDGXI1BqWv3jAmqaDSEI617npuYvwMK8MIp9NiL9U0wSTCI9q1KLGg2s/mC0/RuXWGKIyVfdKguft7IsNC64kIbKfAZqyXazPzv1o3NeGNnzGZpIZKsvgoTDkyMZpdj4ZMUWL4xAImitldERljhYmxGRVtCN7yyavQqlU9y/dX5Xotj6MAp3AGFfDgGupwBw1oAgEBz/AKb45yXpx352PRuubkMyfwR87nD5U3j4w=</latexit><latexit sha1_base64="a3NL3Ka5LOMJDwPNk6HeaG27MCs=">AAAB8HicbZDLSgMxFIbPeK31VnXpJliEClJmiqDLghuXFexF2mnJpJk2TJIZkoxQhj6FGxeKuPVx3Pk2pu0stPWHwMd/ziHn/EHCmTau++2srW9sbm0Xdoq7e/sHh6Wj45aOU0Vok8Q8Vp0Aa8qZpE3DDKedRFEsAk7bQXQ7q7efqNIslg9mklBf4JFkISPYWOux0u5Hl0E/uhiUym7VnQutgpdDGXI1BqWv3jAmqaDSEI617npuYvwMK8MIp9NiL9U0wSTCI9q1KLGg2s/mC0/RuXWGKIyVfdKguft7IsNC64kIbKfAZqyXazPzv1o3NeGNnzGZpIZKsvgoTDkyMZpdj4ZMUWL4xAImitldERljhYmxGRVtCN7yyavQqlU9y/dX5Xotj6MAp3AGFfDgGupwBw1oAgEBz/AKb45yXpx352PRuubkMyfwR87nD5U3j4w=</latexit><latexit sha1_base64="a3NL3Ka5LOMJDwPNk6HeaG27MCs=">AAAB8HicbZDLSgMxFIbPeK31VnXpJliEClJmiqDLghuXFexF2mnJpJk2TJIZkoxQhj6FGxeKuPVx3Pk2pu0stPWHwMd/ziHn/EHCmTau++2srW9sbm0Xdoq7e/sHh6Wj45aOU0Vok8Q8Vp0Aa8qZpE3DDKedRFEsAk7bQXQ7q7efqNIslg9mklBf4JFkISPYWOux0u5Hl0E/uhiUym7VnQutgpdDGXI1BqWv3jAmqaDSEI617npuYvwMK8MIp9NiL9U0wSTCI9q1KLGg2s/mC0/RuXWGKIyVfdKguft7IsNC64kIbKfAZqyXazPzv1o3NeGNnzGZpIZKsvgoTDkyMZpdj4ZMUWL4xAImitldERljhYmxGRVtCN7yyavQqlU9y/dX5Xotj6MAp3AGFfDgGupwBw1oAgEBz/AKb45yXpx352PRuubkMyfwR87nD5U3j4w=</latexit><latexit sha1_base64="a3NL3Ka5LOMJDwPNk6HeaG27MCs=">AAAB8HicbZDLSgMxFIbPeK31VnXpJliEClJmiqDLghuXFexF2mnJpJk2TJIZkoxQhj6FGxeKuPVx3Pk2pu0stPWHwMd/ziHn/EHCmTau++2srW9sbm0Xdoq7e/sHh6Wj45aOU0Vok8Q8Vp0Aa8qZpE3DDKedRFEsAk7bQXQ7q7efqNIslg9mklBf4JFkISPYWOux0u5Hl0E/uhiUym7VnQutgpdDGXI1BqWv3jAmqaDSEI617npuYvwMK8MIp9NiL9U0wSTCI9q1KLGg2s/mC0/RuXWGKIyVfdKguft7IsNC64kIbKfAZqyXazPzv1o3NeGNnzGZpIZKsvgoTDkyMZpdj4ZMUWL4xAImitldERljhYmxGRVtCN7yyavQqlU9y/dX5Xotj6MAp3AGFfDgGupwBw1oAgEBz/AKb45yXpx352PRuubkMyfwR87nD5U3j4w=</latexit>

layer kxk
<latexit sha1_base64="EBn7pUAQAW3skofz3OcybJuhYiA=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix4MVjRfsBbSyb7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjK9n9fYj10bE6h4nCfcjOlQiFIyite6eHsb9csWtunORVfByqECuRr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdi4pG3PjZfNUpObPOgISxtk8hmbu/JzIaGTOJAtsZURyZ5drM/K/WTTG88jOhkhS5YouPwlQSjMnsbjIQmjOUEwuUaWF3JWxENWVo0ynZELzlk1ehVat6lm8vKvVaHkcRTuAUzsGDS6jDDTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwBdRY3J</latexit><latexit sha1_base64="EBn7pUAQAW3skofz3OcybJuhYiA=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix4MVjRfsBbSyb7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjK9n9fYj10bE6h4nCfcjOlQiFIyite6eHsb9csWtunORVfByqECuRr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdi4pG3PjZfNUpObPOgISxtk8hmbu/JzIaGTOJAtsZURyZ5drM/K/WTTG88jOhkhS5YouPwlQSjMnsbjIQmjOUEwuUaWF3JWxENWVo0ynZELzlk1ehVat6lm8vKvVaHkcRTuAUzsGDS6jDDTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwBdRY3J</latexit><latexit sha1_base64="EBn7pUAQAW3skofz3OcybJuhYiA=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix4MVjRfsBbSyb7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjK9n9fYj10bE6h4nCfcjOlQiFIyite6eHsb9csWtunORVfByqECuRr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdi4pG3PjZfNUpObPOgISxtk8hmbu/JzIaGTOJAtsZURyZ5drM/K/WTTG88jOhkhS5YouPwlQSjMnsbjIQmjOUEwuUaWF3JWxENWVo0ynZELzlk1ehVat6lm8vKvVaHkcRTuAUzsGDS6jDDTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwBdRY3J</latexit><latexit sha1_base64="EBn7pUAQAW3skofz3OcybJuhYiA=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix4MVjRfsBbSyb7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjK9n9fYj10bE6h4nCfcjOlQiFIyite6eHsb9csWtunORVfByqECuRr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdi4pG3PjZfNUpObPOgISxtk8hmbu/JzIaGTOJAtsZURyZ5drM/K/WTTG88jOhkhS5YouPwlQSjMnsbjIQmjOUEwuUaWF3JWxENWVo0ynZELzlk1ehVat6lm8vKvVaHkcRTuAUzsGDS6jDDTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwBdRY3J</latexit>

xk+1
<latexit sha1_base64="Snz/V5pflqyyoqVGd54DY3UJgys=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFEISSFEGPBS8eK9gPaGPZbDft0s0m7E7EEvojvHhQxKu/x5v/xm2bg7a+sPDwzgw78waJFAZd99sprK1vbG4Vt0s7u3v7B+XDo5aJU814k8Uy1p2AGi6F4k0UKHkn0ZxGgeTtYHwzq7cfuTYiVvc4Sbgf0aESoWAUrdV+esjGF960X664VXcusgpeDhXI1eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a1HRiBs/m687JWfWGZAw1vYpJHP390RGI2MmUWA7I4ojs1ybmf/VuimG134mVJIiV2zxUZhKgjGZ3U4GQnOGcmKBMi3sroSNqKYMbUIlG4K3fPIqtGpVz/LdZaVey+Mowgmcwjl4cAV1uIUGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Y+czx/7a49F</latexit><latexit sha1_base64="Snz/V5pflqyyoqVGd54DY3UJgys=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFEISSFEGPBS8eK9gPaGPZbDft0s0m7E7EEvojvHhQxKu/x5v/xm2bg7a+sPDwzgw78waJFAZd99sprK1vbG4Vt0s7u3v7B+XDo5aJU814k8Uy1p2AGi6F4k0UKHkn0ZxGgeTtYHwzq7cfuTYiVvc4Sbgf0aESoWAUrdV+esjGF960X664VXcusgpeDhXI1eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a1HRiBs/m687JWfWGZAw1vYpJHP390RGI2MmUWA7I4ojs1ybmf/VuimG134mVJIiV2zxUZhKgjGZ3U4GQnOGcmKBMi3sroSNqKYMbUIlG4K3fPIqtGpVz/LdZaVey+Mowgmcwjl4cAV1uIUGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Y+czx/7a49F</latexit><latexit sha1_base64="Snz/V5pflqyyoqVGd54DY3UJgys=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFEISSFEGPBS8eK9gPaGPZbDft0s0m7E7EEvojvHhQxKu/x5v/xm2bg7a+sPDwzgw78waJFAZd99sprK1vbG4Vt0s7u3v7B+XDo5aJU814k8Uy1p2AGi6F4k0UKHkn0ZxGgeTtYHwzq7cfuTYiVvc4Sbgf0aESoWAUrdV+esjGF960X664VXcusgpeDhXI1eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a1HRiBs/m687JWfWGZAw1vYpJHP390RGI2MmUWA7I4ojs1ybmf/VuimG134mVJIiV2zxUZhKgjGZ3U4GQnOGcmKBMi3sroSNqKYMbUIlG4K3fPIqtGpVz/LdZaVey+Mowgmcwjl4cAV1uIUGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Y+czx/7a49F</latexit><latexit sha1_base64="Snz/V5pflqyyoqVGd54DY3UJgys=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFEISSFEGPBS8eK9gPaGPZbDft0s0m7E7EEvojvHhQxKu/x5v/xm2bg7a+sPDwzgw78waJFAZd99sprK1vbG4Vt0s7u3v7B+XDo5aJU814k8Uy1p2AGi6F4k0UKHkn0ZxGgeTtYHwzq7cfuTYiVvc4Sbgf0aESoWAUrdV+esjGF960X664VXcusgpeDhXI1eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a1HRiBs/m687JWfWGZAw1vYpJHP390RGI2MmUWA7I4ojs1ybmf/VuimG134mVJIiV2zxUZhKgjGZ3U4GQnOGcmKBMi3sroSNqKYMbUIlG4K3fPIqtGpVz/LdZaVey+Mowgmcwjl4cAV1uIUGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Y+czx/7a49F</latexit> · · ·<latexit sha1_base64="8IfO6WdGagA15SktrVqcHgaJOe8=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix4MVjBfsBbSibzaZdu8mG3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jEq04y3mZJK9wJquBQJb6NAyXup5jQOJO8Gk9t5vfvEtREqecBpyv2YjhIRCUbRWp0BCxWaYbXm1t2FyDp4BdSgUGtY/RqEimUxT5BJakzfc1P0c6pRMMlnlUFmeErZhI5432JCY278fLHtjFxYJySR0vYlSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMbvxcJGmGPGHLj6JMElRkfjoJheYM5dQCZVrYXQkbU00Z2oAqNgRv9eR16DTqnuX7q1qzUcRRhjM4h0vw4BqacActaAODR3iGV3hzlPPivDsfy9aSU8ycwh85nz+piY8f</latexit><latexit sha1_base64="8IfO6WdGagA15SktrVqcHgaJOe8=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix4MVjBfsBbSibzaZdu8mG3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jEq04y3mZJK9wJquBQJb6NAyXup5jQOJO8Gk9t5vfvEtREqecBpyv2YjhIRCUbRWp0BCxWaYbXm1t2FyDp4BdSgUGtY/RqEimUxT5BJakzfc1P0c6pRMMlnlUFmeErZhI5432JCY278fLHtjFxYJySR0vYlSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMbvxcJGmGPGHLj6JMElRkfjoJheYM5dQCZVrYXQkbU00Z2oAqNgRv9eR16DTqnuX7q1qzUcRRhjM4h0vw4BqacActaAODR3iGV3hzlPPivDsfy9aSU8ycwh85nz+piY8f</latexit><latexit sha1_base64="8IfO6WdGagA15SktrVqcHgaJOe8=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix4MVjBfsBbSibzaZdu8mG3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jEq04y3mZJK9wJquBQJb6NAyXup5jQOJO8Gk9t5vfvEtREqecBpyv2YjhIRCUbRWp0BCxWaYbXm1t2FyDp4BdSgUGtY/RqEimUxT5BJakzfc1P0c6pRMMlnlUFmeErZhI5432JCY278fLHtjFxYJySR0vYlSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMbvxcJGmGPGHLj6JMElRkfjoJheYM5dQCZVrYXQkbU00Z2oAqNgRv9eR16DTqnuX7q1qzUcRRhjM4h0vw4BqacActaAODR3iGV3hzlPPivDsfy9aSU8ycwh85nz+piY8f</latexit><latexit sha1_base64="8IfO6WdGagA15SktrVqcHgaJOe8=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix4MVjBfsBbSibzaZdu8mG3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jEq04y3mZJK9wJquBQJb6NAyXup5jQOJO8Gk9t5vfvEtREqecBpyv2YjhIRCUbRWp0BCxWaYbXm1t2FyDp4BdSgUGtY/RqEimUxT5BJakzfc1P0c6pRMMlnlUFmeErZhI5432JCY278fLHtjFxYJySR0vYlSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMbvxcJGmGPGHLj6JMElRkfjoJheYM5dQCZVrYXQkbU00Z2oAqNgRv9eR16DTqnuX7q1qzUcRRhjM4h0vw4BqacActaAODR3iGV3hzlPPivDsfy9aSU8ycwh85nz+piY8f</latexit> layer ̀ � 1

<latexit sha1_base64="wUtEM091zJ4UPTIaEYUgTILam08=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AIXiy7RdBjwYvHCvYD2qVk09k2NpssSVYopf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMG6WCG+v7397a+sbm1nZhp7i7t39wWDo6bhqVaYYNpoTS7YgaFFxiw3IrsJ1qpEkksBWNbmf11hNqw5V8sOMUw4QOJI85o9ZZzS4KcRn0SmW/4s9FViHIoQy56r3SV7evWJagtExQYzqBn9pwQrXlTOC02M0MppSN6AA7DiVN0IST+bZTcu6cPomVdk9aMnd/T0xoYsw4iVxnQu3QLNdm5n+1Tmbjm3DCZZpZlGzxUZwJYhWZnU76XCOzYuyAMs3droQNqabMuoCKLoRg+eRVaFYrgeP7q3KtmsdRgFM4gwsI4BpqcAd1aACDR3iGV3jzlPfivXsfi9Y1L585gT/yPn8A5EWOnQ==</latexit><latexit sha1_base64="wUtEM091zJ4UPTIaEYUgTILam08=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AIXiy7RdBjwYvHCvYD2qVk09k2NpssSVYopf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMG6WCG+v7397a+sbm1nZhp7i7t39wWDo6bhqVaYYNpoTS7YgaFFxiw3IrsJ1qpEkksBWNbmf11hNqw5V8sOMUw4QOJI85o9ZZzS4KcRn0SmW/4s9FViHIoQy56r3SV7evWJagtExQYzqBn9pwQrXlTOC02M0MppSN6AA7DiVN0IST+bZTcu6cPomVdk9aMnd/T0xoYsw4iVxnQu3QLNdm5n+1Tmbjm3DCZZpZlGzxUZwJYhWZnU76XCOzYuyAMs3droQNqabMuoCKLoRg+eRVaFYrgeP7q3KtmsdRgFM4gwsI4BpqcAd1aACDR3iGV3jzlPfivXsfi9Y1L585gT/yPn8A5EWOnQ==</latexit><latexit sha1_base64="wUtEM091zJ4UPTIaEYUgTILam08=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AIXiy7RdBjwYvHCvYD2qVk09k2NpssSVYopf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMG6WCG+v7397a+sbm1nZhp7i7t39wWDo6bhqVaYYNpoTS7YgaFFxiw3IrsJ1qpEkksBWNbmf11hNqw5V8sOMUw4QOJI85o9ZZzS4KcRn0SmW/4s9FViHIoQy56r3SV7evWJagtExQYzqBn9pwQrXlTOC02M0MppSN6AA7DiVN0IST+bZTcu6cPomVdk9aMnd/T0xoYsw4iVxnQu3QLNdm5n+1Tmbjm3DCZZpZlGzxUZwJYhWZnU76XCOzYuyAMs3droQNqabMuoCKLoRg+eRVaFYrgeP7q3KtmsdRgFM4gwsI4BpqcAd1aACDR3iGV3jzlPfivXsfi9Y1L585gT/yPn8A5EWOnQ==</latexit><latexit sha1_base64="wUtEM091zJ4UPTIaEYUgTILam08=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AIXiy7RdBjwYvHCvYD2qVk09k2NpssSVYopf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMG6WCG+v7397a+sbm1nZhp7i7t39wWDo6bhqVaYYNpoTS7YgaFFxiw3IrsJ1qpEkksBWNbmf11hNqw5V8sOMUw4QOJI85o9ZZzS4KcRn0SmW/4s9FViHIoQy56r3SV7evWJagtExQYzqBn9pwQrXlTOC02M0MppSN6AA7DiVN0IST+bZTcu6cPomVdk9aMnd/T0xoYsw4iVxnQu3QLNdm5n+1Tmbjm3DCZZpZlGzxUZwJYhWZnU76XCOzYuyAMs3droQNqabMuoCKLoRg+eRVaFYrgeP7q3KtmsdRgFM4gwsI4BpqcAd1aACDR3iGV3jzlPfivXsfi9Y1L585gT/yPn8A5EWOnQ==</latexit>

x`
<latexit sha1_base64="f42Mx0TsI7bxvSOn2t6hiV9zZCs=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix4MVjBfsBbSyb7aRdutnE3Y1YQv+EFw+KePXvePPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8fWs3n5EpXks78wkQT+iQ8lDzqixVufpPuuhENN+ueJW3bnIKng5VCBXo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXoqQRaj+b7zslZ9YZkDBW9klD5u7viYxGWk+iwHZG1Iz0cm1m/lfrpia88jMuk9SgZIuPwlQQE5PZ8WTAFTIjJhYoU9zuStiIKsqMjahkQ/CWT16FVq3qWb69qNRreRxFOIFTOAcPLqEON9CAJjAQ8Ayv8OY8OC/Ou/OxaC04+cwx/JHz+QNiLZAh</latexit><latexit sha1_base64="f42Mx0TsI7bxvSOn2t6hiV9zZCs=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix4MVjBfsBbSyb7aRdutnE3Y1YQv+EFw+KePXvePPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8fWs3n5EpXks78wkQT+iQ8lDzqixVufpPuuhENN+ueJW3bnIKng5VCBXo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXoqQRaj+b7zslZ9YZkDBW9klD5u7viYxGWk+iwHZG1Iz0cm1m/lfrpia88jMuk9SgZIuPwlQQE5PZ8WTAFTIjJhYoU9zuStiIKsqMjahkQ/CWT16FVq3qWb69qNRreRxFOIFTOAcPLqEON9CAJjAQ8Ayv8OY8OC/Ou/OxaC04+cwx/JHz+QNiLZAh</latexit><latexit sha1_base64="f42Mx0TsI7bxvSOn2t6hiV9zZCs=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix4MVjBfsBbSyb7aRdutnE3Y1YQv+EFw+KePXvePPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8fWs3n5EpXks78wkQT+iQ8lDzqixVufpPuuhENN+ueJW3bnIKng5VCBXo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXoqQRaj+b7zslZ9YZkDBW9klD5u7viYxGWk+iwHZG1Iz0cm1m/lfrpia88jMuk9SgZIuPwlQQE5PZ8WTAFTIjJhYoU9zuStiIKsqMjahkQ/CWT16FVq3qWb69qNRreRxFOIFTOAcPLqEON9CAJjAQ8Ayv8OY8OC/Ou/OxaC04+cwx/JHz+QNiLZAh</latexit><latexit sha1_base64="f42Mx0TsI7bxvSOn2t6hiV9zZCs=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix4MVjBfsBbSyb7aRdutnE3Y1YQv+EFw+KePXvePPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8fWs3n5EpXks78wkQT+iQ8lDzqixVufpPuuhENN+ueJW3bnIKng5VCBXo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXoqQRaj+b7zslZ9YZkDBW9klD5u7viYxGWk+iwHZG1Iz0cm1m/lfrpia88jMuk9SgZIuPwlQQE5PZ8WTAFTIjJhYoU9zuStiIKsqMjahkQ/CWT16FVq3qWb69qNRreRxFOIFTOAcPLqEON9CAJjAQ8Ayv8OY8OC/Ou/OxaC04+cwx/JHz+QNiLZAh</latexit>

ReLU tanh

�(x) =

2

64
'(x1)

...
'(xn)

3

75

<latexit sha1_base64="MdvN4Yl/ZiMH45NWnWWQiQ+muZk="></latexit><latexit sha1_base64="MdvN4Yl/ZiMH45NWnWWQiQ+muZk="></latexit><latexit sha1_base64="MdvN4Yl/ZiMH45NWnWWQiQ+muZk="></latexit><latexit sha1_base64="MdvN4Yl/ZiMH45NWnWWQiQ+muZk="></latexit>



• Linear “time-varying” system with nonlinear feedback

• Abstracted system: linear system subject to quadratic constraints

• Analyze via semidefinite programming (DeepSDP)

Robust Control Perspective
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yk
<latexit sha1_base64="+MW+8qu5svAaYSpSK7kDfcSPMC4=">AAAB7HicbZDNTgIxFIVv8Q/xD3XpphFMXJEZNrokceMSEwZIYCSd0oGGTmfSdkwmE57BjQuNcesDufNtLDALBU/S5Mu596b3niARXBvH+Ualre2d3b3yfuXg8Oj4pHp61tVxqijzaCxi1Q+IZoJL5hluBOsnipEoEKwXzO4W9d4TU5rHsmOyhPkRmUgeckqMtbx69jirj6o1p+EshTfBLaAGhdqj6tdwHNM0YtJQQbQeuE5i/Jwow6lg88ow1SwhdEYmbGBRkohpP18uO8dX1hnjMFb2SYOX7u+JnERaZ1FgOyNipnq9tjD/qw1SE976OZdJapikq4/CVGAT48XleMwVo0ZkFghV3O6K6ZQoQo3Np2JDcNdP3oRus+FafmjWWp0ijjJcwCVcgws30IJ7aIMHFDg8wyu8IYle0Dv6WLWWUDFzDn+EPn8AITiORg==</latexit><latexit sha1_base64="+MW+8qu5svAaYSpSK7kDfcSPMC4=">AAAB7HicbZDNTgIxFIVv8Q/xD3XpphFMXJEZNrokceMSEwZIYCSd0oGGTmfSdkwmE57BjQuNcesDufNtLDALBU/S5Mu596b3niARXBvH+Ualre2d3b3yfuXg8Oj4pHp61tVxqijzaCxi1Q+IZoJL5hluBOsnipEoEKwXzO4W9d4TU5rHsmOyhPkRmUgeckqMtbx69jirj6o1p+EshTfBLaAGhdqj6tdwHNM0YtJQQbQeuE5i/Jwow6lg88ow1SwhdEYmbGBRkohpP18uO8dX1hnjMFb2SYOX7u+JnERaZ1FgOyNipnq9tjD/qw1SE976OZdJapikq4/CVGAT48XleMwVo0ZkFghV3O6K6ZQoQo3Np2JDcNdP3oRus+FafmjWWp0ijjJcwCVcgws30IJ7aIMHFDg8wyu8IYle0Dv6WLWWUDFzDn+EPn8AITiORg==</latexit><latexit sha1_base64="+MW+8qu5svAaYSpSK7kDfcSPMC4=">AAAB7HicbZDNTgIxFIVv8Q/xD3XpphFMXJEZNrokceMSEwZIYCSd0oGGTmfSdkwmE57BjQuNcesDufNtLDALBU/S5Mu596b3niARXBvH+Ualre2d3b3yfuXg8Oj4pHp61tVxqijzaCxi1Q+IZoJL5hluBOsnipEoEKwXzO4W9d4TU5rHsmOyhPkRmUgeckqMtbx69jirj6o1p+EshTfBLaAGhdqj6tdwHNM0YtJQQbQeuE5i/Jwow6lg88ow1SwhdEYmbGBRkohpP18uO8dX1hnjMFb2SYOX7u+JnERaZ1FgOyNipnq9tjD/qw1SE976OZdJapikq4/CVGAT48XleMwVo0ZkFghV3O6K6ZQoQo3Np2JDcNdP3oRus+FafmjWWp0ijjJcwCVcgws30IJ7aIMHFDg8wyu8IYle0Dv6WLWWUDFzDn+EPn8AITiORg==</latexit><latexit sha1_base64="+MW+8qu5svAaYSpSK7kDfcSPMC4=">AAAB7HicbZDNTgIxFIVv8Q/xD3XpphFMXJEZNrokceMSEwZIYCSd0oGGTmfSdkwmE57BjQuNcesDufNtLDALBU/S5Mu596b3niARXBvH+Ualre2d3b3yfuXg8Oj4pHp61tVxqijzaCxi1Q+IZoJL5hluBOsnipEoEKwXzO4W9d4TU5rHsmOyhPkRmUgeckqMtbx69jirj6o1p+EshTfBLaAGhdqj6tdwHNM0YtJQQbQeuE5i/Jwow6lg88ow1SwhdEYmbGBRkohpP18uO8dX1hnjMFb2SYOX7u+JnERaZ1FgOyNipnq9tjD/qw1SE976OZdJapikq4/CVGAT48XleMwVo0ZkFghV3O6K6ZQoQo3Np2JDcNdP3oRus+FafmjWWp0ijjJcwCVcgws30IJ7aIMHFDg8wyu8IYle0Dv6WLWWUDFzDn+EPn8AITiORg==</latexit>

x0
<latexit sha1_base64="u2w0qw2Ah1+ZWfMI7JeiWY4OWXI=">AAAB7HicbZA9TwJBEIbn/ET8Qi1tNoKJFbmj0ZLExhITDkjgJHvLHGzY27vs7hkJ4TfYWGiMrT/Izn/jAlco+CabPHlnJjvzhqng2rjut7OxubW9s1vYK+4fHB4dl05OWzrJFEOfJSJRnZBqFFyib7gR2EkV0jgU2A7Ht/N6+xGV5olsmkmKQUyHkkecUWMtv/L04Fb6pbJbdRci6+DlUIZcjX7pqzdIWBajNExQrbuem5pgSpXhTOCs2Ms0ppSN6RC7FiWNUQfTxbIzcmmdAYkSZZ80ZOH+npjSWOtJHNrOmJqRXq3Nzf9q3cxEN8GUyzQzKNnyoygTxCRkfjkZcIXMiIkFyhS3uxI2oooyY/Mp2hC81ZPXoVWrepbva+V6M4+jAOdwAVfgwTXU4Q4a4AMDDs/wCm+OdF6cd+dj2brh5DNn8EfO5w/F+44K</latexit><latexit sha1_base64="u2w0qw2Ah1+ZWfMI7JeiWY4OWXI=">AAAB7HicbZA9TwJBEIbn/ET8Qi1tNoKJFbmj0ZLExhITDkjgJHvLHGzY27vs7hkJ4TfYWGiMrT/Izn/jAlco+CabPHlnJjvzhqng2rjut7OxubW9s1vYK+4fHB4dl05OWzrJFEOfJSJRnZBqFFyib7gR2EkV0jgU2A7Ht/N6+xGV5olsmkmKQUyHkkecUWMtv/L04Fb6pbJbdRci6+DlUIZcjX7pqzdIWBajNExQrbuem5pgSpXhTOCs2Ms0ppSN6RC7FiWNUQfTxbIzcmmdAYkSZZ80ZOH+npjSWOtJHNrOmJqRXq3Nzf9q3cxEN8GUyzQzKNnyoygTxCRkfjkZcIXMiIkFyhS3uxI2oooyY/Mp2hC81ZPXoVWrepbva+V6M4+jAOdwAVfgwTXU4Q4a4AMDDs/wCm+OdF6cd+dj2brh5DNn8EfO5w/F+44K</latexit><latexit sha1_base64="u2w0qw2Ah1+ZWfMI7JeiWY4OWXI=">AAAB7HicbZA9TwJBEIbn/ET8Qi1tNoKJFbmj0ZLExhITDkjgJHvLHGzY27vs7hkJ4TfYWGiMrT/Izn/jAlco+CabPHlnJjvzhqng2rjut7OxubW9s1vYK+4fHB4dl05OWzrJFEOfJSJRnZBqFFyib7gR2EkV0jgU2A7Ht/N6+xGV5olsmkmKQUyHkkecUWMtv/L04Fb6pbJbdRci6+DlUIZcjX7pqzdIWBajNExQrbuem5pgSpXhTOCs2Ms0ppSN6RC7FiWNUQfTxbIzcmmdAYkSZZ80ZOH+npjSWOtJHNrOmJqRXq3Nzf9q3cxEN8GUyzQzKNnyoygTxCRkfjkZcIXMiIkFyhS3uxI2oooyY/Mp2hC81ZPXoVWrepbva+V6M4+jAOdwAVfgwTXU4Q4a4AMDDs/wCm+OdF6cd+dj2brh5DNn8EfO5w/F+44K</latexit><latexit sha1_base64="u2w0qw2Ah1+ZWfMI7JeiWY4OWXI=">AAAB7HicbZA9TwJBEIbn/ET8Qi1tNoKJFbmj0ZLExhITDkjgJHvLHGzY27vs7hkJ4TfYWGiMrT/Izn/jAlco+CabPHlnJjvzhqng2rjut7OxubW9s1vYK+4fHB4dl05OWzrJFEOfJSJRnZBqFFyib7gR2EkV0jgU2A7Ht/N6+xGV5olsmkmKQUyHkkecUWMtv/L04Fb6pbJbdRci6+DlUIZcjX7pqzdIWBajNExQrbuem5pgSpXhTOCs2Ms0ppSN6RC7FiWNUQfTxbIzcmmdAYkSZZ80ZOH+npjSWOtJHNrOmJqRXq3Nzf9q3cxEN8GUyzQzKNnyoygTxCRkfjkZcIXMiIkFyhS3uxI2oooyY/Mp2hC81ZPXoVWrepbva+V6M4+jAOdwAVfgwTXU4Q4a4AMDDs/wCm+OdF6cd+dj2brh5DNn8EfO5w/F+44K</latexit>

uk
<latexit sha1_base64="P5H8yJw4l1p3AQpe2TVjILdIk/w=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSyb7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c2s3n5CpXksH8wkQT+iQ8lDzqix1n36OO6XK27VnYusgpdDBXI1+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtShqh9rP5qlNyZp0BCWNlnzRk7v6eyGik9SQKbGdEzUgv12bmf7VuasIrP+MySQ1KtvgoTAUxMZndTQZcITNiYoEyxe2uhI2ooszYdEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzmfP12DjdY=</latexit><latexit sha1_base64="P5H8yJw4l1p3AQpe2TVjILdIk/w=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSyb7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c2s3n5CpXksH8wkQT+iQ8lDzqix1n36OO6XK27VnYusgpdDBXI1+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtShqh9rP5qlNyZp0BCWNlnzRk7v6eyGik9SQKbGdEzUgv12bmf7VuasIrP+MySQ1KtvgoTAUxMZndTQZcITNiYoEyxe2uhI2ooszYdEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzmfP12DjdY=</latexit><latexit sha1_base64="P5H8yJw4l1p3AQpe2TVjILdIk/w=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSyb7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c2s3n5CpXksH8wkQT+iQ8lDzqix1n36OO6XK27VnYusgpdDBXI1+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtShqh9rP5qlNyZp0BCWNlnzRk7v6eyGik9SQKbGdEzUgv12bmf7VuasIrP+MySQ1KtvgoTAUxMZndTQZcITNiYoEyxe2uhI2ooszYdEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzmfP12DjdY=</latexit><latexit sha1_base64="P5H8yJw4l1p3AQpe2TVjILdIk/w=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSyb7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c2s3n5CpXksH8wkQT+iQ8lDzqix1n36OO6XK27VnYusgpdDBXI1+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtShqh9rP5qlNyZp0BCWNlnzRk7v6eyGik9SQKbGdEzUgv12bmf7VuasIrP+MySQ1KtvgoTAUxMZndTQZcITNiYoEyxe2uhI2ooszYdEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzmfP12DjdY=</latexit>

xk+1 = uk

yk = W kxk + bk
<latexit sha1_base64="ZG0bNOnpKpkRfmkW/7ZUKXl6v6U=">AAACD3icbVDLSsNAFJ34rPEVdelmsFiEQklE0E2h6MZlBfuAJi2T6aQdMnkwM5GG0D9w46+4caGIW7fu/BsnbRbaeuDOHM65l5l73JhRIU3zW1tZXVvf2Cxt6ds7u3v7xsFhW0QJx6SFIxbxrosEYTQkLUklI92YExS4jHRc/yb3Ow+ECxqF9zKNiROgUUg9ipFU0sCoVCb9zK9aU1hP+j60bb2SqrsOO+qcqKpCt+/rA6Ns1swZ4DKxClIGBZoD48seRjgJSCgxQ0L0LDOWToa4pJiRqW4ngsQI+2hEeoqGKCDCyWb7TOGpUobQi7iqUMKZ+nsiQ4EQaeCqzgDJsVj0cvE/r5dI78rJaBgnkoR4/pCXMCgjmIcDh5QTLFmqCMKcqr9CPEYcYakizEOwFldeJu3zmqX43UW5cV3EUQLH4AScAQtcgga4BU3QAhg8gmfwCt60J+1Fe9c+5q0rWjFzBP5A+/wB6GKZZQ==</latexit><latexit sha1_base64="ZG0bNOnpKpkRfmkW/7ZUKXl6v6U=">AAACD3icbVDLSsNAFJ34rPEVdelmsFiEQklE0E2h6MZlBfuAJi2T6aQdMnkwM5GG0D9w46+4caGIW7fu/BsnbRbaeuDOHM65l5l73JhRIU3zW1tZXVvf2Cxt6ds7u3v7xsFhW0QJx6SFIxbxrosEYTQkLUklI92YExS4jHRc/yb3Ow+ECxqF9zKNiROgUUg9ipFU0sCoVCb9zK9aU1hP+j60bb2SqrsOO+qcqKpCt+/rA6Ns1swZ4DKxClIGBZoD48seRjgJSCgxQ0L0LDOWToa4pJiRqW4ngsQI+2hEeoqGKCDCyWb7TOGpUobQi7iqUMKZ+nsiQ4EQaeCqzgDJsVj0cvE/r5dI78rJaBgnkoR4/pCXMCgjmIcDh5QTLFmqCMKcqr9CPEYcYakizEOwFldeJu3zmqX43UW5cV3EUQLH4AScAQtcgga4BU3QAhg8gmfwCt60J+1Fe9c+5q0rWjFzBP5A+/wB6GKZZQ==</latexit><latexit sha1_base64="ZG0bNOnpKpkRfmkW/7ZUKXl6v6U=">AAACD3icbVDLSsNAFJ34rPEVdelmsFiEQklE0E2h6MZlBfuAJi2T6aQdMnkwM5GG0D9w46+4caGIW7fu/BsnbRbaeuDOHM65l5l73JhRIU3zW1tZXVvf2Cxt6ds7u3v7xsFhW0QJx6SFIxbxrosEYTQkLUklI92YExS4jHRc/yb3Ow+ECxqF9zKNiROgUUg9ipFU0sCoVCb9zK9aU1hP+j60bb2SqrsOO+qcqKpCt+/rA6Ns1swZ4DKxClIGBZoD48seRjgJSCgxQ0L0LDOWToa4pJiRqW4ngsQI+2hEeoqGKCDCyWb7TOGpUobQi7iqUMKZ+nsiQ4EQaeCqzgDJsVj0cvE/r5dI78rJaBgnkoR4/pCXMCgjmIcDh5QTLFmqCMKcqr9CPEYcYakizEOwFldeJu3zmqX43UW5cV3EUQLH4AScAQtcgga4BU3QAhg8gmfwCt60J+1Fe9c+5q0rWjFzBP5A+/wB6GKZZQ==</latexit><latexit sha1_base64="ZG0bNOnpKpkRfmkW/7ZUKXl6v6U=">AAACD3icbVDLSsNAFJ34rPEVdelmsFiEQklE0E2h6MZlBfuAJi2T6aQdMnkwM5GG0D9w46+4caGIW7fu/BsnbRbaeuDOHM65l5l73JhRIU3zW1tZXVvf2Cxt6ds7u3v7xsFhW0QJx6SFIxbxrosEYTQkLUklI92YExS4jHRc/yb3Ow+ECxqF9zKNiROgUUg9ipFU0sCoVCb9zK9aU1hP+j60bb2SqrsOO+qcqKpCt+/rA6Ns1swZ4DKxClIGBZoD48seRjgJSCgxQ0L0LDOWToa4pJiRqW4ngsQI+2hEeoqGKCDCyWb7TOGpUobQi7iqUMKZ+nsiQ4EQaeCqzgDJsVj0cvE/r5dI78rJaBgnkoR4/pCXMCgjmIcDh5QTLFmqCMKcqr9CPEYcYakizEOwFldeJu3zmqX43UW5cV3EUQLH4AScAQtcgga4BU3QAhg8gmfwCt60J+1Fe9c+5q0rWjFzBP5A+/wB6GKZZQ==</latexit>

yk
<latexit sha1_base64="+MW+8qu5svAaYSpSK7kDfcSPMC4=">AAAB7HicbZDNTgIxFIVv8Q/xD3XpphFMXJEZNrokceMSEwZIYCSd0oGGTmfSdkwmE57BjQuNcesDufNtLDALBU/S5Mu596b3niARXBvH+Ualre2d3b3yfuXg8Oj4pHp61tVxqijzaCxi1Q+IZoJL5hluBOsnipEoEKwXzO4W9d4TU5rHsmOyhPkRmUgeckqMtbx69jirj6o1p+EshTfBLaAGhdqj6tdwHNM0YtJQQbQeuE5i/Jwow6lg88ow1SwhdEYmbGBRkohpP18uO8dX1hnjMFb2SYOX7u+JnERaZ1FgOyNipnq9tjD/qw1SE976OZdJapikq4/CVGAT48XleMwVo0ZkFghV3O6K6ZQoQo3Np2JDcNdP3oRus+FafmjWWp0ijjJcwCVcgws30IJ7aIMHFDg8wyu8IYle0Dv6WLWWUDFzDn+EPn8AITiORg==</latexit><latexit sha1_base64="+MW+8qu5svAaYSpSK7kDfcSPMC4=">AAAB7HicbZDNTgIxFIVv8Q/xD3XpphFMXJEZNrokceMSEwZIYCSd0oGGTmfSdkwmE57BjQuNcesDufNtLDALBU/S5Mu596b3niARXBvH+Ualre2d3b3yfuXg8Oj4pHp61tVxqijzaCxi1Q+IZoJL5hluBOsnipEoEKwXzO4W9d4TU5rHsmOyhPkRmUgeckqMtbx69jirj6o1p+EshTfBLaAGhdqj6tdwHNM0YtJQQbQeuE5i/Jwow6lg88ow1SwhdEYmbGBRkohpP18uO8dX1hnjMFb2SYOX7u+JnERaZ1FgOyNipnq9tjD/qw1SE976OZdJapikq4/CVGAT48XleMwVo0ZkFghV3O6K6ZQoQo3Np2JDcNdP3oRus+FafmjWWp0ijjJcwCVcgws30IJ7aIMHFDg8wyu8IYle0Dv6WLWWUDFzDn+EPn8AITiORg==</latexit><latexit sha1_base64="+MW+8qu5svAaYSpSK7kDfcSPMC4=">AAAB7HicbZDNTgIxFIVv8Q/xD3XpphFMXJEZNrokceMSEwZIYCSd0oGGTmfSdkwmE57BjQuNcesDufNtLDALBU/S5Mu596b3niARXBvH+Ualre2d3b3yfuXg8Oj4pHp61tVxqijzaCxi1Q+IZoJL5hluBOsnipEoEKwXzO4W9d4TU5rHsmOyhPkRmUgeckqMtbx69jirj6o1p+EshTfBLaAGhdqj6tdwHNM0YtJQQbQeuE5i/Jwow6lg88ow1SwhdEYmbGBRkohpP18uO8dX1hnjMFb2SYOX7u+JnERaZ1FgOyNipnq9tjD/qw1SE976OZdJapikq4/CVGAT48XleMwVo0ZkFghV3O6K6ZQoQo3Np2JDcNdP3oRus+FafmjWWp0ijjJcwCVcgws30IJ7aIMHFDg8wyu8IYle0Dv6WLWWUDFzDn+EPn8AITiORg==</latexit><latexit sha1_base64="+MW+8qu5svAaYSpSK7kDfcSPMC4=">AAAB7HicbZDNTgIxFIVv8Q/xD3XpphFMXJEZNrokceMSEwZIYCSd0oGGTmfSdkwmE57BjQuNcesDufNtLDALBU/S5Mu596b3niARXBvH+Ualre2d3b3yfuXg8Oj4pHp61tVxqijzaCxi1Q+IZoJL5hluBOsnipEoEKwXzO4W9d4TU5rHsmOyhPkRmUgeckqMtbx69jirj6o1p+EshTfBLaAGhdqj6tdwHNM0YtJQQbQeuE5i/Jwow6lg88ow1SwhdEYmbGBRkohpP18uO8dX1hnjMFb2SYOX7u+JnERaZ1FgOyNipnq9tjD/qw1SE976OZdJapikq4/CVGAT48XleMwVo0ZkFghV3O6K6ZQoQo3Np2JDcNdP3oRus+FafmjWWp0ijjJcwCVcgws30IJ7aIMHFDg8wyu8IYle0Dv6WLWWUDFzDn+EPn8AITiORg==</latexit>

x0
<latexit sha1_base64="u2w0qw2Ah1+ZWfMI7JeiWY4OWXI=">AAAB7HicbZA9TwJBEIbn/ET8Qi1tNoKJFbmj0ZLExhITDkjgJHvLHGzY27vs7hkJ4TfYWGiMrT/Izn/jAlco+CabPHlnJjvzhqng2rjut7OxubW9s1vYK+4fHB4dl05OWzrJFEOfJSJRnZBqFFyib7gR2EkV0jgU2A7Ht/N6+xGV5olsmkmKQUyHkkecUWMtv/L04Fb6pbJbdRci6+DlUIZcjX7pqzdIWBajNExQrbuem5pgSpXhTOCs2Ms0ppSN6RC7FiWNUQfTxbIzcmmdAYkSZZ80ZOH+npjSWOtJHNrOmJqRXq3Nzf9q3cxEN8GUyzQzKNnyoygTxCRkfjkZcIXMiIkFyhS3uxI2oooyY/Mp2hC81ZPXoVWrepbva+V6M4+jAOdwAVfgwTXU4Q4a4AMDDs/wCm+OdF6cd+dj2brh5DNn8EfO5w/F+44K</latexit><latexit sha1_base64="u2w0qw2Ah1+ZWfMI7JeiWY4OWXI=">AAAB7HicbZA9TwJBEIbn/ET8Qi1tNoKJFbmj0ZLExhITDkjgJHvLHGzY27vs7hkJ4TfYWGiMrT/Izn/jAlco+CabPHlnJjvzhqng2rjut7OxubW9s1vYK+4fHB4dl05OWzrJFEOfJSJRnZBqFFyib7gR2EkV0jgU2A7Ht/N6+xGV5olsmkmKQUyHkkecUWMtv/L04Fb6pbJbdRci6+DlUIZcjX7pqzdIWBajNExQrbuem5pgSpXhTOCs2Ms0ppSN6RC7FiWNUQfTxbIzcmmdAYkSZZ80ZOH+npjSWOtJHNrOmJqRXq3Nzf9q3cxEN8GUyzQzKNnyoygTxCRkfjkZcIXMiIkFyhS3uxI2oooyY/Mp2hC81ZPXoVWrepbva+V6M4+jAOdwAVfgwTXU4Q4a4AMDDs/wCm+OdF6cd+dj2brh5DNn8EfO5w/F+44K</latexit><latexit sha1_base64="u2w0qw2Ah1+ZWfMI7JeiWY4OWXI=">AAAB7HicbZA9TwJBEIbn/ET8Qi1tNoKJFbmj0ZLExhITDkjgJHvLHGzY27vs7hkJ4TfYWGiMrT/Izn/jAlco+CabPHlnJjvzhqng2rjut7OxubW9s1vYK+4fHB4dl05OWzrJFEOfJSJRnZBqFFyib7gR2EkV0jgU2A7Ht/N6+xGV5olsmkmKQUyHkkecUWMtv/L04Fb6pbJbdRci6+DlUIZcjX7pqzdIWBajNExQrbuem5pgSpXhTOCs2Ms0ppSN6RC7FiWNUQfTxbIzcmmdAYkSZZ80ZOH+npjSWOtJHNrOmJqRXq3Nzf9q3cxEN8GUyzQzKNnyoygTxCRkfjkZcIXMiIkFyhS3uxI2oooyY/Mp2hC81ZPXoVWrepbva+V6M4+jAOdwAVfgwTXU4Q4a4AMDDs/wCm+OdF6cd+dj2brh5DNn8EfO5w/F+44K</latexit><latexit sha1_base64="u2w0qw2Ah1+ZWfMI7JeiWY4OWXI=">AAAB7HicbZA9TwJBEIbn/ET8Qi1tNoKJFbmj0ZLExhITDkjgJHvLHGzY27vs7hkJ4TfYWGiMrT/Izn/jAlco+CabPHlnJjvzhqng2rjut7OxubW9s1vYK+4fHB4dl05OWzrJFEOfJSJRnZBqFFyib7gR2EkV0jgU2A7Ht/N6+xGV5olsmkmKQUyHkkecUWMtv/L04Fb6pbJbdRci6+DlUIZcjX7pqzdIWBajNExQrbuem5pgSpXhTOCs2Ms0ppSN6RC7FiWNUQfTxbIzcmmdAYkSZZ80ZOH+npjSWOtJHNrOmJqRXq3Nzf9q3cxEN8GUyzQzKNnyoygTxCRkfjkZcIXMiIkFyhS3uxI2oooyY/Mp2hC81ZPXoVWrepbva+V6M4+jAOdwAVfgwTXU4Q4a4AMDDs/wCm+OdF6cd+dj2brh5DNn8EfO5w/F+44K</latexit>

uk
<latexit sha1_base64="P5H8yJw4l1p3AQpe2TVjILdIk/w=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSyb7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c2s3n5CpXksH8wkQT+iQ8lDzqix1n36OO6XK27VnYusgpdDBXI1+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtShqh9rP5qlNyZp0BCWNlnzRk7v6eyGik9SQKbGdEzUgv12bmf7VuasIrP+MySQ1KtvgoTAUxMZndTQZcITNiYoEyxe2uhI2ooszYdEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzmfP12DjdY=</latexit><latexit sha1_base64="P5H8yJw4l1p3AQpe2TVjILdIk/w=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSyb7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c2s3n5CpXksH8wkQT+iQ8lDzqix1n36OO6XK27VnYusgpdDBXI1+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtShqh9rP5qlNyZp0BCWNlnzRk7v6eyGik9SQKbGdEzUgv12bmf7VuasIrP+MySQ1KtvgoTAUxMZndTQZcITNiYoEyxe2uhI2ooszYdEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzmfP12DjdY=</latexit><latexit sha1_base64="P5H8yJw4l1p3AQpe2TVjILdIk/w=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSyb7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c2s3n5CpXksH8wkQT+iQ8lDzqix1n36OO6XK27VnYusgpdDBXI1+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtShqh9rP5qlNyZp0BCWNlnzRk7v6eyGik9SQKbGdEzUgv12bmf7VuasIrP+MySQ1KtvgoTAUxMZndTQZcITNiYoEyxe2uhI2ooszYdEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzmfP12DjdY=</latexit><latexit sha1_base64="P5H8yJw4l1p3AQpe2TVjILdIk/w=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSyb7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c2s3n5CpXksH8wkQT+iQ8lDzqix1n36OO6XK27VnYusgpdDBXI1+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtShqh9rP5qlNyZp0BCWNlnzRk7v6eyGik9SQKbGdEzUgv12bmf7VuasIrP+MySQ1KtvgoTAUxMZndTQZcITNiYoEyxe2uhI2ooszYdEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzmfP12DjdY=</latexit>

xk+1 = uk

yk = W kxk + bk
<latexit sha1_base64="ZG0bNOnpKpkRfmkW/7ZUKXl6v6U=">AAACD3icbVDLSsNAFJ34rPEVdelmsFiEQklE0E2h6MZlBfuAJi2T6aQdMnkwM5GG0D9w46+4caGIW7fu/BsnbRbaeuDOHM65l5l73JhRIU3zW1tZXVvf2Cxt6ds7u3v7xsFhW0QJx6SFIxbxrosEYTQkLUklI92YExS4jHRc/yb3Ow+ECxqF9zKNiROgUUg9ipFU0sCoVCb9zK9aU1hP+j60bb2SqrsOO+qcqKpCt+/rA6Ns1swZ4DKxClIGBZoD48seRjgJSCgxQ0L0LDOWToa4pJiRqW4ngsQI+2hEeoqGKCDCyWb7TOGpUobQi7iqUMKZ+nsiQ4EQaeCqzgDJsVj0cvE/r5dI78rJaBgnkoR4/pCXMCgjmIcDh5QTLFmqCMKcqr9CPEYcYakizEOwFldeJu3zmqX43UW5cV3EUQLH4AScAQtcgga4BU3QAhg8gmfwCt60J+1Fe9c+5q0rWjFzBP5A+/wB6GKZZQ==</latexit><latexit sha1_base64="ZG0bNOnpKpkRfmkW/7ZUKXl6v6U=">AAACD3icbVDLSsNAFJ34rPEVdelmsFiEQklE0E2h6MZlBfuAJi2T6aQdMnkwM5GG0D9w46+4caGIW7fu/BsnbRbaeuDOHM65l5l73JhRIU3zW1tZXVvf2Cxt6ds7u3v7xsFhW0QJx6SFIxbxrosEYTQkLUklI92YExS4jHRc/yb3Ow+ECxqF9zKNiROgUUg9ipFU0sCoVCb9zK9aU1hP+j60bb2SqrsOO+qcqKpCt+/rA6Ns1swZ4DKxClIGBZoD48seRjgJSCgxQ0L0LDOWToa4pJiRqW4ngsQI+2hEeoqGKCDCyWb7TOGpUobQi7iqUMKZ+nsiQ4EQaeCqzgDJsVj0cvE/r5dI78rJaBgnkoR4/pCXMCgjmIcDh5QTLFmqCMKcqr9CPEYcYakizEOwFldeJu3zmqX43UW5cV3EUQLH4AScAQtcgga4BU3QAhg8gmfwCt60J+1Fe9c+5q0rWjFzBP5A+/wB6GKZZQ==</latexit><latexit sha1_base64="ZG0bNOnpKpkRfmkW/7ZUKXl6v6U=">AAACD3icbVDLSsNAFJ34rPEVdelmsFiEQklE0E2h6MZlBfuAJi2T6aQdMnkwM5GG0D9w46+4caGIW7fu/BsnbRbaeuDOHM65l5l73JhRIU3zW1tZXVvf2Cxt6ds7u3v7xsFhW0QJx6SFIxbxrosEYTQkLUklI92YExS4jHRc/yb3Ow+ECxqF9zKNiROgUUg9ipFU0sCoVCb9zK9aU1hP+j60bb2SqrsOO+qcqKpCt+/rA6Ns1swZ4DKxClIGBZoD48seRjgJSCgxQ0L0LDOWToa4pJiRqW4ngsQI+2hEeoqGKCDCyWb7TOGpUobQi7iqUMKZ+nsiQ4EQaeCqzgDJsVj0cvE/r5dI78rJaBgnkoR4/pCXMCgjmIcDh5QTLFmqCMKcqr9CPEYcYakizEOwFldeJu3zmqX43UW5cV3EUQLH4AScAQtcgga4BU3QAhg8gmfwCt60J+1Fe9c+5q0rWjFzBP5A+/wB6GKZZQ==</latexit><latexit sha1_base64="ZG0bNOnpKpkRfmkW/7ZUKXl6v6U=">AAACD3icbVDLSsNAFJ34rPEVdelmsFiEQklE0E2h6MZlBfuAJi2T6aQdMnkwM5GG0D9w46+4caGIW7fu/BsnbRbaeuDOHM65l5l73JhRIU3zW1tZXVvf2Cxt6ds7u3v7xsFhW0QJx6SFIxbxrosEYTQkLUklI92YExS4jHRc/yb3Ow+ECxqF9zKNiROgUUg9ipFU0sCoVCb9zK9aU1hP+j60bb2SqrsOO+qcqKpCt+/rA6Ns1swZ4DKxClIGBZoD48seRjgJSCgxQ0L0LDOWToa4pJiRqW4ngsQI+2hEeoqGKCDCyWb7TOGpUobQi7iqUMKZ+nsiQ4EQaeCqzgDJsVj0cvE/r5dI78rJaBgnkoR4/pCXMCgjmIcDh5QTLFmqCMKcqr9CPEYcYakizEOwFldeJu3zmqX43UW5cV3EUQLH4AScAQtcgga4BU3QAhg8gmfwCt60J+1Fe9c+5q0rWjFzBP5A+/wB6GKZZQ==</latexit>

quadratic constraints on 
<latexit sha1_base64="/6TnbvtEA1hwy/W7ReFdTVoKrvo=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BFuhgpSkgnosePFYwX5AmpbNdtMu3eyG3YkQQn+GFw+KePXXePPfuG1z0OqDgcd7M8zMC2LONDjOl1VYW9/Y3Cpul3Z29/YPyodHHS0TRWibSC5VL8CaciZoGxhw2osVxVHAaTeY3s797iNVmknxAGlM/QiPBQsZwWAkr1pLB9OLZDA9rw7LFafuLGD/JW5OKihHa1j+7I8kSSIqgHCstec6MfgZVsAIp7NSP9E0xmSKx9QzVOCIaj9bnDyzz4wyskOpTAmwF+rPiQxHWqdRYDojDBO96s3F/zwvgfDGz5iIE6CCLBeFCbdB2vP/7RFTlABPDcFEMXOrTSZYYQImpZIJwV19+S/pNOruVf3yvlFpNvI4iugEnaIactE1aqI71EJtRJBET+gFvVpgPVtv1vuytWDlM8foF6yPb6QqkCM=</latexit>

(yk, uk)

<latexit sha1_base64="7JsWOFmqDp5aBt8n/yipzYHXVaY=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFc1JJUUTdCwY3LCvYBTSiTyaQdOpkJMxMhhPorblwo4tYPceffOG2z0NYDFw7n3Mu99wQJo0o7zre1srq2vrFZ2ipv7+zu7dsHhx0lUolJGwsmZC9AijDKSVtTzUgvkQTFASPdYHw79buPRCoq+IPOEuLHaMhpRDHSRhrYlfGNU3NrHg6FVjWPMHbmDuyqU3dmgMvELUgVFGgN7C8vFDiNCdeYIaX6rpNoP0dSU8zIpOyliiQIj9GQ9A3lKCbKz2fHT+CJUUIYCWmKazhTf0/kKFYqiwPTGSM9UoveVPzP66c6uvZzypNUE47ni6KUQS3gNAkYUkmwZpkhCEtqboV4hCTC2uRVNiG4iy8vk06j7l7Wz+8vqs1GEUcJHIFjcApccAWa4A60QBtgkIFn8ArerCfrxXq3PuatK1YxUwF/YH3+AIefk14=</latexit>

k = 0, 1, · · · , `� 1



• Describe    as QCs on its input-output pair

• Example: sector-bounded nonlinearities

• We are over-approximating the graph of 𝜑 by QCs

Abstraction of Activation Functions via QCs

15

'
<latexit sha1_base64="6mJkq06At/+j+nVHpx56vVywLXM=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk02wbms2GZLZQSn+EFw+KePX3ePPfmLZ70NYXAg/vzJCZN9JSWPT9b6+wsbm1vVPcLe3tHxwelY9PmjbNDOMNlsrUtCNquRSKN1Cg5G1tOE0iyVvR6H5eb425sSJVTzjRPEzoQIlYMIrOanXH1Oih6JUrftVfiKxDkEMFctV75a9uP2VZwhUySa3tBL7GcEoNCib5rNTNLNeUjeiAdxwqmnAbThfrzsiFc/okTo17CsnC/T0xpYm1kyRynQnFoV2tzc3/ap0M49twKpTOkCu2/CjOJMGUzG8nfWE4QzlxQJkRblfChtRQhi6hkgshWD15HZpX1cDx43WldpfHUYQzOIdLCOAGavAAdWgAgxE8wyu8edp78d69j2VrwctnTuGPvM8fe0yPpg==</latexit><latexit sha1_base64="6mJkq06At/+j+nVHpx56vVywLXM=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk02wbms2GZLZQSn+EFw+KePX3ePPfmLZ70NYXAg/vzJCZN9JSWPT9b6+wsbm1vVPcLe3tHxwelY9PmjbNDOMNlsrUtCNquRSKN1Cg5G1tOE0iyVvR6H5eb425sSJVTzjRPEzoQIlYMIrOanXH1Oih6JUrftVfiKxDkEMFctV75a9uP2VZwhUySa3tBL7GcEoNCib5rNTNLNeUjeiAdxwqmnAbThfrzsiFc/okTo17CsnC/T0xpYm1kyRynQnFoV2tzc3/ap0M49twKpTOkCu2/CjOJMGUzG8nfWE4QzlxQJkRblfChtRQhi6hkgshWD15HZpX1cDx43WldpfHUYQzOIdLCOAGavAAdWgAgxE8wyu8edp78d69j2VrwctnTuGPvM8fe0yPpg==</latexit><latexit sha1_base64="6mJkq06At/+j+nVHpx56vVywLXM=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk02wbms2GZLZQSn+EFw+KePX3ePPfmLZ70NYXAg/vzJCZN9JSWPT9b6+wsbm1vVPcLe3tHxwelY9PmjbNDOMNlsrUtCNquRSKN1Cg5G1tOE0iyVvR6H5eb425sSJVTzjRPEzoQIlYMIrOanXH1Oih6JUrftVfiKxDkEMFctV75a9uP2VZwhUySa3tBL7GcEoNCib5rNTNLNeUjeiAdxwqmnAbThfrzsiFc/okTo17CsnC/T0xpYm1kyRynQnFoV2tzc3/ap0M49twKpTOkCu2/CjOJMGUzG8nfWE4QzlxQJkRblfChtRQhi6hkgshWD15HZpX1cDx43WldpfHUYQzOIdLCOAGavAAdWgAgxE8wyu8edp78d69j2VrwctnTuGPvM8fe0yPpg==</latexit><latexit sha1_base64="6mJkq06At/+j+nVHpx56vVywLXM=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk02wbms2GZLZQSn+EFw+KePX3ePPfmLZ70NYXAg/vzJCZN9JSWPT9b6+wsbm1vVPcLe3tHxwelY9PmjbNDOMNlsrUtCNquRSKN1Cg5G1tOE0iyVvR6H5eb425sSJVTzjRPEzoQIlYMIrOanXH1Oih6JUrftVfiKxDkEMFctV75a9uP2VZwhUySa3tBL7GcEoNCib5rNTNLNeUjeiAdxwqmnAbThfrzsiFc/okTo17CsnC/T0xpYm1kyRynQnFoV2tzc3/ap0M49twKpTOkCu2/CjOJMGUzG8nfWE4QzlxQJkRblfChtRQhi6hkgshWD15HZpX1cDx43WldpfHUYQzOIdLCOAGavAAdWgAgxE8wyu8edp78d69j2VrwctnTuGPvM8fe0yPpg==</latexit>

x
<latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit>

'(x)
<latexit sha1_base64="gcCwiojaq6Lo4+NxtSLmrm7ed8g=">AAAB8XicbZBNSwMxEIZn61etX1WPXoJFqJeyKwU9Frx4rGA/sF3KbJq2odnskmSLZem/8OJBEa/+G2/+G9N2D9r6QuDhnRky8wax4Nq47reT29jc2t7J7xb29g8Oj4rHJ00dJYqyBo1EpNoBaia4ZA3DjWDtWDEMA8Fawfh2Xm9NmNI8kg9mGjM/xKHkA07RWOuxO0EVj3j56bJXLLkVdyGyDl4GJchU7xW/uv2IJiGThgrUuuO5sfFTVIZTwWaFbqJZjHSMQ9axKDFk2k8XG8/IhXX6ZBAp+6QhC/f3RIqh1tMwsJ0hmpFerc3N/2qdxAxu/JTLODFM0uVHg0QQE5H5+aTPFaNGTC0gVdzuSugIFVJjQyrYELzVk9eheVXxLN9XS7VqFkcezuAcyuDBNdTgDurQAAoSnuEV3hztvDjvzseyNedkM6fwR87nDyAokH8=</latexit><latexit sha1_base64="gcCwiojaq6Lo4+NxtSLmrm7ed8g=">AAAB8XicbZBNSwMxEIZn61etX1WPXoJFqJeyKwU9Frx4rGA/sF3KbJq2odnskmSLZem/8OJBEa/+G2/+G9N2D9r6QuDhnRky8wax4Nq47reT29jc2t7J7xb29g8Oj4rHJ00dJYqyBo1EpNoBaia4ZA3DjWDtWDEMA8Fawfh2Xm9NmNI8kg9mGjM/xKHkA07RWOuxO0EVj3j56bJXLLkVdyGyDl4GJchU7xW/uv2IJiGThgrUuuO5sfFTVIZTwWaFbqJZjHSMQ9axKDFk2k8XG8/IhXX6ZBAp+6QhC/f3RIqh1tMwsJ0hmpFerc3N/2qdxAxu/JTLODFM0uVHg0QQE5H5+aTPFaNGTC0gVdzuSugIFVJjQyrYELzVk9eheVXxLN9XS7VqFkcezuAcyuDBNdTgDurQAAoSnuEV3hztvDjvzseyNedkM6fwR87nDyAokH8=</latexit><latexit sha1_base64="gcCwiojaq6Lo4+NxtSLmrm7ed8g=">AAAB8XicbZBNSwMxEIZn61etX1WPXoJFqJeyKwU9Frx4rGA/sF3KbJq2odnskmSLZem/8OJBEa/+G2/+G9N2D9r6QuDhnRky8wax4Nq47reT29jc2t7J7xb29g8Oj4rHJ00dJYqyBo1EpNoBaia4ZA3DjWDtWDEMA8Fawfh2Xm9NmNI8kg9mGjM/xKHkA07RWOuxO0EVj3j56bJXLLkVdyGyDl4GJchU7xW/uv2IJiGThgrUuuO5sfFTVIZTwWaFbqJZjHSMQ9axKDFk2k8XG8/IhXX6ZBAp+6QhC/f3RIqh1tMwsJ0hmpFerc3N/2qdxAxu/JTLODFM0uVHg0QQE5H5+aTPFaNGTC0gVdzuSugIFVJjQyrYELzVk9eheVXxLN9XS7VqFkcezuAcyuDBNdTgDurQAAoSnuEV3hztvDjvzseyNedkM6fwR87nDyAokH8=</latexit><latexit sha1_base64="gcCwiojaq6Lo4+NxtSLmrm7ed8g=">AAAB8XicbZBNSwMxEIZn61etX1WPXoJFqJeyKwU9Frx4rGA/sF3KbJq2odnskmSLZem/8OJBEa/+G2/+G9N2D9r6QuDhnRky8wax4Nq47reT29jc2t7J7xb29g8Oj4rHJ00dJYqyBo1EpNoBaia4ZA3DjWDtWDEMA8Fawfh2Xm9NmNI8kg9mGjM/xKHkA07RWOuxO0EVj3j56bJXLLkVdyGyDl4GJchU7xW/uv2IJiGThgrUuuO5sfFTVIZTwWaFbqJZjHSMQ9axKDFk2k8XG8/IhXX6ZBAp+6QhC/f3RIqh1tMwsJ0hmpFerc3N/2qdxAxu/JTLODFM0uVHg0QQE5H5+aTPFaNGTC0gVdzuSugIFVJjQyrYELzVk9eheVXxLN9XS7VqFkcezuAcyuDBNdTgDurQAAoSnuEV3hztvDjvzseyNedkM6fwR87nDyAokH8=</latexit>

<latexit sha1_base64="8WpGJDLV8nIrVaB23Kx5FcVWd1Y="></latexit>2
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<latexit sha1_base64="sXrF8y8ZHOH3N3fMtFc1i1pNigA=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgqexWUY8FLx4r2A9ol5JNs21oNhuSbKEs/RFePCji1d/jzX9j2u5BWx8MPN6bYWZeqAQ31vO+UWFjc2t7p7hb2ts/ODwqH5+0TJJqypo0EYnuhMQwwSVrWm4F6yjNSBwK1g7H93O/PWHa8EQ+2aliQUyGkkecEuukdm9CtBrxfrniVb0F8Drxc1KBHI1++as3SGgaM2mpIMZ0fU/ZICPacirYrNRLDVOEjsmQdR2VJGYmyBbnzvCFUwY4SrQrafFC/T2RkdiYaRy6zpjYkVn15uJ/Xje10V2QcalSyyRdLopSgW2C57/jAdeMWjF1hFDN3a2Yjogm1LqESi4Ef/XlddKqVf2b6tXjdaVey+MowhmcwyX4cAt1eIAGNIHCGJ7hFd6QQi/oHX0sWwsonzmFP0CfP3kWj54=</latexit>'

<latexit sha1_base64="ngK+zhvKellrZ8s0bX4bH8NpG6s=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AVPJXdCupFKHjxWMHWQruUbDrbhmY3IckKdekv8eJBEa/+FG/+G9N2D9r6YODx3gwz80LJmTae9+0U1tY3NreK26Wd3b39sntw2NYiVRRaVHChOiHRwFkCLcMMh45UQOKQw0M4vpn5D4+gNBPJvZlICGIyTFjEKDFW6rtlzYUEXL3uES5HpNp3K17NmwOvEj8nFZSj2Xe/egNB0xgSQznRuut70gQZUYZRDtNSL9UgCR2TIXQtTUgMOsjmh0/xqVUGOBLKVmLwXP09kZFY60kc2s6YmJFe9mbif143NdFVkLFEpgYSulgUpRwbgWcp4AFTQA2fWEKoYvZWTEdEEWpsViUbgr/88ipp12v+Re38rl5p1PM4iugYnaAz5KNL1EC3qIlaiKIUPaNX9OY8OS/Ou/OxaC04+cwR+gPn8weki5Jh</latexit>

slope = ↵

<latexit sha1_base64="cn7RFqwbvJJUNvc+FClrPB4KQwI=">AAAB9XicbVDLSgNBEJz1GeMr6tHLYCJ4CrsR1IsQ8OIxgnlAsobZSW8yZHZ2melVQsh/ePGgiFf/xZt/4yTZgyYWNBRV3XR3BYkUBl3321lZXVvf2Mxt5bd3dvf2CweHDROnmkOdxzLWrYAZkEJBHQVKaCUaWBRIaAbDm6nffARtRKzucZSAH7G+EqHgDK30YGScAC1ddwJAVuoWim7ZnYEuEy8jRZKh1i18dXoxTyNQyCUzpu25CfpjplFwCZN8JzWQMD5kfWhbqlgExh/Prp7QU6v0aBhrWwrpTP09MWaRMaMosJ0Rw4FZ9Kbif147xfDKHwuVpAiKzxeFqaQY02kEtCc0cJQjSxjXwt5K+YBpxtEGlbcheIsvL5NGpexdlM/vKsVqJYsjR47JCTkjHrkkVXJLaqROONHkmbySN+fJeXHenY9564qTzRyRP3A+fwBiC5G8</latexit>

slope = �

<latexit sha1_base64="A/1qhXwtxi6SObm+S5yGvwQ6XfM="></latexit>2
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5 � 0<latexit sha1_base64="6IY7jfoRFkajXGFoCXbihLe789w=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRqEcSLx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1W+qF+WqpUsjjycwCmcgwfXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOQFjPQ=</latexit>x

<latexit sha1_base64="MUyzCMWvQfKE5JaH4NrQIRBAszA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqqMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1rqoXzctKvZbHUYQTOIVz8OAa6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f5YmM9Q==</latexit>y
<latexit sha1_base64="U5nAap0PTlHMyzFiQSpzgVFzTkQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkpSRb0IBS8eK9gPaELZbDft0s0m7G6KIfRvePGgiFf/jDf/jds2B219MPB4b4aZeX7MmdK2/W0V1tY3NreK26Wd3b39g/LhUVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/vhu5ncmVCoWiUedxtQL8VCwgBGsjeSmt+4Ey3jEqk/n/XLFrtlzoFXi5KQCOZr98pc7iEgSUqEJx0r1HDvWXoalZoTTaclNFI0xGeMh7RkqcEiVl81vnqIzowxQEElTQqO5+nsiw6FSaeibzhDrkVr2ZuJ/Xi/RwY2XMREnmgqyWBQkHOkIzQJAAyYp0Tw1BBPJzK2IjLDERJuYSiYEZ/nlVdKu15yr2sXDZaVRz+MowgmcQhUcuIYG3EMTWkAghmd4hTcrsV6sd+tj0Vqw8plj+APr8weHkpFP</latexit>

y = '(x)

single activation à layer of activations à neural network



Closed-Loop Verification via SDP
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Controlled System

output

measurement

Neural control policy

Control input
DeepSDP
SDR

Exact

SDR: Raghunathan, Aditi, Jacob Steinhardt, and Percy S. Liang. “Semidefinite relaxations for certifying robustness to adversarial examples.” 
In Advances in Neural Information Processing Systems, pp. 10877-10887. 2018



• Abstract the nonlinearities via incremental quadratic constraints

• Analyze via semidefinite programming

Robust Control Perspective
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yk
<latexit sha1_base64="+MW+8qu5svAaYSpSK7kDfcSPMC4=">AAAB7HicbZDNTgIxFIVv8Q/xD3XpphFMXJEZNrokceMSEwZIYCSd0oGGTmfSdkwmE57BjQuNcesDufNtLDALBU/S5Mu596b3niARXBvH+Ualre2d3b3yfuXg8Oj4pHp61tVxqijzaCxi1Q+IZoJL5hluBOsnipEoEKwXzO4W9d4TU5rHsmOyhPkRmUgeckqMtbx69jirj6o1p+EshTfBLaAGhdqj6tdwHNM0YtJQQbQeuE5i/Jwow6lg88ow1SwhdEYmbGBRkohpP18uO8dX1hnjMFb2SYOX7u+JnERaZ1FgOyNipnq9tjD/qw1SE976OZdJapikq4/CVGAT48XleMwVo0ZkFghV3O6K6ZQoQo3Np2JDcNdP3oRus+FafmjWWp0ijjJcwCVcgws30IJ7aIMHFDg8wyu8IYle0Dv6WLWWUDFzDn+EPn8AITiORg==</latexit><latexit sha1_base64="+MW+8qu5svAaYSpSK7kDfcSPMC4=">AAAB7HicbZDNTgIxFIVv8Q/xD3XpphFMXJEZNrokceMSEwZIYCSd0oGGTmfSdkwmE57BjQuNcesDufNtLDALBU/S5Mu596b3niARXBvH+Ualre2d3b3yfuXg8Oj4pHp61tVxqijzaCxi1Q+IZoJL5hluBOsnipEoEKwXzO4W9d4TU5rHsmOyhPkRmUgeckqMtbx69jirj6o1p+EshTfBLaAGhdqj6tdwHNM0YtJQQbQeuE5i/Jwow6lg88ow1SwhdEYmbGBRkohpP18uO8dX1hnjMFb2SYOX7u+JnERaZ1FgOyNipnq9tjD/qw1SE976OZdJapikq4/CVGAT48XleMwVo0ZkFghV3O6K6ZQoQo3Np2JDcNdP3oRus+FafmjWWp0ijjJcwCVcgws30IJ7aIMHFDg8wyu8IYle0Dv6WLWWUDFzDn+EPn8AITiORg==</latexit><latexit sha1_base64="+MW+8qu5svAaYSpSK7kDfcSPMC4=">AAAB7HicbZDNTgIxFIVv8Q/xD3XpphFMXJEZNrokceMSEwZIYCSd0oGGTmfSdkwmE57BjQuNcesDufNtLDALBU/S5Mu596b3niARXBvH+Ualre2d3b3yfuXg8Oj4pHp61tVxqijzaCxi1Q+IZoJL5hluBOsnipEoEKwXzO4W9d4TU5rHsmOyhPkRmUgeckqMtbx69jirj6o1p+EshTfBLaAGhdqj6tdwHNM0YtJQQbQeuE5i/Jwow6lg88ow1SwhdEYmbGBRkohpP18uO8dX1hnjMFb2SYOX7u+JnERaZ1FgOyNipnq9tjD/qw1SE976OZdJapikq4/CVGAT48XleMwVo0ZkFghV3O6K6ZQoQo3Np2JDcNdP3oRus+FafmjWWp0ijjJcwCVcgws30IJ7aIMHFDg8wyu8IYle0Dv6WLWWUDFzDn+EPn8AITiORg==</latexit><latexit sha1_base64="+MW+8qu5svAaYSpSK7kDfcSPMC4=">AAAB7HicbZDNTgIxFIVv8Q/xD3XpphFMXJEZNrokceMSEwZIYCSd0oGGTmfSdkwmE57BjQuNcesDufNtLDALBU/S5Mu596b3niARXBvH+Ualre2d3b3yfuXg8Oj4pHp61tVxqijzaCxi1Q+IZoJL5hluBOsnipEoEKwXzO4W9d4TU5rHsmOyhPkRmUgeckqMtbx69jirj6o1p+EshTfBLaAGhdqj6tdwHNM0YtJQQbQeuE5i/Jwow6lg88ow1SwhdEYmbGBRkohpP18uO8dX1hnjMFb2SYOX7u+JnERaZ1FgOyNipnq9tjD/qw1SE976OZdJapikq4/CVGAT48XleMwVo0ZkFghV3O6K6ZQoQo3Np2JDcNdP3oRus+FafmjWWp0ijjJcwCVcgws30IJ7aIMHFDg8wyu8IYle0Dv6WLWWUDFzDn+EPn8AITiORg==</latexit>

x0
<latexit sha1_base64="u2w0qw2Ah1+ZWfMI7JeiWY4OWXI=">AAAB7HicbZA9TwJBEIbn/ET8Qi1tNoKJFbmj0ZLExhITDkjgJHvLHGzY27vs7hkJ4TfYWGiMrT/Izn/jAlco+CabPHlnJjvzhqng2rjut7OxubW9s1vYK+4fHB4dl05OWzrJFEOfJSJRnZBqFFyib7gR2EkV0jgU2A7Ht/N6+xGV5olsmkmKQUyHkkecUWMtv/L04Fb6pbJbdRci6+DlUIZcjX7pqzdIWBajNExQrbuem5pgSpXhTOCs2Ms0ppSN6RC7FiWNUQfTxbIzcmmdAYkSZZ80ZOH+npjSWOtJHNrOmJqRXq3Nzf9q3cxEN8GUyzQzKNnyoygTxCRkfjkZcIXMiIkFyhS3uxI2oooyY/Mp2hC81ZPXoVWrepbva+V6M4+jAOdwAVfgwTXU4Q4a4AMDDs/wCm+OdF6cd+dj2brh5DNn8EfO5w/F+44K</latexit><latexit sha1_base64="u2w0qw2Ah1+ZWfMI7JeiWY4OWXI=">AAAB7HicbZA9TwJBEIbn/ET8Qi1tNoKJFbmj0ZLExhITDkjgJHvLHGzY27vs7hkJ4TfYWGiMrT/Izn/jAlco+CabPHlnJjvzhqng2rjut7OxubW9s1vYK+4fHB4dl05OWzrJFEOfJSJRnZBqFFyib7gR2EkV0jgU2A7Ht/N6+xGV5olsmkmKQUyHkkecUWMtv/L04Fb6pbJbdRci6+DlUIZcjX7pqzdIWBajNExQrbuem5pgSpXhTOCs2Ms0ppSN6RC7FiWNUQfTxbIzcmmdAYkSZZ80ZOH+npjSWOtJHNrOmJqRXq3Nzf9q3cxEN8GUyzQzKNnyoygTxCRkfjkZcIXMiIkFyhS3uxI2oooyY/Mp2hC81ZPXoVWrepbva+V6M4+jAOdwAVfgwTXU4Q4a4AMDDs/wCm+OdF6cd+dj2brh5DNn8EfO5w/F+44K</latexit><latexit sha1_base64="u2w0qw2Ah1+ZWfMI7JeiWY4OWXI=">AAAB7HicbZA9TwJBEIbn/ET8Qi1tNoKJFbmj0ZLExhITDkjgJHvLHGzY27vs7hkJ4TfYWGiMrT/Izn/jAlco+CabPHlnJjvzhqng2rjut7OxubW9s1vYK+4fHB4dl05OWzrJFEOfJSJRnZBqFFyib7gR2EkV0jgU2A7Ht/N6+xGV5olsmkmKQUyHkkecUWMtv/L04Fb6pbJbdRci6+DlUIZcjX7pqzdIWBajNExQrbuem5pgSpXhTOCs2Ms0ppSN6RC7FiWNUQfTxbIzcmmdAYkSZZ80ZOH+npjSWOtJHNrOmJqRXq3Nzf9q3cxEN8GUyzQzKNnyoygTxCRkfjkZcIXMiIkFyhS3uxI2oooyY/Mp2hC81ZPXoVWrepbva+V6M4+jAOdwAVfgwTXU4Q4a4AMDDs/wCm+OdF6cd+dj2brh5DNn8EfO5w/F+44K</latexit><latexit sha1_base64="u2w0qw2Ah1+ZWfMI7JeiWY4OWXI=">AAAB7HicbZA9TwJBEIbn/ET8Qi1tNoKJFbmj0ZLExhITDkjgJHvLHGzY27vs7hkJ4TfYWGiMrT/Izn/jAlco+CabPHlnJjvzhqng2rjut7OxubW9s1vYK+4fHB4dl05OWzrJFEOfJSJRnZBqFFyib7gR2EkV0jgU2A7Ht/N6+xGV5olsmkmKQUyHkkecUWMtv/L04Fb6pbJbdRci6+DlUIZcjX7pqzdIWBajNExQrbuem5pgSpXhTOCs2Ms0ppSN6RC7FiWNUQfTxbIzcmmdAYkSZZ80ZOH+npjSWOtJHNrOmJqRXq3Nzf9q3cxEN8GUyzQzKNnyoygTxCRkfjkZcIXMiIkFyhS3uxI2oooyY/Mp2hC81ZPXoVWrepbva+V6M4+jAOdwAVfgwTXU4Q4a4AMDDs/wCm+OdF6cd+dj2brh5DNn8EfO5w/F+44K</latexit>

uk
<latexit sha1_base64="P5H8yJw4l1p3AQpe2TVjILdIk/w=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSyb7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c2s3n5CpXksH8wkQT+iQ8lDzqix1n36OO6XK27VnYusgpdDBXI1+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtShqh9rP5qlNyZp0BCWNlnzRk7v6eyGik9SQKbGdEzUgv12bmf7VuasIrP+MySQ1KtvgoTAUxMZndTQZcITNiYoEyxe2uhI2ooszYdEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzmfP12DjdY=</latexit><latexit sha1_base64="P5H8yJw4l1p3AQpe2TVjILdIk/w=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSyb7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c2s3n5CpXksH8wkQT+iQ8lDzqix1n36OO6XK27VnYusgpdDBXI1+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtShqh9rP5qlNyZp0BCWNlnzRk7v6eyGik9SQKbGdEzUgv12bmf7VuasIrP+MySQ1KtvgoTAUxMZndTQZcITNiYoEyxe2uhI2ooszYdEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzmfP12DjdY=</latexit><latexit sha1_base64="P5H8yJw4l1p3AQpe2TVjILdIk/w=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSyb7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c2s3n5CpXksH8wkQT+iQ8lDzqix1n36OO6XK27VnYusgpdDBXI1+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtShqh9rP5qlNyZp0BCWNlnzRk7v6eyGik9SQKbGdEzUgv12bmf7VuasIrP+MySQ1KtvgoTAUxMZndTQZcITNiYoEyxe2uhI2ooszYdEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzmfP12DjdY=</latexit><latexit sha1_base64="P5H8yJw4l1p3AQpe2TVjILdIk/w=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSyb7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c2s3n5CpXksH8wkQT+iQ8lDzqix1n36OO6XK27VnYusgpdDBXI1+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtShqh9rP5qlNyZp0BCWNlnzRk7v6eyGik9SQKbGdEzUgv12bmf7VuasIrP+MySQ1KtvgoTAUxMZndTQZcITNiYoEyxe2uhI2ooszYdEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzmfP12DjdY=</latexit>

xk+1 = uk

yk = W kxk + bk
<latexit sha1_base64="ZG0bNOnpKpkRfmkW/7ZUKXl6v6U=">AAACD3icbVDLSsNAFJ34rPEVdelmsFiEQklE0E2h6MZlBfuAJi2T6aQdMnkwM5GG0D9w46+4caGIW7fu/BsnbRbaeuDOHM65l5l73JhRIU3zW1tZXVvf2Cxt6ds7u3v7xsFhW0QJx6SFIxbxrosEYTQkLUklI92YExS4jHRc/yb3Ow+ECxqF9zKNiROgUUg9ipFU0sCoVCb9zK9aU1hP+j60bb2SqrsOO+qcqKpCt+/rA6Ns1swZ4DKxClIGBZoD48seRjgJSCgxQ0L0LDOWToa4pJiRqW4ngsQI+2hEeoqGKCDCyWb7TOGpUobQi7iqUMKZ+nsiQ4EQaeCqzgDJsVj0cvE/r5dI78rJaBgnkoR4/pCXMCgjmIcDh5QTLFmqCMKcqr9CPEYcYakizEOwFldeJu3zmqX43UW5cV3EUQLH4AScAQtcgga4BU3QAhg8gmfwCt60J+1Fe9c+5q0rWjFzBP5A+/wB6GKZZQ==</latexit><latexit sha1_base64="ZG0bNOnpKpkRfmkW/7ZUKXl6v6U=">AAACD3icbVDLSsNAFJ34rPEVdelmsFiEQklE0E2h6MZlBfuAJi2T6aQdMnkwM5GG0D9w46+4caGIW7fu/BsnbRbaeuDOHM65l5l73JhRIU3zW1tZXVvf2Cxt6ds7u3v7xsFhW0QJx6SFIxbxrosEYTQkLUklI92YExS4jHRc/yb3Ow+ECxqF9zKNiROgUUg9ipFU0sCoVCb9zK9aU1hP+j60bb2SqrsOO+qcqKpCt+/rA6Ns1swZ4DKxClIGBZoD48seRjgJSCgxQ0L0LDOWToa4pJiRqW4ngsQI+2hEeoqGKCDCyWb7TOGpUobQi7iqUMKZ+nsiQ4EQaeCqzgDJsVj0cvE/r5dI78rJaBgnkoR4/pCXMCgjmIcDh5QTLFmqCMKcqr9CPEYcYakizEOwFldeJu3zmqX43UW5cV3EUQLH4AScAQtcgga4BU3QAhg8gmfwCt60J+1Fe9c+5q0rWjFzBP5A+/wB6GKZZQ==</latexit><latexit sha1_base64="ZG0bNOnpKpkRfmkW/7ZUKXl6v6U=">AAACD3icbVDLSsNAFJ34rPEVdelmsFiEQklE0E2h6MZlBfuAJi2T6aQdMnkwM5GG0D9w46+4caGIW7fu/BsnbRbaeuDOHM65l5l73JhRIU3zW1tZXVvf2Cxt6ds7u3v7xsFhW0QJx6SFIxbxrosEYTQkLUklI92YExS4jHRc/yb3Ow+ECxqF9zKNiROgUUg9ipFU0sCoVCb9zK9aU1hP+j60bb2SqrsOO+qcqKpCt+/rA6Ns1swZ4DKxClIGBZoD48seRjgJSCgxQ0L0LDOWToa4pJiRqW4ngsQI+2hEeoqGKCDCyWb7TOGpUobQi7iqUMKZ+nsiQ4EQaeCqzgDJsVj0cvE/r5dI78rJaBgnkoR4/pCXMCgjmIcDh5QTLFmqCMKcqr9CPEYcYakizEOwFldeJu3zmqX43UW5cV3EUQLH4AScAQtcgga4BU3QAhg8gmfwCt60J+1Fe9c+5q0rWjFzBP5A+/wB6GKZZQ==</latexit><latexit sha1_base64="ZG0bNOnpKpkRfmkW/7ZUKXl6v6U=">AAACD3icbVDLSsNAFJ34rPEVdelmsFiEQklE0E2h6MZlBfuAJi2T6aQdMnkwM5GG0D9w46+4caGIW7fu/BsnbRbaeuDOHM65l5l73JhRIU3zW1tZXVvf2Cxt6ds7u3v7xsFhW0QJx6SFIxbxrosEYTQkLUklI92YExS4jHRc/yb3Ow+ECxqF9zKNiROgUUg9ipFU0sCoVCb9zK9aU1hP+j60bb2SqrsOO+qcqKpCt+/rA6Ns1swZ4DKxClIGBZoD48seRjgJSCgxQ0L0LDOWToa4pJiRqW4ngsQI+2hEeoqGKCDCyWb7TOGpUobQi7iqUMKZ+nsiQ4EQaeCqzgDJsVj0cvE/r5dI78rJaBgnkoR4/pCXMCgjmIcDh5QTLFmqCMKcqr9CPEYcYakizEOwFldeJu3zmqX43UW5cV3EUQLH4AScAQtcgga4BU3QAhg8gmfwCt60J+1Fe9c+5q0rWjFzBP5A+/wB6GKZZQ==</latexit>

<latexit sha1_base64="GW8IjP+c2lcFVEzYlKRUX9cYSNY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklR9Fjw4rGi/YA2ls120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR9dRvPXJtRKzucZxwP6IDJULBKFrp7ulh1CuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx26oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uwys/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadog3BW3x5mTSrFe+i4t6el2vVPI4CHMMJnIEHl1CDG6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AFelY3N</latexit>

xk

<latexit sha1_base64="n27Ye3Z+gddIWYgW0OEYAw+G0MQ=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KklR9Fjw4rGC/YA2ls120i7dbOLuRiyhf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LOjBP0IzqQPOSMGiu1n+6zLgox6ZXKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n83unZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiIijYEb/HlZdKsVryLint7Xq5V8zgKcAwncAYeXEINbqAODWAg4Ble4c15cF6cd+dj3rri5DNH8AfO5w9jfZAl</latexit>

x`

<latexit sha1_base64="+0A+7NaaJfHVE8SiX06YoHH7jxE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48VTFtoY9lst+3SzSbsTsQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNHGqGfdZLGPdDqnhUijuo0DJ24nmNAolb4Xjm5nfeuTaiFjd4yThQUSHSgwEo2gl/+khc6e9csWtunOQVeLlpAI5Gr3yV7cfszTiCpmkxnQ8N8EgoxoFk3xa6qaGJ5SN6ZB3LFU04ibI5sdOyZlV+mQQa1sKyVz9PZHRyJhJFNrOiOLILHsz8T+vk+LgOsiESlLkii0WDVJJMCazz0lfaM5QTiyhTAt7K2EjqilDm0/JhuAtv7xKmrWqd1l17y4q9VoeRxFO4BTOwYMrqMMtNMAHBgKe4RXeHOW8OO/Ox6K14OQzx/AHzucPybyOng==</latexit>

x0

<latexit sha1_base64="8ibmeBK11x4hDvTLxQq6/+NW11I=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0mKoseCF48V7AeksWw2m3bpZjfsTsQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MBXcgOt+O6W19Y3NrfJ2ZWd3b/+genjUMSrTlLWpEkr3QmKY4JK1gYNgvVQzkoSCdcPxzczvPjJtuJL3MElZkJCh5DGnBKzk94GLiOVP0wd3UK25dXcOvEq8gtRQgdag+tWPFM0SJoEKYozvuSkEOdHAqWDTSj8zLCV0TIbMt1SShJkgn588xWdWiXCstC0JeK7+nshJYswkCW1nQmBklr2Z+J/nZxBfBzmXaQZM0sWiOBMYFJ79jyOuGQUxsYRQze2tmI6IJhRsShUbgrf88irpNOreZd29u6g1G0UcZXSCTtE58tAVaqJb1EJtRJFCz+gVvTngvDjvzseiteQUM8foD5zPH2kqkUg=</latexit>

x̃0

<latexit sha1_base64="CapjowBthhgS/JHa++ZdbXvZ7CA=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0mKoseCF48V7AeksWw2m3bpZjfsTsQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MBXcgOt+O6W19Y3NrfJ2ZWd3b/+genjUMSrTlLWpEkr3QmKY4JK1gYNgvVQzkoSCdcPxzczvPjJtuJL3MElZkJCh5DGnBKzk94GLiOVP04fxoFpz6+4ceJV4BamhAq1B9asfKZolTAIVxBjfc1MIcqKBU8GmlX5mWEromAyZb6kkCTNBPj95is+sEuFYaVsS8Fz9PZGTxJhJEtrOhMDILHsz8T/PzyC+DnIu0wyYpItFcSYwKDz7H0dcMwpiYgmhmttbMR0RTSjYlCo2BG/55VXSadS9y7p7d1FrNoo4yugEnaJz5KEr1ES3qIXaiCKFntErenPAeXHenY9Fa8kpZo7RHzifP8KWkYM=</latexit>

x̃k

<latexit sha1_base64="UGsjYAsasDg/BCaPbEHMDi2r+f8=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKoseCF48VbCs0sWw2k3bpZhN2N8US8k+8eFDEq//Em//GbZuDtj4YeLw3w8y8IOVMacf5tipr6xubW9Xt2s7u3v6BfXjUVUkmKXRowhP5EBAFnAnoaKY5PKQSSBxw6AXjm5nfm4BULBH3epqCH5OhYBGjRBtpYNueZjyE/Kl4zD3gvBjYdafhzIFXiVuSOirRHthfXpjQLAahKSdK9V0n1X5OpGaUQ1HzMgUpoWMyhL6hgsSg/Hx+eYHPjBLiKJGmhMZz9fdETmKlpnFgOmOiR2rZm4n/ef1MR9d+zkSaaRB0sSjKONYJnsWAQyaBaj41hFDJzK2YjogkVJuwaiYEd/nlVdJtNtzLhnN3UW81yziq6ASdonPkoivUQreojTqIogl6Rq/ozcqtF+vd+li0Vqxy5hj9gfX5A1CvlAw=</latexit>

x̃`

Incremental quadratic constraints on 
<latexit sha1_base64="KduwTZqvv1nl7kf0I5Y5WTsnkJo=">AAACDHicbVDLSsNAFJ3UV62vqks3g61QQUtSEF0W3LisYB/QpmUymbRDJ5MwDyGEfoAbf8WNC0Xc+gHu/BunbUBtPTBw7jn3cuceL2ZUKtv+snIrq2vrG/nNwtb2zu5ecf+gJSMtMGniiEWi4yFJGOWkqahipBMLgkKPkbY3vp767XsiJI34nUpi4oZoyGlAMVJGGhRL5UrSH5/3FGU+SZNJf3ymf2pt6tOy6bKr9gxwmTgZKYEMjUHxs+dHWIeEK8yQlF3HjpWbIqEoZmRS6GlJYoTHaEi6hnIUEumms2Mm8MQoPgwiYR5XcKb+nkhRKGUSeqYzRGokF72p+J/X1Sq4clPKY60Ix/NFgWZQRXCaDPSpIFixxBCEBTV/hXiEBMLK5FcwITiLJy+TVq3qXFTt21qpXsviyIMjcAwqwAGXoA5uQAM0AQYP4Am8gFfr0Xq23qz3eWvOymYOwR9YH9//pJrm</latexit>

(yk � ỹk, uk � ũk)



• Abstract the nonlinearities via incremental quadratic constraints

• Why important?  
⎯ A measure of adversarial robustness/smoothness
⎯ Safety and stability guarantees for neural network controllers/deep RL methods
⎯ Generalization and approximation bounds

Bounding the Lipschitz Constant of NNs

18

yk
<latexit sha1_base64="+MW+8qu5svAaYSpSK7kDfcSPMC4=">AAAB7HicbZDNTgIxFIVv8Q/xD3XpphFMXJEZNrokceMSEwZIYCSd0oGGTmfSdkwmE57BjQuNcesDufNtLDALBU/S5Mu596b3niARXBvH+Ualre2d3b3yfuXg8Oj4pHp61tVxqijzaCxi1Q+IZoJL5hluBOsnipEoEKwXzO4W9d4TU5rHsmOyhPkRmUgeckqMtbx69jirj6o1p+EshTfBLaAGhdqj6tdwHNM0YtJQQbQeuE5i/Jwow6lg88ow1SwhdEYmbGBRkohpP18uO8dX1hnjMFb2SYOX7u+JnERaZ1FgOyNipnq9tjD/qw1SE976OZdJapikq4/CVGAT48XleMwVo0ZkFghV3O6K6ZQoQo3Np2JDcNdP3oRus+FafmjWWp0ijjJcwCVcgws30IJ7aIMHFDg8wyu8IYle0Dv6WLWWUDFzDn+EPn8AITiORg==</latexit><latexit sha1_base64="+MW+8qu5svAaYSpSK7kDfcSPMC4=">AAAB7HicbZDNTgIxFIVv8Q/xD3XpphFMXJEZNrokceMSEwZIYCSd0oGGTmfSdkwmE57BjQuNcesDufNtLDALBU/S5Mu596b3niARXBvH+Ualre2d3b3yfuXg8Oj4pHp61tVxqijzaCxi1Q+IZoJL5hluBOsnipEoEKwXzO4W9d4TU5rHsmOyhPkRmUgeckqMtbx69jirj6o1p+EshTfBLaAGhdqj6tdwHNM0YtJQQbQeuE5i/Jwow6lg88ow1SwhdEYmbGBRkohpP18uO8dX1hnjMFb2SYOX7u+JnERaZ1FgOyNipnq9tjD/qw1SE976OZdJapikq4/CVGAT48XleMwVo0ZkFghV3O6K6ZQoQo3Np2JDcNdP3oRus+FafmjWWp0ijjJcwCVcgws30IJ7aIMHFDg8wyu8IYle0Dv6WLWWUDFzDn+EPn8AITiORg==</latexit><latexit sha1_base64="+MW+8qu5svAaYSpSK7kDfcSPMC4=">AAAB7HicbZDNTgIxFIVv8Q/xD3XpphFMXJEZNrokceMSEwZIYCSd0oGGTmfSdkwmE57BjQuNcesDufNtLDALBU/S5Mu596b3niARXBvH+Ualre2d3b3yfuXg8Oj4pHp61tVxqijzaCxi1Q+IZoJL5hluBOsnipEoEKwXzO4W9d4TU5rHsmOyhPkRmUgeckqMtbx69jirj6o1p+EshTfBLaAGhdqj6tdwHNM0YtJQQbQeuE5i/Jwow6lg88ow1SwhdEYmbGBRkohpP18uO8dX1hnjMFb2SYOX7u+JnERaZ1FgOyNipnq9tjD/qw1SE976OZdJapikq4/CVGAT48XleMwVo0ZkFghV3O6K6ZQoQo3Np2JDcNdP3oRus+FafmjWWp0ijjJcwCVcgws30IJ7aIMHFDg8wyu8IYle0Dv6WLWWUDFzDn+EPn8AITiORg==</latexit><latexit sha1_base64="+MW+8qu5svAaYSpSK7kDfcSPMC4=">AAAB7HicbZDNTgIxFIVv8Q/xD3XpphFMXJEZNrokceMSEwZIYCSd0oGGTmfSdkwmE57BjQuNcesDufNtLDALBU/S5Mu596b3niARXBvH+Ualre2d3b3yfuXg8Oj4pHp61tVxqijzaCxi1Q+IZoJL5hluBOsnipEoEKwXzO4W9d4TU5rHsmOyhPkRmUgeckqMtbx69jirj6o1p+EshTfBLaAGhdqj6tdwHNM0YtJQQbQeuE5i/Jwow6lg88ow1SwhdEYmbGBRkohpP18uO8dX1hnjMFb2SYOX7u+JnERaZ1FgOyNipnq9tjD/qw1SE976OZdJapikq4/CVGAT48XleMwVo0ZkFghV3O6K6ZQoQo3Np2JDcNdP3oRus+FafmjWWp0ijjJcwCVcgws30IJ7aIMHFDg8wyu8IYle0Dv6WLWWUDFzDn+EPn8AITiORg==</latexit>

x0
<latexit sha1_base64="u2w0qw2Ah1+ZWfMI7JeiWY4OWXI=">AAAB7HicbZA9TwJBEIbn/ET8Qi1tNoKJFbmj0ZLExhITDkjgJHvLHGzY27vs7hkJ4TfYWGiMrT/Izn/jAlco+CabPHlnJjvzhqng2rjut7OxubW9s1vYK+4fHB4dl05OWzrJFEOfJSJRnZBqFFyib7gR2EkV0jgU2A7Ht/N6+xGV5olsmkmKQUyHkkecUWMtv/L04Fb6pbJbdRci6+DlUIZcjX7pqzdIWBajNExQrbuem5pgSpXhTOCs2Ms0ppSN6RC7FiWNUQfTxbIzcmmdAYkSZZ80ZOH+npjSWOtJHNrOmJqRXq3Nzf9q3cxEN8GUyzQzKNnyoygTxCRkfjkZcIXMiIkFyhS3uxI2oooyY/Mp2hC81ZPXoVWrepbva+V6M4+jAOdwAVfgwTXU4Q4a4AMDDs/wCm+OdF6cd+dj2brh5DNn8EfO5w/F+44K</latexit><latexit sha1_base64="u2w0qw2Ah1+ZWfMI7JeiWY4OWXI=">AAAB7HicbZA9TwJBEIbn/ET8Qi1tNoKJFbmj0ZLExhITDkjgJHvLHGzY27vs7hkJ4TfYWGiMrT/Izn/jAlco+CabPHlnJjvzhqng2rjut7OxubW9s1vYK+4fHB4dl05OWzrJFEOfJSJRnZBqFFyib7gR2EkV0jgU2A7Ht/N6+xGV5olsmkmKQUyHkkecUWMtv/L04Fb6pbJbdRci6+DlUIZcjX7pqzdIWBajNExQrbuem5pgSpXhTOCs2Ms0ppSN6RC7FiWNUQfTxbIzcmmdAYkSZZ80ZOH+npjSWOtJHNrOmJqRXq3Nzf9q3cxEN8GUyzQzKNnyoygTxCRkfjkZcIXMiIkFyhS3uxI2oooyY/Mp2hC81ZPXoVWrepbva+V6M4+jAOdwAVfgwTXU4Q4a4AMDDs/wCm+OdF6cd+dj2brh5DNn8EfO5w/F+44K</latexit><latexit sha1_base64="u2w0qw2Ah1+ZWfMI7JeiWY4OWXI=">AAAB7HicbZA9TwJBEIbn/ET8Qi1tNoKJFbmj0ZLExhITDkjgJHvLHGzY27vs7hkJ4TfYWGiMrT/Izn/jAlco+CabPHlnJjvzhqng2rjut7OxubW9s1vYK+4fHB4dl05OWzrJFEOfJSJRnZBqFFyib7gR2EkV0jgU2A7Ht/N6+xGV5olsmkmKQUyHkkecUWMtv/L04Fb6pbJbdRci6+DlUIZcjX7pqzdIWBajNExQrbuem5pgSpXhTOCs2Ms0ppSN6RC7FiWNUQfTxbIzcmmdAYkSZZ80ZOH+npjSWOtJHNrOmJqRXq3Nzf9q3cxEN8GUyzQzKNnyoygTxCRkfjkZcIXMiIkFyhS3uxI2oooyY/Mp2hC81ZPXoVWrepbva+V6M4+jAOdwAVfgwTXU4Q4a4AMDDs/wCm+OdF6cd+dj2brh5DNn8EfO5w/F+44K</latexit><latexit sha1_base64="u2w0qw2Ah1+ZWfMI7JeiWY4OWXI=">AAAB7HicbZA9TwJBEIbn/ET8Qi1tNoKJFbmj0ZLExhITDkjgJHvLHGzY27vs7hkJ4TfYWGiMrT/Izn/jAlco+CabPHlnJjvzhqng2rjut7OxubW9s1vYK+4fHB4dl05OWzrJFEOfJSJRnZBqFFyib7gR2EkV0jgU2A7Ht/N6+xGV5olsmkmKQUyHkkecUWMtv/L04Fb6pbJbdRci6+DlUIZcjX7pqzdIWBajNExQrbuem5pgSpXhTOCs2Ms0ppSN6RC7FiWNUQfTxbIzcmmdAYkSZZ80ZOH+npjSWOtJHNrOmJqRXq3Nzf9q3cxEN8GUyzQzKNnyoygTxCRkfjkZcIXMiIkFyhS3uxI2oooyY/Mp2hC81ZPXoVWrepbva+V6M4+jAOdwAVfgwTXU4Q4a4AMDDs/wCm+OdF6cd+dj2brh5DNn8EfO5w/F+44K</latexit>

uk
<latexit sha1_base64="P5H8yJw4l1p3AQpe2TVjILdIk/w=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSyb7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c2s3n5CpXksH8wkQT+iQ8lDzqix1n36OO6XK27VnYusgpdDBXI1+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtShqh9rP5qlNyZp0BCWNlnzRk7v6eyGik9SQKbGdEzUgv12bmf7VuasIrP+MySQ1KtvgoTAUxMZndTQZcITNiYoEyxe2uhI2ooszYdEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzmfP12DjdY=</latexit><latexit sha1_base64="P5H8yJw4l1p3AQpe2TVjILdIk/w=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSyb7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c2s3n5CpXksH8wkQT+iQ8lDzqix1n36OO6XK27VnYusgpdDBXI1+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtShqh9rP5qlNyZp0BCWNlnzRk7v6eyGik9SQKbGdEzUgv12bmf7VuasIrP+MySQ1KtvgoTAUxMZndTQZcITNiYoEyxe2uhI2ooszYdEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzmfP12DjdY=</latexit><latexit sha1_base64="P5H8yJw4l1p3AQpe2TVjILdIk/w=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSyb7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c2s3n5CpXksH8wkQT+iQ8lDzqix1n36OO6XK27VnYusgpdDBXI1+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtShqh9rP5qlNyZp0BCWNlnzRk7v6eyGik9SQKbGdEzUgv12bmf7VuasIrP+MySQ1KtvgoTAUxMZndTQZcITNiYoEyxe2uhI2ooszYdEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzmfP12DjdY=</latexit><latexit sha1_base64="P5H8yJw4l1p3AQpe2TVjILdIk/w=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSyb7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c2s3n5CpXksH8wkQT+iQ8lDzqix1n36OO6XK27VnYusgpdDBXI1+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtShqh9rP5qlNyZp0BCWNlnzRk7v6eyGik9SQKbGdEzUgv12bmf7VuasIrP+MySQ1KtvgoTAUxMZndTQZcITNiYoEyxe2uhI2ooszYdEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzmfP12DjdY=</latexit>

xk+1 = uk

yk = W kxk + bk
<latexit sha1_base64="ZG0bNOnpKpkRfmkW/7ZUKXl6v6U=">AAACD3icbVDLSsNAFJ34rPEVdelmsFiEQklE0E2h6MZlBfuAJi2T6aQdMnkwM5GG0D9w46+4caGIW7fu/BsnbRbaeuDOHM65l5l73JhRIU3zW1tZXVvf2Cxt6ds7u3v7xsFhW0QJx6SFIxbxrosEYTQkLUklI92YExS4jHRc/yb3Ow+ECxqF9zKNiROgUUg9ipFU0sCoVCb9zK9aU1hP+j60bb2SqrsOO+qcqKpCt+/rA6Ns1swZ4DKxClIGBZoD48seRjgJSCgxQ0L0LDOWToa4pJiRqW4ngsQI+2hEeoqGKCDCyWb7TOGpUobQi7iqUMKZ+nsiQ4EQaeCqzgDJsVj0cvE/r5dI78rJaBgnkoR4/pCXMCgjmIcDh5QTLFmqCMKcqr9CPEYcYakizEOwFldeJu3zmqX43UW5cV3EUQLH4AScAQtcgga4BU3QAhg8gmfwCt60J+1Fe9c+5q0rWjFzBP5A+/wB6GKZZQ==</latexit><latexit sha1_base64="ZG0bNOnpKpkRfmkW/7ZUKXl6v6U=">AAACD3icbVDLSsNAFJ34rPEVdelmsFiEQklE0E2h6MZlBfuAJi2T6aQdMnkwM5GG0D9w46+4caGIW7fu/BsnbRbaeuDOHM65l5l73JhRIU3zW1tZXVvf2Cxt6ds7u3v7xsFhW0QJx6SFIxbxrosEYTQkLUklI92YExS4jHRc/yb3Ow+ECxqF9zKNiROgUUg9ipFU0sCoVCb9zK9aU1hP+j60bb2SqrsOO+qcqKpCt+/rA6Ns1swZ4DKxClIGBZoD48seRjgJSCgxQ0L0LDOWToa4pJiRqW4ngsQI+2hEeoqGKCDCyWb7TOGpUobQi7iqUMKZ+nsiQ4EQaeCqzgDJsVj0cvE/r5dI78rJaBgnkoR4/pCXMCgjmIcDh5QTLFmqCMKcqr9CPEYcYakizEOwFldeJu3zmqX43UW5cV3EUQLH4AScAQtcgga4BU3QAhg8gmfwCt60J+1Fe9c+5q0rWjFzBP5A+/wB6GKZZQ==</latexit><latexit sha1_base64="ZG0bNOnpKpkRfmkW/7ZUKXl6v6U=">AAACD3icbVDLSsNAFJ34rPEVdelmsFiEQklE0E2h6MZlBfuAJi2T6aQdMnkwM5GG0D9w46+4caGIW7fu/BsnbRbaeuDOHM65l5l73JhRIU3zW1tZXVvf2Cxt6ds7u3v7xsFhW0QJx6SFIxbxrosEYTQkLUklI92YExS4jHRc/yb3Ow+ECxqF9zKNiROgUUg9ipFU0sCoVCb9zK9aU1hP+j60bb2SqrsOO+qcqKpCt+/rA6Ns1swZ4DKxClIGBZoD48seRjgJSCgxQ0L0LDOWToa4pJiRqW4ngsQI+2hEeoqGKCDCyWb7TOGpUobQi7iqUMKZ+nsiQ4EQaeCqzgDJsVj0cvE/r5dI78rJaBgnkoR4/pCXMCgjmIcDh5QTLFmqCMKcqr9CPEYcYakizEOwFldeJu3zmqX43UW5cV3EUQLH4AScAQtcgga4BU3QAhg8gmfwCt60J+1Fe9c+5q0rWjFzBP5A+/wB6GKZZQ==</latexit><latexit sha1_base64="ZG0bNOnpKpkRfmkW/7ZUKXl6v6U=">AAACD3icbVDLSsNAFJ34rPEVdelmsFiEQklE0E2h6MZlBfuAJi2T6aQdMnkwM5GG0D9w46+4caGIW7fu/BsnbRbaeuDOHM65l5l73JhRIU3zW1tZXVvf2Cxt6ds7u3v7xsFhW0QJx6SFIxbxrosEYTQkLUklI92YExS4jHRc/yb3Ow+ECxqF9zKNiROgUUg9ipFU0sCoVCb9zK9aU1hP+j60bb2SqrsOO+qcqKpCt+/rA6Ns1swZ4DKxClIGBZoD48seRjgJSCgxQ0L0LDOWToa4pJiRqW4ngsQI+2hEeoqGKCDCyWb7TOGpUobQi7iqUMKZ+nsiQ4EQaeCqzgDJsVj0cvE/r5dI78rJaBgnkoR4/pCXMCgjmIcDh5QTLFmqCMKcqr9CPEYcYakizEOwFldeJu3zmqX43UW5cV3EUQLH4AScAQtcgga4BU3QAhg8gmfwCt60J+1Fe9c+5q0rWjFzBP5A+/wB6GKZZQ==</latexit>

Incremental quadratic constraints on 
<latexit sha1_base64="KduwTZqvv1nl7kf0I5Y5WTsnkJo=">AAACDHicbVDLSsNAFJ3UV62vqks3g61QQUtSEF0W3LisYB/QpmUymbRDJ5MwDyGEfoAbf8WNC0Xc+gHu/BunbUBtPTBw7jn3cuceL2ZUKtv+snIrq2vrG/nNwtb2zu5ecf+gJSMtMGniiEWi4yFJGOWkqahipBMLgkKPkbY3vp767XsiJI34nUpi4oZoyGlAMVJGGhRL5UrSH5/3FGU+SZNJf3ymf2pt6tOy6bKr9gxwmTgZKYEMjUHxs+dHWIeEK8yQlF3HjpWbIqEoZmRS6GlJYoTHaEi6hnIUEumms2Mm8MQoPgwiYR5XcKb+nkhRKGUSeqYzRGokF72p+J/X1Sq4clPKY60Ix/NFgWZQRXCaDPSpIFixxBCEBTV/hXiEBMLK5FcwITiLJy+TVq3qXFTt21qpXsviyIMjcAwqwAGXoA5uQAM0AQYP4Am8gFfr0Xq23qz3eWvOymYOwR9YH9//pJrm</latexit>

(yk � ỹk, uk � ũk)

<latexit sha1_base64="GW8IjP+c2lcFVEzYlKRUX9cYSNY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklR9Fjw4rGi/YA2ls120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR9dRvPXJtRKzucZxwP6IDJULBKFrp7ulh1CuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx26oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uwys/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadog3BW3x5mTSrFe+i4t6el2vVPI4CHMMJnIEHl1CDG6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AFelY3N</latexit>

xk

<latexit sha1_base64="n27Ye3Z+gddIWYgW0OEYAw+G0MQ=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KklR9Fjw4rGC/YA2ls120i7dbOLuRiyhf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LOjBP0IzqQPOSMGiu1n+6zLgox6ZXKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n83unZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiIijYEb/HlZdKsVryLint7Xq5V8zgKcAwncAYeXEINbqAODWAg4Ble4c15cF6cd+dj3rri5DNH8AfO5w9jfZAl</latexit>

x`

<latexit sha1_base64="+0A+7NaaJfHVE8SiX06YoHH7jxE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48VTFtoY9lst+3SzSbsTsQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNHGqGfdZLGPdDqnhUijuo0DJ24nmNAolb4Xjm5nfeuTaiFjd4yThQUSHSgwEo2gl/+khc6e9csWtunOQVeLlpAI5Gr3yV7cfszTiCpmkxnQ8N8EgoxoFk3xa6qaGJ5SN6ZB3LFU04ibI5sdOyZlV+mQQa1sKyVz9PZHRyJhJFNrOiOLILHsz8T+vk+LgOsiESlLkii0WDVJJMCazz0lfaM5QTiyhTAt7K2EjqilDm0/JhuAtv7xKmrWqd1l17y4q9VoeRxFO4BTOwYMrqMMtNMAHBgKe4RXeHOW8OO/Ox6K14OQzx/AHzucPybyOng==</latexit>

x0

<latexit sha1_base64="8ibmeBK11x4hDvTLxQq6/+NW11I=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0mKoseCF48V7AeksWw2m3bpZjfsTsQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MBXcgOt+O6W19Y3NrfJ2ZWd3b/+genjUMSrTlLWpEkr3QmKY4JK1gYNgvVQzkoSCdcPxzczvPjJtuJL3MElZkJCh5DGnBKzk94GLiOVP0wd3UK25dXcOvEq8gtRQgdag+tWPFM0SJoEKYozvuSkEOdHAqWDTSj8zLCV0TIbMt1SShJkgn588xWdWiXCstC0JeK7+nshJYswkCW1nQmBklr2Z+J/nZxBfBzmXaQZM0sWiOBMYFJ79jyOuGQUxsYRQze2tmI6IJhRsShUbgrf88irpNOreZd29u6g1G0UcZXSCTtE58tAVaqJb1EJtRJFCz+gVvTngvDjvzseiteQUM8foD5zPH2kqkUg=</latexit>

x̃0

<latexit sha1_base64="CapjowBthhgS/JHa++ZdbXvZ7CA=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0mKoseCF48V7AeksWw2m3bpZjfsTsQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MBXcgOt+O6W19Y3NrfJ2ZWd3b/+genjUMSrTlLWpEkr3QmKY4JK1gYNgvVQzkoSCdcPxzczvPjJtuJL3MElZkJCh5DGnBKzk94GLiOVP04fxoFpz6+4ceJV4BamhAq1B9asfKZolTAIVxBjfc1MIcqKBU8GmlX5mWEromAyZb6kkCTNBPj95is+sEuFYaVsS8Fz9PZGTxJhJEtrOhMDILHsz8T/PzyC+DnIu0wyYpItFcSYwKDz7H0dcMwpiYgmhmttbMR0RTSjYlCo2BG/55VXSadS9y7p7d1FrNoo4yugEnaJz5KEr1ES3qIXaiCKFntErenPAeXHenY9Fa8kpZo7RHzifP8KWkYM=</latexit>

x̃k

<latexit sha1_base64="UGsjYAsasDg/BCaPbEHMDi2r+f8=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKoseCF48VbCs0sWw2k3bpZhN2N8US8k+8eFDEq//Em//GbZuDtj4YeLw3w8y8IOVMacf5tipr6xubW9Xt2s7u3v6BfXjUVUkmKXRowhP5EBAFnAnoaKY5PKQSSBxw6AXjm5nfm4BULBH3epqCH5OhYBGjRBtpYNueZjyE/Kl4zD3gvBjYdafhzIFXiVuSOirRHthfXpjQLAahKSdK9V0n1X5OpGaUQ1HzMgUpoWMyhL6hgsSg/Hx+eYHPjBLiKJGmhMZz9fdETmKlpnFgOmOiR2rZm4n/ef1MR9d+zkSaaRB0sSjKONYJnsWAQyaBaj41hFDJzK2YjogkVJuwaiYEd/nlVdJtNtzLhnN3UW81yziq6ASdonPkoivUQreojTqIogl6Rq/ozcqtF+vd+li0Vqxy5hj9gfX5A1CvlAw=</latexit>

x̃`

<latexit sha1_base64="m7y1t9SQ6H+uq4FVXrywHhFHT0g=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHcWCZF0WXBjcsK9gFNWyaTSTt0MgkzE2lI66+4caGIWz/EnX/jtM1CWw9cOJxzL/fe48WcKY3Qt7W2vrG5tV3YKe7u7R8c2kfHTRUlktAGiXgk2x5WlDNBG5ppTtuxpDj0OG15o9uZ33qkUrFIPOg0pt0QDwQLGMHaSH275E7GPXThasZ9mo2nPeRO+nYZVdAccJU4OSmDHPW+/eX6EUlCKjThWKmOg2LdzbDUjHA6LbqJojEmIzygHUMFDqnqZvPjp/DMKD4MImlKaDhXf09kOFQqDT3TGWI9VMveTPzP6yQ6uOlmTMSJpoIsFgUJhzqCsySgzyQlmqeGYCKZuRWSIZaYaJNX0YTgLL+8SprVinNVQfeX5Vo1j6MATsApOAcOuAY1cAfqoAEISMEzeAVv1pP1Yr1bH4vWNSufKYE/sD5/AJOMlKw=</latexit>

kx0 � x̃0k

<latexit sha1_base64="VJijT3OOOaQJRXIJo9or/3iXJ/Y=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIbiyTouiy4MaFiwr2AU0aJpNJO3QyCTMTaUm78FfcuFDErb/hzr9x2mahrQcuHM65l3vv8RNGpYLw2yisrK6tbxQ3S1vbO7t75v5BU8apwKSBYxaLto8kYZSThqKKkXYiCIp8Rlr+4Gbqtx6JkDTmD2qUEDdCPU5DipHSkmce3XmhMx524bmjKAtINpx0oTP2zDKswBmsZWLnpAxy1D3zywlinEaEK8yQlB0bJsrNkFAUMzIpOakkCcID1CMdTTmKiHSz2f0T61QrgRXGQhdX1kz9PZGhSMpR5OvOCKm+XPSm4n9eJ1XhtZtRnqSKcDxfFKbMUrE1DcMKqCBYsZEmCAuqb7VwHwmElY6spEOwF19eJs1qxb6swPuLcq2ax1EEx+AEnAEbXIEauAV10AAYjMEzeAVvxpPxYrwbH/PWgpHPHII/MD5/ALYjlds=</latexit>

Lfkx0 � x̃0k

Lipschitz constant

<latexit sha1_base64="kKq0u03W8WCswJtS2Dv780lc4O0="></latexit>

Lf = sup
x0,x̃0

kf(x0)� f(x̃0)k
kx0 � x̃0k



• Example: slope-restricted nonlinearities

Abstraction of Activation Functions via Incremental QCs

19

single activation à layer of activations à neural network

x
<latexit sha1_base64="e5t6h2YEaajYrcuXiaWMalzl608=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx4MVjC/YD2lA220m7drMJuxuxhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9t5vfOISvNY3ptpgn5ER5KHnFFjrebToFxxq+5CZB28HCqQqzEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ1HSCLWfLRadkQvrDEkYK/ukIQv390RGI62nUWA7I2rGerU2N/+r9VIT1vyMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryv1Wh5HEc7gHC7Bgxuowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9yPn8A4zmM8g==</latexit><latexit sha1_base64="e5t6h2YEaajYrcuXiaWMalzl608=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx4MVjC/YD2lA220m7drMJuxuxhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9t5vfOISvNY3ptpgn5ER5KHnFFjrebToFxxq+5CZB28HCqQqzEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ1HSCLWfLRadkQvrDEkYK/ukIQv390RGI62nUWA7I2rGerU2N/+r9VIT1vyMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryv1Wh5HEc7gHC7Bgxuowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9yPn8A4zmM8g==</latexit><latexit sha1_base64="e5t6h2YEaajYrcuXiaWMalzl608=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx4MVjC/YD2lA220m7drMJuxuxhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9t5vfOISvNY3ptpgn5ER5KHnFFjrebToFxxq+5CZB28HCqQqzEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ1HSCLWfLRadkQvrDEkYK/ukIQv390RGI62nUWA7I2rGerU2N/+r9VIT1vyMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryv1Wh5HEc7gHC7Bgxuowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9yPn8A4zmM8g==</latexit><latexit sha1_base64="e5t6h2YEaajYrcuXiaWMalzl608=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx4MVjC/YD2lA220m7drMJuxuxhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9t5vfOISvNY3ptpgn5ER5KHnFFjrebToFxxq+5CZB28HCqQqzEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ1HSCLWfLRadkQvrDEkYK/ukIQv390RGI62nUWA7I2rGerU2N/+r9VIT1vyMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryv1Wh5HEc7gHC7Bgxuowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9yPn8A4zmM8g==</latexit>

x̃
<latexit sha1_base64="67VKnErHGz28fDsu4tLynnGnNBI=">AAAB8HicbZBNS8NAEIY3ftb6VfXoZbEInkoigj0WvHisYD+kDWWzmbRLd5OwOxFL6K/w4kERr/4cb/4bt20O2vrCwsM7M+zMG6RSGHTdb2dtfWNza7u0U97d2z84rBwdt02SaQ4tnshEdwNmQIoYWihQQjfVwFQgoROMb2b1ziNoI5L4Hicp+IoNYxEJztBaD30UMoT8aTqoVN2aOxddBa+AKinUHFS++mHCMwUxcsmM6Xluin7ONAouYVruZwZSxsdsCD2LMVNg/Hy+8JSeWyekUaLti5HO3d8TOVPGTFRgOxXDkVmuzcz/ar0Mo7qfizjNEGK++CjKJMWEzq6nodDAUU4sMK6F3ZXyEdOMo82obEPwlk9ehfZlzbN8d1Vt1Is4SuSUnJEL4pFr0iC3pElahBNFnskreXO08+K8Ox+L1jWnmDkhf+R8/gBAXZCo</latexit><latexit sha1_base64="67VKnErHGz28fDsu4tLynnGnNBI=">AAAB8HicbZBNS8NAEIY3ftb6VfXoZbEInkoigj0WvHisYD+kDWWzmbRLd5OwOxFL6K/w4kERr/4cb/4bt20O2vrCwsM7M+zMG6RSGHTdb2dtfWNza7u0U97d2z84rBwdt02SaQ4tnshEdwNmQIoYWihQQjfVwFQgoROMb2b1ziNoI5L4Hicp+IoNYxEJztBaD30UMoT8aTqoVN2aOxddBa+AKinUHFS++mHCMwUxcsmM6Xluin7ONAouYVruZwZSxsdsCD2LMVNg/Hy+8JSeWyekUaLti5HO3d8TOVPGTFRgOxXDkVmuzcz/ar0Mo7qfizjNEGK++CjKJMWEzq6nodDAUU4sMK6F3ZXyEdOMo82obEPwlk9ehfZlzbN8d1Vt1Is4SuSUnJEL4pFr0iC3pElahBNFnskreXO08+K8Ox+L1jWnmDkhf+R8/gBAXZCo</latexit><latexit sha1_base64="67VKnErHGz28fDsu4tLynnGnNBI=">AAAB8HicbZBNS8NAEIY3ftb6VfXoZbEInkoigj0WvHisYD+kDWWzmbRLd5OwOxFL6K/w4kERr/4cb/4bt20O2vrCwsM7M+zMG6RSGHTdb2dtfWNza7u0U97d2z84rBwdt02SaQ4tnshEdwNmQIoYWihQQjfVwFQgoROMb2b1ziNoI5L4Hicp+IoNYxEJztBaD30UMoT8aTqoVN2aOxddBa+AKinUHFS++mHCMwUxcsmM6Xluin7ONAouYVruZwZSxsdsCD2LMVNg/Hy+8JSeWyekUaLti5HO3d8TOVPGTFRgOxXDkVmuzcz/ar0Mo7qfizjNEGK++CjKJMWEzq6nodDAUU4sMK6F3ZXyEdOMo82obEPwlk9ehfZlzbN8d1Vt1Is4SuSUnJEL4pFr0iC3pElahBNFnskreXO08+K8Ox+L1jWnmDkhf+R8/gBAXZCo</latexit><latexit sha1_base64="67VKnErHGz28fDsu4tLynnGnNBI=">AAAB8HicbZBNS8NAEIY3ftb6VfXoZbEInkoigj0WvHisYD+kDWWzmbRLd5OwOxFL6K/w4kERr/4cb/4bt20O2vrCwsM7M+zMG6RSGHTdb2dtfWNza7u0U97d2z84rBwdt02SaQ4tnshEdwNmQIoYWihQQjfVwFQgoROMb2b1ziNoI5L4Hicp+IoNYxEJztBaD30UMoT8aTqoVN2aOxddBa+AKinUHFS++mHCMwUxcsmM6Xluin7ONAouYVruZwZSxsdsCD2LMVNg/Hy+8JSeWyekUaLti5HO3d8TOVPGTFRgOxXDkVmuzcz/ar0Mo7qfizjNEGK++CjKJMWEzq6nodDAUU4sMK6F3ZXyEdOMo82obEPwlk9ehfZlzbN8d1Vt1Is4SuSUnJEL4pFr0iC3pElahBNFnskreXO08+K8Ox+L1jWnmDkhf+R8/gBAXZCo</latexit>

<latexit sha1_base64="mMfA9GmUkjSSho8kE+VPN8DVBgA=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahXspuFfVY8OKxgv3AdinZNNuGJtklyRbL0n/hxYMiXv033vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0e3Mb42p0iySD2YSU1/ggWQhI9hY6bE7xioesvLTea9YcivuHGiVeBkpQYZ6r/jV7UckEVQawrHWHc+NjZ9iZRjhdFroJprGmIzwgHYslVhQ7afzi6fozCp9FEbKljRorv6eSLHQeiIC2ymwGeplbyb+53USE974KZNxYqgki0VhwpGJ0Ox91GeKEsMnlmCimL0VkSFWmBgbUsGG4C2/vEqa1Yp3Vbm4vyzVqlkceTiBUyiDB9dQgzuoQwMISHiGV3hztPPivDsfi9ack80cwx84nz8iKJCF</latexit>

'(x)
<latexit sha1_base64="40P9g8lVV0cNg16bkLXgMgT1gBc=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16CRahXkpSRT0WvHisYGuhCWWz2bRLN5uwuyktIX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zM8xNGpbLtb6O0sbm1vVPereztHxwemcfVroxTgUkHxywWPR9JwignHUUVI71EEBT5jDz547u5/zQhQtKYP6pZQrwIDTkNKUZKSwOz6k6QSEa07irKApJN84uBWbMb9gLWOnEKUoMC7YH55QYxTiPCFWZIyr5jJ8rLkFAUM5JX3FSSBOExGpK+phxFRHrZ4vbcOtdKYIWx0MWVtVB/T2QoknIW+bozQmokV725+J/XT1V462WUJ6kiHC8XhSmzVGzNg7ACKghWbKYJwoLqWy08QgJhpeOq6BCc1ZfXSbfZcK4blw9XtVaziKMMp3AGdXDgBlpwD23oAIYpPMMrvBm58WK8Gx/L1pJRzJzAHxifPxPElGw=</latexit>

'(x̃)
<latexit sha1_base64="sXrF8y8ZHOH3N3fMtFc1i1pNigA=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgqexWUY8FLx4r2A9ol5JNs21oNhuSbKEs/RFePCji1d/jzX9j2u5BWx8MPN6bYWZeqAQ31vO+UWFjc2t7p7hb2ts/ODwqH5+0TJJqypo0EYnuhMQwwSVrWm4F6yjNSBwK1g7H93O/PWHa8EQ+2aliQUyGkkecEuukdm9CtBrxfrniVb0F8Drxc1KBHI1++as3SGgaM2mpIMZ0fU/ZICPacirYrNRLDVOEjsmQdR2VJGYmyBbnzvCFUwY4SrQrafFC/T2RkdiYaRy6zpjYkVn15uJ/Xje10V2QcalSyyRdLopSgW2C57/jAdeMWjF1hFDN3a2Yjogm1LqESi4Ef/XlddKqVf2b6tXjdaVey+MowhmcwyX4cAt1eIAGNIHCGJ7hFd6QQi/oHX0sWwsonzmFP0CfP3kWj54=</latexit>'

Describe as incremental quadratic constraints on             and  
<latexit sha1_base64="3PXKf9Tjuaox1xAOeVgZObgTU7Q=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahBSlJFfVY8OKxgv2ANpbNdtMu3WzC7qa2hP4PLx4U8ep/8ea/cdvmoK0PBh7vzTAzz4s4U9q2v63M2vrG5lZ2O7ezu7d/kD88aqgwloTWSchD2fKwopwJWtdMc9qKJMWBx2nTG97O/OaISsVC8aAnEXUD3BfMZwRrIz0Wx+edEZbRgBXHpVI3X7DL9hxolTgpKUCKWjf/1emFJA6o0IRjpdqOHWk3wVIzwuk014kVjTAZ4j5tGypwQJWbzK+eojOj9JAfSlNCo7n6eyLBgVKTwDOdAdYDtezNxP+8dqz9GzdhIoo1FWSxyI850iGaRYB6TFKi+cQQTCQztyIywBITbYLKmRCc5ZdXSaNSdq7KF/eXhWoljSMLJ3AKRXDgGqpwBzWoAwEJz/AKb9aT9WK9Wx+L1oyVzhzDH1ifPza5kaI=</latexit>

(x,'(x))
<latexit sha1_base64="hjYCTLPzNpQc9L74y+WAQBZAtIQ=">AAACBXicbVDLSgNBEOz1GeNr1aMeBoOQgIRdDeox4MVjBPOA7BJmJ7PJkNkHM7PBsOTixV/x4kERr/6DN//GSbKIJhY0FFXddHd5MWdSWdaXsbS8srq2ntvIb25t7+yae/sNGSWC0DqJeCRaHpaUs5DWFVOctmJBceBx2vQG1xO/OaRCsii8U6OYugHuhcxnBCstdcyjoqMY71J0f+oMsYj77EcolTpmwSpbU6BFYmekABlqHfPT6UYkCWioCMdStm0rVm6KhWKE03HeSSSNMRngHm1rGuKASjedfjFGJ1rpIj8SukKFpurviRQHUo4CT3cGWPXlvDcR//PaifKv3JSFcaJoSGaL/IQjFaFJJKjLBCWKjzTBRDB9KyJ9LDBROri8DsGef3mRNM7K9kX5/LZSqFayOHJwCMdQBBsuoQo3UIM6EHiAJ3iBV+PReDbejPdZ65KRzRzAHxgf394Nl30=</latexit>

(x̃,'(x̃))

<latexit sha1_base64="9RXd6upB0iZdvGUbVykmuzXTajY="></latexit>

↵ = '0(x̄)  '(x̃)� '(x)

x̃� x
 '0(x) = �

<latexit sha1_base64="a/J737mj1LF4Lfy9S18XS8oucR8="></latexit>⇥
?
⇤>
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<latexit sha1_base64="H+tFyI0sMk7I14EQfwicg1fnCbY="></latexit>x <latexit sha1_base64="sOdyVXjaXiOLmWuzzMd0QDu5olQ="></latexit>

x̄

<latexit sha1_base64="IKJkY8lMLGjeClXmi8rf8acEEL0="></latexit>

(x,'(x))

<latexit sha1_base64="De5uhpemrxaIpEjA7OKdzWzN3dE="></latexit>

(x̃,'(x̃))



• A semidefinite program for finding the best upper bound:

Theorem (One Layer): Consider the neural network                                                
If             and                such that

Then      is an upper bound on the Lipschitz constant of         on 

f(x0) = W 1�(W 0x0 + b0) + b1
<latexit sha1_base64="hXQRJ1ysSz0ElqK3W8CHzlemvbE=">AAACDXicbZC7SgNBFIbPxluMt1VLm8EoRAJhVwRthKCNZQSTDSS7YXYymwyZvTAzK4aQF7DxVWwsFLG1t/NtnCRbaOKBgY//P4cz5/cTzqSyrG8jt7S8srqWXy9sbG5t75i7ew0Zp4LQOol5LJo+lpSziNYVU5w2E0Fx6HPq+IPrie/cUyFZHN2pYULdEPciFjCClZY65lFQevCsE3SJHM9G7aTPSo5nIa2hMvK1U/Y9u2MWrYo1LbQIdgZFyKrWMb/a3ZikIY0U4VjKlm0lyh1hoRjhdFxop5ImmAxwj7Y0Rjik0h1NrxmjY610URAL/SKFpurviREOpRyGvu4MserLeW8i/ue1UhVcuCMWJamiEZktClKOVIwm0aAuE5QoPtSAiWD6r4j0scBE6QALOgR7/uRFaJxWbM23Z8XqVRZHHg7gEEpgwzlU4QZqUAcCj/AMr/BmPBkvxrvxMWvNGdnMPvwp4/MHFx6Xww==</latexit><latexit sha1_base64="hXQRJ1ysSz0ElqK3W8CHzlemvbE=">AAACDXicbZC7SgNBFIbPxluMt1VLm8EoRAJhVwRthKCNZQSTDSS7YXYymwyZvTAzK4aQF7DxVWwsFLG1t/NtnCRbaOKBgY//P4cz5/cTzqSyrG8jt7S8srqWXy9sbG5t75i7ew0Zp4LQOol5LJo+lpSziNYVU5w2E0Fx6HPq+IPrie/cUyFZHN2pYULdEPciFjCClZY65lFQevCsE3SJHM9G7aTPSo5nIa2hMvK1U/Y9u2MWrYo1LbQIdgZFyKrWMb/a3ZikIY0U4VjKlm0lyh1hoRjhdFxop5ImmAxwj7Y0Rjik0h1NrxmjY610URAL/SKFpurviREOpRyGvu4MserLeW8i/ue1UhVcuCMWJamiEZktClKOVIwm0aAuE5QoPtSAiWD6r4j0scBE6QALOgR7/uRFaJxWbM23Z8XqVRZHHg7gEEpgwzlU4QZqUAcCj/AMr/BmPBkvxrvxMWvNGdnMPvwp4/MHFx6Xww==</latexit><latexit sha1_base64="hXQRJ1ysSz0ElqK3W8CHzlemvbE=">AAACDXicbZC7SgNBFIbPxluMt1VLm8EoRAJhVwRthKCNZQSTDSS7YXYymwyZvTAzK4aQF7DxVWwsFLG1t/NtnCRbaOKBgY//P4cz5/cTzqSyrG8jt7S8srqWXy9sbG5t75i7ew0Zp4LQOol5LJo+lpSziNYVU5w2E0Fx6HPq+IPrie/cUyFZHN2pYULdEPciFjCClZY65lFQevCsE3SJHM9G7aTPSo5nIa2hMvK1U/Y9u2MWrYo1LbQIdgZFyKrWMb/a3ZikIY0U4VjKlm0lyh1hoRjhdFxop5ImmAxwj7Y0Rjik0h1NrxmjY610URAL/SKFpurviREOpRyGvu4MserLeW8i/ue1UhVcuCMWJamiEZktClKOVIwm0aAuE5QoPtSAiWD6r4j0scBE6QALOgR7/uRFaJxWbM23Z8XqVRZHHg7gEEpgwzlU4QZqUAcCj/AMr/BmPBkvxrvxMWvNGdnMPvwp4/MHFx6Xww==</latexit><latexit sha1_base64="hXQRJ1ysSz0ElqK3W8CHzlemvbE=">AAACDXicbZC7SgNBFIbPxluMt1VLm8EoRAJhVwRthKCNZQSTDSS7YXYymwyZvTAzK4aQF7DxVWwsFLG1t/NtnCRbaOKBgY//P4cz5/cTzqSyrG8jt7S8srqWXy9sbG5t75i7ew0Zp4LQOol5LJo+lpSziNYVU5w2E0Fx6HPq+IPrie/cUyFZHN2pYULdEPciFjCClZY65lFQevCsE3SJHM9G7aTPSo5nIa2hMvK1U/Y9u2MWrYo1LbQIdgZFyKrWMb/a3ZikIY0U4VjKlm0lyh1hoRjhdFxop5ImmAxwj7Y0Rjik0h1NrxmjY610URAL/SKFpurviREOpRyGvu4MserLeW8i/ue1UhVcuCMWJamiEZktClKOVIwm0aAuE5QoPtSAiWD6r4j0scBE6QALOgR7/uRFaJxWbM23Z8XqVRZHHg7gEEpgwzlU4QZqUAcCj/AMr/BmPBkvxrvxMWvNGdnMPvwp4/MHFx6Xww==</latexit>

9 ⇢ > 0
<latexit sha1_base64="In7Whb0WWTUQuDUjNSRpz6oQ/Cs=">AAAB+XicbZDLSgMxFIYz9VbrbdSlm2ARXJUZEXQlRTcuK9gLdIaSSc+0oZlkSDLFMvRN3LhQxK1v4s63MW1noa0/BD7+cw7n5I9SzrTxvG+ntLa+sblV3q7s7O7tH7iHRy0tM0WhSSWXqhMRDZwJaBpmOHRSBSSJOLSj0d2s3h6D0kyKRzNJIUzIQLCYUWKs1XPdAJ7sFo0DHKihvPF6btWreXPhVfALqKJCjZ77FfQlzRIQhnKiddf3UhPmRBlGOUwrQaYhJXREBtC1KEgCOsznl0/xmXX6OJbKPmHw3P09kZNE60kS2c6EmKFers3M/2rdzMTXYc5EmhkQdLEozjg2Es9iwH2mgBo+sUCoYvZWTIdEEWpsWBUbgr/85VVoXdR8yw+X1fptEUcZnaBTdI58dIXq6B41UBNRNEbP6BW9Obnz4rw7H4vWklPMHKM/cj5/AJfMkvY=</latexit><latexit sha1_base64="In7Whb0WWTUQuDUjNSRpz6oQ/Cs=">AAAB+XicbZDLSgMxFIYz9VbrbdSlm2ARXJUZEXQlRTcuK9gLdIaSSc+0oZlkSDLFMvRN3LhQxK1v4s63MW1noa0/BD7+cw7n5I9SzrTxvG+ntLa+sblV3q7s7O7tH7iHRy0tM0WhSSWXqhMRDZwJaBpmOHRSBSSJOLSj0d2s3h6D0kyKRzNJIUzIQLCYUWKs1XPdAJ7sFo0DHKihvPF6btWreXPhVfALqKJCjZ77FfQlzRIQhnKiddf3UhPmRBlGOUwrQaYhJXREBtC1KEgCOsznl0/xmXX6OJbKPmHw3P09kZNE60kS2c6EmKFers3M/2rdzMTXYc5EmhkQdLEozjg2Es9iwH2mgBo+sUCoYvZWTIdEEWpsWBUbgr/85VVoXdR8yw+X1fptEUcZnaBTdI58dIXq6B41UBNRNEbP6BW9Obnz4rw7H4vWklPMHKM/cj5/AJfMkvY=</latexit><latexit sha1_base64="In7Whb0WWTUQuDUjNSRpz6oQ/Cs=">AAAB+XicbZDLSgMxFIYz9VbrbdSlm2ARXJUZEXQlRTcuK9gLdIaSSc+0oZlkSDLFMvRN3LhQxK1v4s63MW1noa0/BD7+cw7n5I9SzrTxvG+ntLa+sblV3q7s7O7tH7iHRy0tM0WhSSWXqhMRDZwJaBpmOHRSBSSJOLSj0d2s3h6D0kyKRzNJIUzIQLCYUWKs1XPdAJ7sFo0DHKihvPF6btWreXPhVfALqKJCjZ77FfQlzRIQhnKiddf3UhPmRBlGOUwrQaYhJXREBtC1KEgCOsznl0/xmXX6OJbKPmHw3P09kZNE60kS2c6EmKFers3M/2rdzMTXYc5EmhkQdLEozjg2Es9iwH2mgBo+sUCoYvZWTIdEEWpsWBUbgr/85VVoXdR8yw+X1fptEUcZnaBTdI58dIXq6B41UBNRNEbP6BW9Obnz4rw7H4vWklPMHKM/cj5/AJfMkvY=</latexit><latexit sha1_base64="In7Whb0WWTUQuDUjNSRpz6oQ/Cs=">AAAB+XicbZDLSgMxFIYz9VbrbdSlm2ARXJUZEXQlRTcuK9gLdIaSSc+0oZlkSDLFMvRN3LhQxK1v4s63MW1noa0/BD7+cw7n5I9SzrTxvG+ntLa+sblV3q7s7O7tH7iHRy0tM0WhSSWXqhMRDZwJaBpmOHRSBSSJOLSj0d2s3h6D0kyKRzNJIUzIQLCYUWKs1XPdAJ7sFo0DHKihvPF6btWreXPhVfALqKJCjZ77FfQlzRIQhnKiddf3UhPmRBlGOUwrQaYhJXREBtC1KEgCOsznl0/xmXX6OJbKPmHw3P09kZNE60kS2c6EmKFers3M/2rdzMTXYc5EmhkQdLEozjg2Es9iwH2mgBo+sUCoYvZWTIdEEWpsWBUbgr/85VVoXdR8yw+X1fptEUcZnaBTdI58dIXq6B41UBNRNEbP6BW9Obnz4rw7H4vWklPMHKM/cj5/AJfMkvY=</latexit>

p
⇢

<latexit sha1_base64="UnAuyGeI0UYGCvyj5GiwtQ9JcEA=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2AJpTNdtMu3WTj7kQooT/DiwdFvPprvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53S2vrG5lZ5u7Kzu7d/UD08ahuVacZbTEmluyE1XIqEt1Cg5N1UcxqHknfC8e2s3nni2giVPOAk5UFMh4mIBKNorZ5vHjXmvh6pab9ac+vuXGQVvAJqUKjZr375A8WymCfIJDWm57kpBjnVKJjk04qfGZ5SNqZD3rOY0JibIJ+vPCVn1hmQSGn7EiRz9/dETmNjJnFoO2OKI7Ncm5n/1XoZRtdBLpI0Q56wxUdRJgkqMrufDITmDOXEAmVa2F0JG1FNGdqUKjYEb/nkVWhf1D3L95e1xk0RRxlO4BTOwYMraMAdNKEFDBQ8wyu8Oei8OO/Ox6K15BQzx/BHzucP8Q6Rqw==</latexit><latexit sha1_base64="UnAuyGeI0UYGCvyj5GiwtQ9JcEA=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2AJpTNdtMu3WTj7kQooT/DiwdFvPprvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53S2vrG5lZ5u7Kzu7d/UD08ahuVacZbTEmluyE1XIqEt1Cg5N1UcxqHknfC8e2s3nni2giVPOAk5UFMh4mIBKNorZ5vHjXmvh6pab9ac+vuXGQVvAJqUKjZr375A8WymCfIJDWm57kpBjnVKJjk04qfGZ5SNqZD3rOY0JibIJ+vPCVn1hmQSGn7EiRz9/dETmNjJnFoO2OKI7Ncm5n/1XoZRtdBLpI0Q56wxUdRJgkqMrufDITmDOXEAmVa2F0JG1FNGdqUKjYEb/nkVWhf1D3L95e1xk0RRxlO4BTOwYMraMAdNKEFDBQ8wyu8Oei8OO/Ox6K15BQzx/BHzucP8Q6Rqw==</latexit><latexit sha1_base64="UnAuyGeI0UYGCvyj5GiwtQ9JcEA=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2AJpTNdtMu3WTj7kQooT/DiwdFvPprvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53S2vrG5lZ5u7Kzu7d/UD08ahuVacZbTEmluyE1XIqEt1Cg5N1UcxqHknfC8e2s3nni2giVPOAk5UFMh4mIBKNorZ5vHjXmvh6pab9ac+vuXGQVvAJqUKjZr375A8WymCfIJDWm57kpBjnVKJjk04qfGZ5SNqZD3rOY0JibIJ+vPCVn1hmQSGn7EiRz9/dETmNjJnFoO2OKI7Ncm5n/1XoZRtdBLpI0Q56wxUdRJgkqMrufDITmDOXEAmVa2F0JG1FNGdqUKjYEb/nkVWhf1D3L95e1xk0RRxlO4BTOwYMraMAdNKEFDBQ8wyu8Oei8OO/Ox6K15BQzx/BHzucP8Q6Rqw==</latexit><latexit sha1_base64="UnAuyGeI0UYGCvyj5GiwtQ9JcEA=">AAAB8nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2AJpTNdtMu3WTj7kQooT/DiwdFvPprvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53S2vrG5lZ5u7Kzu7d/UD08ahuVacZbTEmluyE1XIqEt1Cg5N1UcxqHknfC8e2s3nni2giVPOAk5UFMh4mIBKNorZ5vHjXmvh6pab9ac+vuXGQVvAJqUKjZr375A8WymCfIJDWm57kpBjnVKJjk04qfGZ5SNqZD3rOY0JibIJ+vPCVn1hmQSGn7EiRz9/dETmNjJnFoO2OKI7Ncm5n/1XoZRtdBLpI0Q56wxUdRJgkqMrufDITmDOXEAmVa2F0JG1FNGdqUKjYEb/nkVWhf1D3L95e1xk0RRxlO4BTOwYMraMAdNKEFDBQ8wyu8Oei8OO/Ox6K15BQzx/BHzucP8Q6Rqw==</latexit>

f(x0)
<latexit sha1_base64="og1l6DB/ByoGPKHWPLkoVNFsHyY=">AAAB7XicbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdFt24rOC0hXYsmTTTxmaSIcmIZeg7uHGhiFvfx51vY9rOQlsPBD7OvZfce8KEM21c99sprKyurW8UN0tb2zu7e+X9g6aWqSLUJ5JL1Q6xppwJ6htmOG0niuI45LQVjq6n9dYjVZpJcWfGCQ1iPBAsYgQbazWj6tO9e9orV9yaOxNaBi+HCuRq9Mpf3b4kaUyFIRxr3fHcxAQZVoYRTielbqppgskID2jHosAx1UE223aCTqzTR5FU9gmDZu7viQzHWo/j0HbG2Az1Ym1q/lfrpCa6DDImktRQQeYfRSlHRqLp6ajPFCWGjy1gopjdFZEhVpgYG1DJhuAtnrwMzbOaZ/n2vFK/yuMowhEcQxU8uIA63EADfCDwAM/wCm+OdF6cd+dj3lpw8plD+CPn8weQdo5z</latexit><latexit sha1_base64="og1l6DB/ByoGPKHWPLkoVNFsHyY=">AAAB7XicbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdFt24rOC0hXYsmTTTxmaSIcmIZeg7uHGhiFvfx51vY9rOQlsPBD7OvZfce8KEM21c99sprKyurW8UN0tb2zu7e+X9g6aWqSLUJ5JL1Q6xppwJ6htmOG0niuI45LQVjq6n9dYjVZpJcWfGCQ1iPBAsYgQbazWj6tO9e9orV9yaOxNaBi+HCuRq9Mpf3b4kaUyFIRxr3fHcxAQZVoYRTielbqppgskID2jHosAx1UE223aCTqzTR5FU9gmDZu7viQzHWo/j0HbG2Az1Ym1q/lfrpCa6DDImktRQQeYfRSlHRqLp6ajPFCWGjy1gopjdFZEhVpgYG1DJhuAtnrwMzbOaZ/n2vFK/yuMowhEcQxU8uIA63EADfCDwAM/wCm+OdF6cd+dj3lpw8plD+CPn8weQdo5z</latexit><latexit sha1_base64="og1l6DB/ByoGPKHWPLkoVNFsHyY=">AAAB7XicbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdFt24rOC0hXYsmTTTxmaSIcmIZeg7uHGhiFvfx51vY9rOQlsPBD7OvZfce8KEM21c99sprKyurW8UN0tb2zu7e+X9g6aWqSLUJ5JL1Q6xppwJ6htmOG0niuI45LQVjq6n9dYjVZpJcWfGCQ1iPBAsYgQbazWj6tO9e9orV9yaOxNaBi+HCuRq9Mpf3b4kaUyFIRxr3fHcxAQZVoYRTielbqppgskID2jHosAx1UE223aCTqzTR5FU9gmDZu7viQzHWo/j0HbG2Az1Ym1q/lfrpCa6DDImktRQQeYfRSlHRqLp6ajPFCWGjy1gopjdFZEhVpgYG1DJhuAtnrwMzbOaZ/n2vFK/yuMowhEcQxU8uIA63EADfCDwAM/wCm+OdF6cd+dj3lpw8plD+CPn8weQdo5z</latexit><latexit sha1_base64="og1l6DB/ByoGPKHWPLkoVNFsHyY=">AAAB7XicbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdFt24rOC0hXYsmTTTxmaSIcmIZeg7uHGhiFvfx51vY9rOQlsPBD7OvZfce8KEM21c99sprKyurW8UN0tb2zu7e+X9g6aWqSLUJ5JL1Q6xppwJ6htmOG0niuI45LQVjq6n9dYjVZpJcWfGCQ1iPBAsYgQbazWj6tO9e9orV9yaOxNaBi+HCuRq9Mpf3b4kaUyFIRxr3fHcxAQZVoYRTielbqppgskID2jHosAx1UE223aCTqzTR5FU9gmDZu7viQzHWo/j0HbG2Az1Ym1q/lfrpCa6DDImktRQQeYfRSlHRqLp6ajPFCWGjy1gopjdFZEhVpgYG1DJhuAtnrwMzbOaZ/n2vFK/yuMowhEcQxU8uIA63EADfCDwAM/wCm+OdF6cd+dj3lpw8plD+CPn8weQdo5z</latexit>

Lipschitz Constant Estimation via SDP

20

<latexit sha1_base64="QKAbgcr/O7nTT6qRMMZplxC6uzM=">AAACDXicbVBNS8NAEJ34WetX1aOXxSoIQkmkoseCF49V7Ac0sWw2m3bpZhN2N2IJ/QNe/CtePCji1bs3/42btgdtfTDweG+GmXl+wpnStv1tLSwuLa+sFtaK6xubW9ulnd2milNJaIPEPJZtHyvKmaANzTSn7URSHPmctvzBZe637qlULBa3ephQL8I9wUJGsDZSt3To0gezRSGXm6EAI5cJ5EZY930/uxl1s5PRnWkr2xV7DDRPnCkpwxT1bunLDWKSRlRowrFSHcdOtJdhqRnhdFR0U0UTTAa4RzuGChxR5WXjb0boyCgBCmNpSmg0Vn9PZDhSahj5pjO/U816ufif10l1eOFlTCSppoJMFoUpRzpGeTQoYJISzYeGYCKZuRWRPpaYaBNg0YTgzL48T5qnFeesYl9Xy7XqNI4C7MMBHIMD51CDK6hDAwg8wjO8wpv1ZL1Y79bHpHXBms7swR9Ynz9jS5u3</latexit>

9� 2 Rn
+

<latexit sha1_base64="f1U1pfICJaF831YMEzf9p8kLrJE="></latexit>

minimize⇢�0,��0 ⇢ subject to M(⇢,�) � 0

<latexit sha1_base64="nI6UJRPwE901Y7ET+HvlEztG29M="></latexit>

M(⇢,�) :=


�2↵�W 0> diag(�)W 0 � ⇢Inx (↵+ �)W 0> diag(�)

(↵+ �) diag(�)W 0 �2 diag(�) +W 1>W 1

�
� 0

<latexit sha1_base64="3BZfmpv6GF/oYEq6nwPuURXpw3I=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRF0WXBjcsq9gFtDJPppB06mYSZSbGE/IkbF4q49U/c+TdO2yy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//APjxqqziVhLZIzGPZDbCinAna0kxz2k0kxVHAaScY38z8zoRKxWLxoKcJ9SI8FCxkBGsj+bbdj7AeBUF2nz9mwn/Kfbvq1Jw50CpxC1KFAk3f/uoPYpJGVGjCsVI910m0l2GpGeE0r/RTRRNMxnhIe4YKHFHlZfPkOTozygCFsTRPaDRXf29kOFJqGgVmcpZTLXsz8T+vl+rw2suYSFJNBVkcClOOdIxmNaABk5RoPjUEE8lMVkRGWGKiTVkVU4K7/OVV0q7X3Muac3dRbdSLOspwAqdwDi5cQQNuoQktIDCBZ3iFNyuzXqx362MxWrKKnWP4A+vzByGXk+4=</latexit>

Rnx



• The neural network model might not be available due to security or privacy reasons.
• Black-box reachability analysis using Lipschitz bounds

Black-Box Reachability

21

<latexit sha1_base64="eOEcj8xdIuo4d03j+8xxS6FwEC0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vjw4rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxbusnN9dlGvVPI4CHMMJnIEHV1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEJfI2Y</latexit>x1

<latexit sha1_base64="/lzW1j9KBeDT57JtMXK0VDAYES8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vjw4rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/WqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindZOb+7KNeqeRwFOIYTOAMPrqAGt1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QMLAI2Z</latexit>x2

Branch Bound using Lipschitz continuity

(Accepted in ICRA 2023)

<latexit sha1_base64="cqjcxY4LwMvT/c+dVlWXAUs/C7E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqqMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJuuXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9q+pF87JSr+VxFOEETuEcPLiGOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHxDGM3w==</latexit>c

<latexit sha1_base64="LuYi6MOqPFTTO+m/DeBcVvYSN0E=">AAACGXicbZDLSsNAFIYn9VbrLerSzWAR6qYkouhGKLhxWcFeoGnLZDpph04mYeZEWkJfw42v4saFIi515ds4abvQ1h8GPv5zDnPO78eCa3Ccbyu3srq2vpHfLGxt7+zu2fsHdR0lirIajUSkmj7RTHDJasBBsGasGAl9wRr+8CarNx6Y0jyS9zCOWTskfckDTgkYq2s7ccfTQBS+xl5IRt10hD0uM4YBJSJtTibYw7TjQRTjoDQ67dpFp+xMhZfBnUMRzVXt2p9eL6JJyCRQQbRuuU4M7ZQo4FSwScFLNIsJHZI+axmUJGS6nU4vm+AT4/RwECnzJOCp+3siJaHW49A3ndnGerGWmf/VWgkEV+2UyzgBJunsoyARGCKcxYR7XDEKYmyAUMXNrpgOiCIUTJgFE4K7ePIy1M/K7kXZuTsvVtx5HHl0hI5RCbnoElXQLaqiGqLoET2jV/RmPVkv1rv1MWvNWfOZQ/RH1tcPEVqfpA==</latexit>

p? = max
x2X

c>f(x)

<latexit sha1_base64="8aI1+UoOJXF2i87zDAnWwWa+yQY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF48V7Ae0oWy2k3bpZhN2N2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHssHM0nQj+hQ8pAzaqzU7gVUZU/TfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzcKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7Hcy4AqZERNLKFPc3krYiCrKjE2oZEPwll9eJa2LqleruveXlfpNHkcRTuAUzsGDK6jDHTSgCQzG8Ayv8OYkzovz7nwsWgtOPnMMf+B8/gClSo/F</latexit>

x̄
<latexit sha1_base64="4fFckqpDzmqVg7bYAbDkNtVldrA="></latexit>

c>f(x̄)  sup
x2X i

c>f(x)  c>f(x̄) +
Lc

2
diam(X i)

<latexit sha1_base64="DqL1SsalKY7ETXiME6dZ8vmwqZ8=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZmi6LLgxmUF+4B2LHfStA3NZMYkUyhDv8ONC0Xc+jHu/Bsz7Sy09UDgcM693JMTxIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ihRlDVoJCLVDlAzwSVrGG4Ea8eKYRgI1grGt5nfmjCleSQfzDRmfohDyQecorGS3w3RjCiKtD175L1S2a24c5BV4uWkDDnqvdJXtx/RJGTSUIFadzw3Nn6KynAq2KzYTTSLkY5xyDqWSgyZ9tN56Bk5t0qfDCJlnzRkrv7eSDHUehoGdjILqZe9TPzP6yRmcOOnXMaJYZIuDg0SQUxEsgZInytGjZhaglRxm5XQESqkxvZUtCV4y19eJc1qxbuquPeX5Vo1r6MAp3AGF+DBNdTgDurQAApP8Ayv8OZMnBfn3flYjK45+c4J/IHz+QMQ2ZI9</latexit>

X i



Reachability Over Long Time Horizons
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• Over-approximation error accumulates over time due to
• Propagation error: underlying relaxations in the set propagation method
• Shape mismatch error: potential mismatches between the shape of the

over-approximator set and the true reachable set.

• Can we adapt the shape of the over-approximator sets to the shape of the reachable 
sets?



• Choice of vector c: How can we capture the shape of the reachable set as much
as possible using polytopes?

• Adaptive template polytopes: Using the SVD of the weights to propose directions 
for a polytope on the output.

Automated Reachability Analysis
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<latexit sha1_base64="L+oIOj1MRAZfdobxrbtRhTkjgIw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuFfUiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjG6mfuuRKs2kuDfjmPoRHggWMoKNlZrj67D8dNorltyKOwNaJl5GSpCh3it+dfuSJBEVhnCsdcdzY+OnWBlGOJ0UuommMSYjPKAdSwWOqPbT2bUTdGKVPgqlsiUMmqm/J1IcaT2OAtsZYTPUi95U/M/rJCa88lMm4sRQQeaLwoQjI9H0ddRnihLDx5Zgopi9FZEhVpgYG1DBhuAtvrxMmtWKd1E5uzsv1apZHHk4gmMogweXUINbqEMDCDzAM7zCmyOdF+fd+Zi35pxs5hD+wPn8Acs5jpM=</latexit>

y = f(x)

<latexit sha1_base64="eOEcj8xdIuo4d03j+8xxS6FwEC0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vjw4rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxbusnN9dlGvVPI4CHMMJnIEHV1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEJfI2Y</latexit>x1

<latexit sha1_base64="/lzW1j9KBeDT57JtMXK0VDAYES8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vjw4rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/WqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindZOb+7KNeqeRwFOIYTOAMPrqAGt1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QMLAI2Z</latexit>x2

<latexit sha1_base64="cqjcxY4LwMvT/c+dVlWXAUs/C7E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqqMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJuuXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9q+pF87JSr+VxFOEETuEcPLiGOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHxDGM3w==</latexit>c
<latexit sha1_base64="IMmJ4WhR9wlwPIvAaHHMZHQPr7A=">AAAB8nicbVA9SwNBEJ2LX/H8ilraLAbBKtwFRBsxYGMZwXzA5Qh7m02yZG/32N0TwpGfYWOhSFp7/4eN+G/cS1Jo4oOBx3szzJuJEs608bxvp7C2vrG5Vdx2d3b39g9Kh0dNLVNFaINILlU7wppyJmjDMMNpO1EUxxGnrWh0m/utR6o0k+LBjBMaxnggWJ8RbKwUdGJshgTzrD3plspexZsBrRJ/Qco3H+51Mv1y693SZ6cnSRpTYQjHWge+l5gww8owwunE7aSaJpiM8IAGlgocUx1ms8gTdGaVHupLZUsYNFN/T2Q41nocR7Yzj6iXvVz8zwtS078KMyaS1FBB5ov6KUdGovx+1GOKEsPHlmCimM2KyBArTIz9kmuf4C+fvEqa1Yp/UfHu/XKtCnMU4QRO4Rx8uIQa3EEdGkBAwhO8wKtjnGfnzZnOWwvOYuYY/sB5/wHZ6pSQ</latexit>

X

<latexit sha1_base64="LuYi6MOqPFTTO+m/DeBcVvYSN0E=">AAACGXicbZDLSsNAFIYn9VbrLerSzWAR6qYkouhGKLhxWcFeoGnLZDpph04mYeZEWkJfw42v4saFIi515ds4abvQ1h8GPv5zDnPO78eCa3Ccbyu3srq2vpHfLGxt7+zu2fsHdR0lirIajUSkmj7RTHDJasBBsGasGAl9wRr+8CarNx6Y0jyS9zCOWTskfckDTgkYq2s7ccfTQBS+xl5IRt10hD0uM4YBJSJtTibYw7TjQRTjoDQ67dpFp+xMhZfBnUMRzVXt2p9eL6JJyCRQQbRuuU4M7ZQo4FSwScFLNIsJHZI+axmUJGS6nU4vm+AT4/RwECnzJOCp+3siJaHW49A3ndnGerGWmf/VWgkEV+2UyzgBJunsoyARGCKcxYR7XDEKYmyAUMXNrpgOiCIUTJgFE4K7ePIy1M/K7kXZuTsvVtx5HHl0hI5RCbnoElXQLaqiGqLoET2jV/RmPVkv1rv1MWvNWfOZQ/RH1tcPEVqfpA==</latexit>

p? = max
x2X

c>f(x)



• Choice of vector c: How can we capture the shape of the reachable set as much
as possible using polytopes?

• Adaptive template polytopes: Using the SVD of the weights to propose directions 
for a polytope on the output.

Automated Reachability Analysis
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<latexit sha1_base64="L+oIOj1MRAZfdobxrbtRhTkjgIw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuFfUiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjG6mfuuRKs2kuDfjmPoRHggWMoKNlZrj67D8dNorltyKOwNaJl5GSpCh3it+dfuSJBEVhnCsdcdzY+OnWBlGOJ0UuommMSYjPKAdSwWOqPbT2bUTdGKVPgqlsiUMmqm/J1IcaT2OAtsZYTPUi95U/M/rJCa88lMm4sRQQeaLwoQjI9H0ddRnihLDx5Zgopi9FZEhVpgYG1DBhuAtvrxMmtWKd1E5uzsv1apZHHk4gmMogweXUINbqEMDCDzAM7zCmyOdF+fd+Zi35pxs5hD+wPn8Acs5jpM=</latexit>

y = f(x)

<latexit sha1_base64="eOEcj8xdIuo4d03j+8xxS6FwEC0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vjw4rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxbusnN9dlGvVPI4CHMMJnIEHV1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEJfI2Y</latexit>x1

<latexit sha1_base64="/lzW1j9KBeDT57JtMXK0VDAYES8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vjw4rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/WqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindZOb+7KNeqeRwFOIYTOAMPrqAGt1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QMLAI2Z</latexit>x2

<latexit sha1_base64="cqjcxY4LwMvT/c+dVlWXAUs/C7E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqqMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJuuXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9q+pF87JSr+VxFOEETuEcPLiGOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHxDGM3w==</latexit>c
<latexit sha1_base64="IMmJ4WhR9wlwPIvAaHHMZHQPr7A=">AAAB8nicbVA9SwNBEJ2LX/H8ilraLAbBKtwFRBsxYGMZwXzA5Qh7m02yZG/32N0TwpGfYWOhSFp7/4eN+G/cS1Jo4oOBx3szzJuJEs608bxvp7C2vrG5Vdx2d3b39g9Kh0dNLVNFaINILlU7wppyJmjDMMNpO1EUxxGnrWh0m/utR6o0k+LBjBMaxnggWJ8RbKwUdGJshgTzrD3plspexZsBrRJ/Qco3H+51Mv1y693SZ6cnSRpTYQjHWge+l5gww8owwunE7aSaJpiM8IAGlgocUx1ms8gTdGaVHupLZUsYNFN/T2Q41nocR7Yzj6iXvVz8zwtS078KMyaS1FBB5ov6KUdGovx+1GOKEsPHlmCimM2KyBArTIz9kmuf4C+fvEqa1Yp/UfHu/XKtCnMU4QRO4Rx8uIQa3EEdGkBAwhO8wKtjnGfnzZnOWwvOYuYY/sB5/wHZ6pSQ</latexit>

X

<latexit sha1_base64="LuYi6MOqPFTTO+m/DeBcVvYSN0E=">AAACGXicbZDLSsNAFIYn9VbrLerSzWAR6qYkouhGKLhxWcFeoGnLZDpph04mYeZEWkJfw42v4saFIi515ds4abvQ1h8GPv5zDnPO78eCa3Ccbyu3srq2vpHfLGxt7+zu2fsHdR0lirIajUSkmj7RTHDJasBBsGasGAl9wRr+8CarNx6Y0jyS9zCOWTskfckDTgkYq2s7ccfTQBS+xl5IRt10hD0uM4YBJSJtTibYw7TjQRTjoDQ67dpFp+xMhZfBnUMRzVXt2p9eL6JJyCRQQbRuuU4M7ZQo4FSwScFLNIsJHZI+axmUJGS6nU4vm+AT4/RwECnzJOCp+3siJaHW49A3ndnGerGWmf/VWgkEV+2UyzgBJunsoyARGCKcxYR7XDEKYmyAUMXNrpgOiCIUTJgFE4K7ePIy1M/K7kXZuTsvVtx5HHl0hI5RCbnoElXQLaqiGqLoET2jV/RmPVkv1rv1MWvNWfOZQ/RH1tcPEVqfpA==</latexit>

p? = max
x2X

c>f(x)



Automated Reachability Analysis
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Part II
Scalable Verification of Deep Neural Networks via 

Operator Splitting

26



• NNs as compositions of operators
⎯ linear (fully connected, convolutional) layers, max-pooling units, activation 

functions…

•  Layer-wise convex relaxation

Modular and Scalable Verification of NNs

27

non-convex

<latexit sha1_base64="/bKZs79GRF2obDXD0Bu2gGioBvw=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIFaEkRdGNUHDjsoJ9QBvCZDpph0wezEykJRT8FTcuFHHrd7jzb5y2WWjrgQuHc+7l3nu8hDOpLOvbKKysrq1vFDdLW9s7u3vm/kFLxqkgtEliHouOhyXlLKJNxRSnnURQHHqctr3gduq3H6mQLI4e1DihTogHEfMZwUpLrnk0crPg3J6gG9RLhswNKiM3OHPNslW1ZkDLxM5JGXI0XPOr149JGtJIEY6l7NpWopwMC8UIp5NSL5U0wSTAA9rVNMIhlU42O3+CTrXSR34sdEUKzdTfExkOpRyHnu4MsRrKRW8q/ud1U+VfOxmLklTRiMwX+SlHKkbTLFCfCUoUH2uCiWD6VkSGWGCidGIlHYK9+PIyadWq9mXVur8o12t5HEU4hhOogA1XUIc7aEATCGTwDK/wZjwZL8a78TFvLRj5zCH8gfH5A4C0lH4=</latexit>

xk+1 = �k(xk)

Convex relaxation

<latexit sha1_base64="z+MsHYI7OgTbLYbCIN6D13XeGNI="></latexit>

maximize J(x`)

subject to (xk, xk+1) 2 gr(�k) k = 0, · · · , `� 1

x0 2 X .

<latexit sha1_base64="JMUQK6gesdWB7ZiIsPmvEYA9u2Y="></latexit>

J? = sup{J(x`) | x` = f(x0), x0 2 X}



• Add virtual “identity layers” between actual layers

• Layer-wise convex relaxation

Splitting Layers

28

xk+1

<latexit sha1_base64="jvwe65d73pSFimYTRDAc5j4u9tQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiFT0WvHisYD+gDWWz3bRLN5uwOxFL6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357UeujYjVA04S7kd0qEQoGEUrtZ/62fjCm/bLFbfqzkFWiZeTCuRo9MtfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzslZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDGz4RKUuSKLRaFqSQYk9nvZCA0ZygnllCmhb2VsBHVlKFNqGRD8JZfXiWty6pXq17d1yr1Wh5HEU7gFM7Bg2uowx00oAkMxvAMr/DmJM6L8+58LFoLTj5zDH/gfP4AADOPUA==</latexit>

xk

<latexit sha1_base64="iSA51llBkIoI6C0cPW025TmLi8I=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0cIiYGMZ0XxAcoS9zVyyZG/v2N0Tw5GfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Gbqtx5RaR7LBzNO0I/oQPKQM2qsdP/UG/XKFbfqzkCWiZeTCuSo98pf3X7M0gilYYJq3fHcxPgZVYYzgZNSN9WYUDaiA+xYKmmE2s9mp07IiVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeGVn3GZpAYlmy8KU0FMTKZ/kz5XyIwYW0KZ4vZWwoZUUWZsOiUbgrf48jJpnlW98+rF3Xmldp3HUYQjOIZT8OASanALdWgAgwE8wyu8OcJ5cd6dj3lrwclnDuEPnM8fZGKN3A==</latexit>

yk

<latexit sha1_base64="/tL73sF1NEQLk4PVipdtRbGQSu4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48VTFtoQ9lst+3SzSbsToQQ+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJHCoOt+O6WNza3tnfJuZW//4PCoenzSNnGqGfdZLGPdDanhUijuo0DJu4nmNAol74TTu7nfeeLaiFg9YpbwIKJjJUaCUbSSnw3y6WxQrbl1dwGyTryC1KBAa1D96g9jlkZcIZPUmJ7nJhjkVKNgks8q/dTwhLIpHfOepYpG3AT54tgZubDKkIxibUshWai/J3IaGZNFoe2MKE7MqjcX//N6KY5ug1yoJEWu2HLRKJUEYzL/nAyF5gxlZgllWthbCZtQTRnafCo2BG/15XXSvqp7jfr1Q6PWbBRxlOEMzuESPLiBJtxDC3xgIOAZXuHNUc6L8+58LFtLTjFzCn/gfP4AKGGO4Q==</latexit>

zk

<latexit sha1_base64="LtjRdJs6vvz8QXptJp8QvHTYhjY=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KolU9Fjw4rGCaQttKJvtpl262YTdiVBDf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4dua3H7k2IlEPOEl5ENOhEpFgFK3kP/Xz8bRfqbo1dw6ySryCVKFAs1/56g0SlsVcIZPUmK7nphjkVKNgkk/LvczwlLIxHfKupYrG3AT5/NgpObfKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUY3QS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPmUbgrf88ippXda8eu3qvl5t1Is4SnAKZ3ABHlxDA+6gCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AKemO4g==</latexit>

�k

<latexit sha1_base64="NHvlVVpDApZOzua26lHOi3m2eKk=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKRQ8eCl48VrAf0C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXpgIbqznfaPC2vrG5lZxu7Szu7d/UD48ahmVasqaVAmlOyExTHDJmpZbwTqJZiQOBWuH49uZ335i2nAlH+wkYUFMhpJHnBLrpFYvGfH+uF+ueFVvDrxK/JxUIEejX/7qDRRNYyYtFcSYru8lNsiItpwKNi31UsMSQsdkyLqOShIzE2Tza6f4zCkDHCntSlo8V39PZCQ2ZhKHrjMmdmSWvZn4n9dNbXQdZFwmqWWSLhZFqcBW4dnreMA1o1ZMHCFUc3crpiOiCbUuoJILwV9+eZW0Lqp+rXp5X6vUb/I4inACp3AOPlxBHe6gAU2g8AjP8ApvSKEX9I4+Fq0FlM8cwx+gzx+T+I8f</latexit>

Id

<latexit sha1_base64="6/dBBK0lvJ6wKkyZLJJzwh9a4bA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF71VsR/QhrLZbNqlm03YnQil9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3cz89hPXRiTqEccp92M6UCISjKKVHu7CfrniVt05yCrxclKBHI1++asXJiyLuUImqTFdz03Rn1CNgkk+LfUyw1PKRnTAu5YqGnPjT+aXTsmZVUISJdqWQjJXf09MaGzMOA5sZ0xxaJa9mfif180wuvYnQqUZcsUWi6JMEkzI7G0SCs0ZyrEllGlhbyVsSDVlaMMp2RC85ZdXSeui6tWql/e1Sr2Wx1GEEziFc/DgCupwCw1oAoMInuEV3pyR8+K8Ox+L1oKTzxzDHzifP1orjTU=</latexit>

Id

<latexit sha1_base64="6/dBBK0lvJ6wKkyZLJJzwh9a4bA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF71VsR/QhrLZbNqlm03YnQil9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3cz89hPXRiTqEccp92M6UCISjKKVHu7CfrniVt05yCrxclKBHI1++asXJiyLuUImqTFdz03Rn1CNgkk+LfUyw1PKRnTAu5YqGnPjT+aXTsmZVUISJdqWQjJXf09MaGzMOA5sZ0xxaJa9mfif180wuvYnQqUZcsUWi6JMEkzI7G0SCs0ZyrEllGlhbyVsSDVlaMMp2RC85ZdXSeui6tWql/e1Sr2Wx1GEEziFc/DgCupwCw1oAoMInuEV3pyR8+K8Ox+L1oKTzxzDHzifP1orjTU=</latexit>

<latexit sha1_base64="25NYopnP9vYOh5fj2MoOHSZYK/A="></latexit>

J?
relaxed  maximize J(x`)

subject to yk = xk, k = 0, · · · , `� 1

(yk, zk) 2 gr(�k), k = 0, · · · , `� 1

xk+1 = zk, k = 0, · · · , `� 1

x0 2 X ,



Operator Splitting for NN Verification

• This problem is of the form

⎯ where                         and
⎯ two sets of variables, with separable objective

•  
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<latexit sha1_base64="NuhmvVww88KV04OCXUPRbaDzFn8="></latexit>

minimize f1(x1) + f2(x2)

subject to A1x1 +A2x2 = 0

<latexit sha1_base64="QCkqcfGym1IUOuxNmlT4ZFLZzls="></latexit>

minimize J(x`)+IX (x0) +
`�1X

k=0

IS�k
(yk, zk)

subject to yk = xk k = 0, · · · , `� 1

xk+1 = zk k = 0, · · · , `� 1

<latexit sha1_base64="BcTS1r6+db0kvVimrmOu/HzoOYE=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoUEpSFN0IBTcuK9gHNCFMJpN26OTBzERaQn7Ajb/ixoUibt2782+ctFlo64ELh3Pu5d573JhRIQ3jWyutrK6tb5Q3K1vbO7t7+v5BV0QJx6SDIxbxvosEYTQkHUklI/2YExS4jPTc8U3u9x4IFzQK7+U0JnaAhiH1KUZSSY5+YgVIjlw/nWSOCa9hbeIYdQt7kRT1iZNahLHszNGrRsOYAS4TsyBVUKDt6F+WF+EkIKHEDAkxMI1Y2inikmJGsoqVCBIjPEZDMlA0RAERdjr7JoOnSvGgH3FVoYQz9fdEigIhpoGrOvPbxaKXi/95g0T6V3ZKwziRJMTzRX7CoIxgHg30KCdYsqkiCHOqboV4hDjCUgVYUSGYiy8vk26zYV40jLvzaqtZxFEGR+AY1IAJLkEL3II26AAMHsEzeAVv2pP2or1rH/PWklbMHII/0D5/ABb1muM=</latexit>

x1 = (x0, · · · , x`)
<latexit sha1_base64="A5keN12VG5ef6uAmknBrHk6QEGM=">AAACJXicbVDLSsNAFJ3UV62vqks3g0WoUEtSFF0oFNy4rGAf0IQwmUzaoZMHMxMxDf0ZN/6KGxcWEVz5K07b4KP1wMDhnHu5c44TMSqkrn9ouaXlldW1/HphY3Nre6e4u9cSYcwxaeKQhbzjIEEYDUhTUslIJ+IE+Q4jbWdwPfHb94QLGgZ3MomI5aNeQD2KkVSSXbw0fST7jpc+jOwavILlxNYrJnZDKSqJnZqEsRNjVBn+qMNv9dgulvSqPgVcJEZGSiBDwy6OTTfEsU8CiRkSomvokbRSxCXFjIwKZixIhPAA9UhX0QD5RFjpNOUIHinFhV7I1QsknKq/N1LkC5H4jpqcZBLz3kT8z+vG0ruwUhpEsSQBnh3yYgZlCCeVQZdygiVLFEGYU/VXiPuIIyxVsQVVgjEfeZG0alXjrKrfnpbqtayOPDgAh6AMDHAO6uAGNEATYPAInsErGGtP2ov2pr3PRnNatrMP/kD7/AKQwaQC</latexit>

x2 = (y0, · · · , y`�1, z0, · · · , z`�1)

<latexit sha1_base64="22FUHxxn3uFi0lGyR3dlIserOQo="></latexit>

L⇢(x1,x2,�) = f1(x1) + f2(x2) + �>(A1x1 +A2x1) + (⇢/2)kA1x1 +A2x2k22

<latexit sha1_base64="UmytFCBKNa7RXnPizXOR/8NLNR4="></latexit>

x+
1 := argminx1

L⇢ (x1,x2,�) //x1-minimization
x+
2 := argminx2

L⇢

�
x+
1 ,x2,�

�
//x2-minimization

�+ := �+ ⇢
�
A1x

+
1 +A2x

+
2

�
// dual update



DeepSplit Algorithm

• First update

• Second update

• Third update
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<latexit sha1_base64="LnKef0FGx1jvF0gfm+Sxz6y0lJk=">AAAEFXicdVNNb9MwGM5SPrbwtcGRy1umTa3SVEkFgkulSVwQpyGxD2nuItd12xDnQ44zrfPyJ7jwV7hwACGuSNz4N9hOw8Y2LEV5P5/38WN7nLOoEL7/e8Vu3bp95+7qmnPv/oOHj9Y3Hu8XWckJ3SMZy/jhGBeURSndE5Fg9DDnFCdjRg/G8WudPzihvIiy9L1Y5HSU4FkaTSOChQqFG7Z7GvrH0q1gewgowWLOE7nLsw9VKI </latexit>

x+
0 = ProjX (y0 � �0)

x+
k =

1

2
(yk � �k + zk�1 � µk�1) k = 1, · · · , `� 1,

x+
` =argmin

x`

J(x`)+
⇢

2
kx`�z`�1+µ`�1k22

(y+k , z
+
k ) = Projconv(gr(�k))(x

+
k + �k, x

+
k+1 + µk) k = 0, · · · , `� 1,

�+
k = �k + (x+

k � y+k ) k = 0, · · · , `� 1,

µ+
k = µk + (x+

k+1 � z+k ) k = 0, · · · , `� 1.

<latexit sha1_base64="LnKef0FGx1jvF0gfm+Sxz6y0lJk=">AAAEFXicdVNNb9MwGM5SPrbwtcGRy1umTa3SVEkFgkulSVwQpyGxD2nuItd12xDnQ44zrfPyJ7jwV7hwACGuSNz4N9hOw8Y2LEV5P5/38WN7nLOoEL7/e8Vu3bp95+7qmnPv/oOHj9Y3Hu8XWckJ3SMZy/jhGBeURSndE5Fg9DDnFCdjRg/G8WudPzihvIiy9L1Y5HSU4FkaTSOChQqFG7Z7GvrH0q1gewgowWLOE7nLsw9VKI </latexit>

x+
0 = ProjX (y0 � �0)

x+
k =

1

2
(yk � �k + zk�1 � µk�1) k = 1, · · · , `� 1,

x+
` =argmin

x`

J(x`)+
⇢

2
kx`�z`�1+µ`�1k22

(y+k , z
+
k ) = Projconv(gr(�k))(x

+
k + �k, x

+
k+1 + µk) k = 0, · · · , `� 1,

�+
k = �k + (x+

k � y+k ) k = 0, · · · , `� 1,

µ+
k = µk + (x+

k+1 � z+k ) k = 0, · · · , `� 1.

<latexit sha1_base64="LnKef0FGx1jvF0gfm+Sxz6y0lJk="></latexit>

x+
0 = ProjX (y0 � �0)

x+
k =

1

2
(yk � �k + zk�1 � µk�1) k = 1, · · · , `� 1,

x+
` =argmin

x`

J(x`)+
⇢

2
kx`�z`�1+µ`�1k22

(y+k , z
+
k ) = Projconv(gr(�k))(x

+
k + �k, x

+
k+1 + µk) k = 0, · · · , `� 1,

�+
k = �k + (x+

k � y+k ) k = 0, · · · , `� 1,

µ+
k = µk + (x+

k+1 � z+k ) k = 0, · · · , `� 1.
xk+1

<latexit sha1_base64="jvwe65d73pSFimYTRDAc5j4u9tQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiFT0WvHisYD+gDWWz3bRLN5uwOxFL6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357UeujYjVA04S7kd0qEQoGEUrtZ/62fjCm/bLFbfqzkFWiZeTCuRo9MtfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzslZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDGz4RKUuSKLRaFqSQYk9nvZCA0ZygnllCmhb2VsBHVlKFNqGRD8JZfXiWty6pXq17d1yr1Wh5HEU7gFM7Bg2uowx00oAkMxvAMr/DmJM6L8+58LFoLTj5zDH/gfP4AADOPUA==</latexit>

xk

<latexit sha1_base64="iSA51llBkIoI6C0cPW025TmLi8I=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0cIiYGMZ0XxAcoS9zVyyZG/v2N0Tw5GfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Gbqtx5RaR7LBzNO0I/oQPKQM2qsdP/UG/XKFbfqzkCWiZeTCuSo98pf3X7M0gilYYJq3fHcxPgZVYYzgZNSN9WYUDaiA+xYKmmE2s9mp07IiVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeGVn3GZpAYlmy8KU0FMTKZ/kz5XyIwYW0KZ4vZWwoZUUWZsOiUbgrf48jJpnlW98+rF3Xmldp3HUYQjOIZT8OASanALdWgAgwE8wyu8OcJ5cd6dj3lrwclnDuEPnM8fZGKN3A==</latexit>

yk

<latexit sha1_base64="/tL73sF1NEQLk4PVipdtRbGQSu4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48VTFtoQ9lst+3SzSbsToQQ+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJHCoOt+O6WNza3tnfJuZW//4PCoenzSNnGqGfdZLGPdDanhUijuo0DJu4nmNAol74TTu7nfeeLaiFg9YpbwIKJjJUaCUbSSnw3y6WxQrbl1dwGyTryC1KBAa1D96g9jlkZcIZPUmJ7nJhjkVKNgks8q/dTwhLIpHfOepYpG3AT54tgZubDKkIxibUshWai/J3IaGZNFoe2MKE7MqjcX//N6KY5ug1yoJEWu2HLRKJUEYzL/nAyF5gxlZgllWthbCZtQTRnafCo2BG/15XXSvqp7jfr1Q6PWbBRxlOEMzuESPLiBJtxDC3xgIOAZXuHNUc6L8+58LFtLTjFzCn/gfP4AKGGO4Q==</latexit>

zk

<latexit sha1_base64="LtjRdJs6vvz8QXptJp8QvHTYhjY=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KolU9Fjw4rGCaQttKJvtpl262YTdiVBDf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4dua3H7k2IlEPOEl5ENOhEpFgFK3kP/Xz8bRfqbo1dw6ySryCVKFAs1/56g0SlsVcIZPUmK7nphjkVKNgkk/LvczwlLIxHfKupYrG3AT5/NgpObfKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUY3QS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPmUbgrf88ippXda8eu3qvl5t1Is4SnAKZ3ABHlxDA+6gCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AKemO4g==</latexit>

�k

<latexit sha1_base64="NHvlVVpDApZOzua26lHOi3m2eKk=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKRQ8eCl48VrAf0C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXpgIbqznfaPC2vrG5lZxu7Szu7d/UD48ahmVasqaVAmlOyExTHDJmpZbwTqJZiQOBWuH49uZ335i2nAlH+wkYUFMhpJHnBLrpFYvGfH+uF+ueFVvDrxK/JxUIEejX/7qDRRNYyYtFcSYru8lNsiItpwKNi31UsMSQsdkyLqOShIzE2Tza6f4zCkDHCntSlo8V39PZCQ2ZhKHrjMmdmSWvZn4n9dNbXQdZFwmqWWSLhZFqcBW4dnreMA1o1ZMHCFUc3crpiOiCbUuoJILwV9+eZW0Lqp+rXp5X6vUb/I4inACp3AOPlxBHe6gAU2g8AjP8ApvSKEX9I4+Fq0FlM8cwx+gzx+T+I8f</latexit>

Id

<latexit sha1_base64="6/dBBK0lvJ6wKkyZLJJzwh9a4bA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF71VsR/QhrLZbNqlm03YnQil9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3cz89hPXRiTqEccp92M6UCISjKKVHu7CfrniVt05yCrxclKBHI1++asXJiyLuUImqTFdz03Rn1CNgkk+LfUyw1PKRnTAu5YqGnPjT+aXTsmZVUISJdqWQjJXf09MaGzMOA5sZ0xxaJa9mfif180wuvYnQqUZcsUWi6JMEkzI7G0SCs0ZyrEllGlhbyVsSDVlaMMp2RC85ZdXSeui6tWql/e1Sr2Wx1GEEziFc/DgCupwCw1oAoMInuEV3pyR8+K8Ox+L1oKTzxzDHzifP1orjTU=</latexit>

Id

<latexit sha1_base64="6/dBBK0lvJ6wKkyZLJJzwh9a4bA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF71VsR/QhrLZbNqlm03YnQil9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6CGS6F4EwVK3kk1p3EgeTsY3cz89hPXRiTqEccp92M6UCISjKKVHu7CfrniVt05yCrxclKBHI1++asXJiyLuUImqTFdz03Rn1CNgkk+LfUyw1PKRnTAu5YqGnPjT+aXTsmZVUISJdqWQjJXf09MaGzMOA5sZ0xxaJa9mfif180wuvYnQqUZcsUWi6JMEkzI7G0SCs0ZyrEllGlhbyVsSDVlaMMp2RC85ZdXSeui6tWql/e1Sr2Wx1GEEziFc/DgCupwCw1oAoMInuEV3pyR8+K8Ox+L1oKTzxzDHzifP1orjTU=</latexit>

ADMM module for layer k

�k

<latexit sha1_base64="nVZBD88LjjRVUQ4DMIUsxcVn2Z8=">AAAB8HicbVDLSgMxFL3xWeur6tJNsAiuyoxUdFlw47KCfUg7lEwm04YmmSHJCGXoV7hxoYhbP8edf2PazkJbDwQO55xL7j1hKrixnveN1tY3Nre2Szvl3b39g8PK0XHbJJmmrEUTkehuSAwTXLGW5VawbqoZkaFgnXB8O/M7T0wbnqgHO0lZIMlQ8ZhTYp302BcuGpHBeFCpejVvDrxK/IJUoUBzUPnqRwnNJFOWCmJMz/dSG+REW04Fm5b7mWEpoWMyZD1HFZHMBPl84Sk+d0qE40S7pyyeq78nciKNmcjQJSWxI7PszcT/vF5m45sg5yrNLFN08VGcCWwTPLseR1wzasXEEUI1d7tiOiKaUOs6KrsS/OWTV0n7subXa1f39WqjXtRRglM4gwvw4RoacAdNaAEFCc/wCm9Ioxf0jj4W0TVUzJzAH6DPH70ZkFU=</latexit>

µk

<latexit sha1_base64="96BfwfuzqLtxf1U3hs07nM8Yz0g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI8BLx4juEkgWcLsZDYZMjO7zEMIS77BiwdFvPpB3vwbJ8keNLGgoajqprsrzjjTxve/vdLG5tb2Tnm3srd/cHhUPT5p69QqQkOS8lR1Y6wpZ5KGhhlOu5miWMScduLJ3dzvPFGlWSofzTSjkcAjyRJGsHFS2Bd2MBlUa37dXwCtk6AgNSjQGlS/+sOUWEGlIRxr3Qv8zEQ5VoYRTmeVvtU0w2SCR7TnqMSC6ihfHDtDF04ZoiRVrqRBC/X3RI6F1lMRu06BzVivenPxP69nTXIb5Uxm1lBJlosSy5FJ0fxzNGSKEsOnjmCimLsVkTFWmBiXT8WFEKy+vE7aV/WgUb9+aNSajSKOMpzBOVxCADfQhHtoQQgEGDzDK7x50nvx3r2PZWvJK2ZO4Q+8zx/apI6u</latexit>

second update

first update
third update



DeepSplit Algorithm—Second Update
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<latexit sha1_base64="PI6ZAHdZC+Qzg4NiwWGXgmPUza4="></latexit>

(y+k , z
+
k ) = ProjS�k

(x+
k + �k, x

+
k+1 + µk) k = 0, · · · , `� 1

• Projection onto activation layers

• Projection can be done coordinate wise

<latexit sha1_base64="r0w730i2fmifO8nzRbAIWy0CNhg="></latexit>

x(1) = min(max(
x(0) + y(0)

2
, 0), x̄), y(1) = x(1),

x(2) = min(max(
x(0) + sy(0) + s(sx� y)

s2 + 1
, x), x̄),

y(2) =
s(x(0) � x) + s2y(0) + y

s2 + 1
,

x(3) = min(max(0, x(0)), x), y(3) = 0.



• Projection onto affine layers

• The matrix inverse                            can be computed and cached for  subsequent 
iterations

⎯ The inversion can be computed efficiently for convolutional layers

DeepSplit Algorithm—Second Update
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<latexit sha1_base64="A/bdjnGhTxfBz1lVjMH8fPL2ouk="></latexit>

�k(yk) = Wkyk + bk

<latexit sha1_base64="t4wejmWIO/hSKXxUWLfPN6LLtW0="></latexit>

gr(�k) = {(yk, zk) | zk = Wkyk + bk}

<latexit sha1_base64="RtyxU7W8MtQKVLPdvxJHz2cRipY="></latexit>

y+k = (Ink+W>
k Wk)

�1(x+
k + �k+W>

k (x+
k+1+µk�bk)),

z+k = Wky
+
k + bk.

<latexit sha1_base64="Jb0OqbqMG4mho5bAM4iWcmx30Ds=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EiVMSSFEWXBTe6q2Av0KZhMp20QyaTMDMRSsjCja/ixoUibn0Id76N0zYLbf1h4OM/53Dm/F7MqFSW9W0UVlbX1jeKm6Wt7Z3dPXP/oC2jRGDSwhGLRNdDkjDKSUtRxUg3FgSFHiMdL7ie1jsPREga8Xs1iYkTohGnPsVIacs1y9VbN+VukJ123GDQV1EMNZwM0jM7c82KVbNmgstg51ABuZqu+dUfRjgJCVeYISl7thUrJ0VCUcxIVuonksQIB2hEeho5Col00tkRGTzWzhD6kdCPKzhzf0+kKJRyEnq6M0RqLBdrU/O/Wi9R/pWTUh4ninA8X+QnDKoIThOBQyoIVmyiAWFB9V8hHiOBsNK5lXQI9uLJy9Cu1+yLmnV3XmnU8ziKoAyOQBXY4BI0wA1oghbA4BE8g1fwZjwZL8a78TFvLRj5zCH4I+PzBz3SlyQ=</latexit>

(Ink +W>
k Wk)

�1



DeepSplit Algorithm- Scalability

• CNN trained with PGD-based adversarial training, ~60k ReLUs

33



Part III
Final Thoughts

34



• Robustness of classifiers (e.g., medical imaging)

Beyond Control 

35

Ma, Xingjun, et al. (2021)

MalignantBenign

Classification boundary 



Promoting Robustness During Training

36

• Ongoing work: efficient and direct manipulation of decision boundary to increase 
margin in the feature space

Standard training (small margin) Robust training (large margin)



• Open-loop analysis 
⎯ Reachability analysis via semidefinite programming
⎯ Stability and robustness analysis via Lipschitz constants 
⎯ Verification of large-scale deep networks via operator splitting

• Closed-loop analysis/synthesis
⎯ Reachability analysis via semidefinite programming 
⎯ Learning stability certificates for hybrid systems
⎯ Enforcing robustness guarantees within NN control policies
⎯ Black-box reachability analysis via Lipschitz bounds

• Code: https://github.com/mahyarfazlyab
⎯ https://github.com/o4lc

Summary and Open Challenges

37

modeling 
uncertainties

�
<latexit sha1_base64="OkUVFM4iogoZhQm+LgOSnlhuHZg=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHos6sFjBfsB7VKyabaNzSZLMiuU0v/gxYMiXv0/3vw3pu0etPWFwMM7M2TmjVIpLPr+t7eyura+sVnYKm7v7O7tlw4OG1ZnhvE601KbVkQtl0LxOgqUvJUaTpNI8mY0vJnWm0/cWKHVA45SHia0r0QsGEVnNTq3XCLtlsp+xZ+JLEOQQxly1bqlr05PsyzhCpmk1rYDP8VwTA0KJvmk2MksTykb0j5vO1Q04TYcz7adkFPn9EisjXsKycz9PTGmibWjJHKdCcWBXaxNzf9q7Qzjq3AsVJohV2z+UZxJgppMTyc9YThDOXJAmRFuV8IG1FCGLqCiCyFYPHkZGueVwPH9Rbl6ncdRgGM4gTMI4BKqcAc1qAODR3iGV3jztPfivXsf89YVL585gj/yPn8AYI6O/A==</latexit><latexit sha1_base64="OkUVFM4iogoZhQm+LgOSnlhuHZg=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHos6sFjBfsB7VKyabaNzSZLMiuU0v/gxYMiXv0/3vw3pu0etPWFwMM7M2TmjVIpLPr+t7eyura+sVnYKm7v7O7tlw4OG1ZnhvE601KbVkQtl0LxOgqUvJUaTpNI8mY0vJnWm0/cWKHVA45SHia0r0QsGEVnNTq3XCLtlsp+xZ+JLEOQQxly1bqlr05PsyzhCpmk1rYDP8VwTA0KJvmk2MksTykb0j5vO1Q04TYcz7adkFPn9EisjXsKycz9PTGmibWjJHKdCcWBXaxNzf9q7Qzjq3AsVJohV2z+UZxJgppMTyc9YThDOXJAmRFuV8IG1FCGLqCiCyFYPHkZGueVwPH9Rbl6ncdRgGM4gTMI4BKqcAc1qAODR3iGV3jztPfivXsf89YVL585gj/yPn8AYI6O/A==</latexit><latexit sha1_base64="OkUVFM4iogoZhQm+LgOSnlhuHZg=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHos6sFjBfsB7VKyabaNzSZLMiuU0v/gxYMiXv0/3vw3pu0etPWFwMM7M2TmjVIpLPr+t7eyura+sVnYKm7v7O7tlw4OG1ZnhvE601KbVkQtl0LxOgqUvJUaTpNI8mY0vJnWm0/cWKHVA45SHia0r0QsGEVnNTq3XCLtlsp+xZ+JLEOQQxly1bqlr05PsyzhCpmk1rYDP8VwTA0KJvmk2MksTykb0j5vO1Q04TYcz7adkFPn9EisjXsKycz9PTGmibWjJHKdCcWBXaxNzf9q7Qzjq3AsVJohV2z+UZxJgppMTyc9YThDOXJAmRFuV8IG1FCGLqCiCyFYPHkZGueVwPH9Rbl6ncdRgGM4gTMI4BKqcAc1qAODR3iGV3jztPfivXsf89YVL585gj/yPn8AYI6O/A==</latexit><latexit sha1_base64="OkUVFM4iogoZhQm+LgOSnlhuHZg=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHos6sFjBfsB7VKyabaNzSZLMiuU0v/gxYMiXv0/3vw3pu0etPWFwMM7M2TmjVIpLPr+t7eyura+sVnYKm7v7O7tlw4OG1ZnhvE601KbVkQtl0LxOgqUvJUaTpNI8mY0vJnWm0/cWKHVA45SHia0r0QsGEVnNTq3XCLtlsp+xZ+JLEOQQxly1bqlr05PsyzhCpmk1rYDP8VwTA0KJvmk2MksTykb0j5vO1Q04TYcz7adkFPn9EisjXsKycz9PTGmibWjJHKdCcWBXaxNzf9q7Qzjq3AsVJohV2z+UZxJgppMTyc9YThDOXJAmRFuV8IG1FCGLqCiCyFYPHkZGueVwPH9Rbl6ncdRgGM4gTMI4BKqcAc1qAODR3iGV3jztPfivXsf89YVL585gj/yPn8AYI6O/A==</latexit>

neural network

P
<latexit sha1_base64="DUK8772RZQVXwIeQPAGNJiA+GCA=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2Lumd567LWuCnqKMMJnMI5eHAFDbiDJrSBAcIzvMKb8+i8OO/OxyJacoqZY/gD5/MHqZuM1A==</latexit><latexit sha1_base64="DUK8772RZQVXwIeQPAGNJiA+GCA=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2Lumd567LWuCnqKMMJnMI5eHAFDbiDJrSBAcIzvMKb8+i8OO/OxyJacoqZY/gD5/MHqZuM1A==</latexit><latexit sha1_base64="DUK8772RZQVXwIeQPAGNJiA+GCA=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2Lumd567LWuCnqKMMJnMI5eHAFDbiDJrSBAcIzvMKb8+i8OO/OxyJacoqZY/gD5/MHqZuM1A==</latexit><latexit sha1_base64="DUK8772RZQVXwIeQPAGNJiA+GCA=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2Lumd567LWuCnqKMMJnMI5eHAFDbiDJrSBAcIzvMKb8+i8OO/OxyJacoqZY/gD5/MHqZuM1A==</latexit>

known dynamics

 

• Open Challenges:
• Large-scale architectures (e.g., LLMs, perception neural networks)
• Large and high dimensional uncertainties
• Data-driven verification of complex systems + NNs
• Scalable verification of other desirable properties (stability, fairness, 

consistency,…)

https://github.com/mahyarfazlyab
https://github.com/o4lc

