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Motivation

Stability, safety, and performance are often characterized by
computationally challenging problems in systems and control:
▶ Stability and safety guarantees by Lyapunov functions.
▶ Optimal performance by Hamilton–Jacobi–Bellman

(HJB) equations.

How to compute Lyapunov functions and solve HJB equations
for high-dimensional systems remains a challenging task.

2 / 44



Neural networks are everywhere

Can they solve problems we cannot otherwise solve in
systems & control?
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Physics-informed neural networks

▶ Neural networks are known as universal function approximators
and underpin the current revolution in AI.

▶ Many physics problems, including those in systems and control,
are characterized by partial differential equations (PDEs).

▶ Physics-informed neural networks (PINNs) are specifically
designed for solving PDEs.

▶ Neural networks are known to lack formal
guarantees (e.g., CNNs misclassify, LLMs hallucinate,
generative AIs ignore physics).

How to provide convergence, formal correctness, and
performance guarantees of PINNs?
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Outline

▶ Stability analysis using neural Lyapunov functions

▶ Optimal control using neural policy iteration

▶ Convergence of PINN approximations

▶ Formal verification of neural Lyapunov functions

▶ Implementations and examples
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Stability analysis of an equilibrium point
▶ Consider a nonlinear system of the form

ẋ = f(x), (1)

where f : Rn → Rn is a locally Lipschitz function. The unique
solution to (1) with x(0) = x0 is denoted by φ(t, x0).

▶ We assume that xe = 0 is a locally asymptotically stable
equilibrium point of (1).

▶ The domain of attraction of the origin for (1) is defined as

D :=
{
x ∈ Rn : lim

t→∞
|φ(t, x)| = 0

}
. (2)
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Lyapunov Functions and regions of attraction
Lyapunov theorem (Lyapunov, 1892; Massera, Malkin,
Kurzweil, 1950s)
The origin is asymptotically stable if and only if there exists a
smooth function V : D → R such that

V̇(x) = ∇V(x) · f(x) < 0, ∀x ∈ D \ {0}

and
V(x) > 0, ∀x ∈ D \ {0} .

▶ Any sub-level set of the form

Vc := {x ∈ Rn : V(x) ≤ c} ⊆ D

is a region of attraction.
▶ Accurate estimates of ROA are

crucial in applications.
▶ We can have D = D.

D

Vc = {V(x)≤c}
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Computing Lyapunov functions is a fundamental challenge

▶ Converse Lyapunov functions are usually nonconstructive.
▶ Despite its fundamental importance, computing Lyapunov

functions is generally considered a challenging task.
▶ For linear systems ẋ = Ax, a quadratic Lyapunuv function

V(x) = xTPx can be computed by solving the celebrated
Lyapunov equation

PA+ ATP = −Q

for any Hurwitz matrix A ∈ Rn×n and positive definite
symmetric matrix Q ∈ Rn×n.

▶ For polynomial systems, i.e., f(x) is a polynomial function of x,
semidefinite programming can be used to compute
sum-of-squares (SOS) polynomial Lyapunov function.
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A typical sum-of-squares approach
▶ A standard solution is to use sum-of-squares Lyapunov functions.
▶ “Interior expanding” algorithm†:

{x ∈ Rn \ {0} : p(x) ≤ β} ⊆ {x ∈ Rn \ {0} : V(x) ≤ γ}
⊆ {x ∈ Rn : ∇V(x) · f(x) < 0} ,

where V is an SOS polynomial. Can be formulated as a bilinear
optimization from sum-of-squares relaxation.

▶ The choice of the “shape function” p can either be the Euclidean
norm or heuristic‡.

▶ Only works for polynomial systems. With polynomial
approximations, formal guarantees are compromised.

† Packard, Andrew, et al. “Help on SOS.” IEEE control systems 30.4 (2010): 18-23.
† Topcu, Ufuk, Andrew Packard, and Peter Seiler. “Local stability analysis using simulations

and sum-of-squares programming.” Automatica 44.10 (2008): 2669-2675.
† Khodadadi, Larissa, Behzad Samadi, and Hamid Khaloozadeh. “Estimation of region of

attraction for polynomial nonlinear systems: A numerical method.” ISA transactions 53.1
(2014): 25-32.
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Typical neural network approaches
▶ Train a neural Lyapunov function V(x) = V(x; θ) with loss

1

N

N∑
i=1

c1max(−V(xi), 0) + c2max(∇V(xi) · f(xi), 0) + c3V(0)2,

plus other regularization or heuristic terms.
▶ Training is conducted on a set within the domain of attraction.

Essentially a local approach.
▶ Satisfiability modulo theories (SMT) verification is often used to

verify Lyapunov conditions and/or for counterexamples-guided
synthesis.

Chang, Ya-Chien, Nima Roohi, and Sicun Gao. “Neural lyapunov control.” NeurIPS (2019).
Grüne, Lars. “Computing Lyapunov functions using deep neural networks.” Journal of

Computational Dynamics 8.2 (2021): 131-152.
Abate, Alessandro, Daniele Ahmed, Mirco Giacobbe, and Andrea Peruffo. ”Formal

synthesis of Lyapunov neural networks.” IEEE L-CSS, 2020.
Gaby, Nathan, Fumin Zhang, and Xiaojing Ye. ”Lyapunov-Net: A deep neural network

architecture for Lyapunov function approximation.” 2022 IEEE CDC.
Zhou, Ruikun, Thanin Quartz, Hans De Sterck, and Jun Liu. “Neural Lyapunov control of

unknown nonlinear systems with stability guarantees.” NeurIPS (2022).
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Typical neural network approaches

Comparisons are usually focused on the sizes of ROA within the
domain of attraction.

Table 2: Parameters in unicycle path following case
Kf K� � ↵ k@V

@x k � "

< 45 108 1e-4 7e-3 4.43 0.1 0.1

(a) ROA comparison for path following (b) ROA comparison for inverted pendulum

Figure 3: Comparison of obtained ROAs for path following and inverted pendulum.

5.3 Inverted pendulum.

The inverted pendulum is another well-known nonlinear control problem. This system has two state
variables ✓, ✓̇ and one control input u. Here, ✓ and ✓̇ respectively represent the angular position
from the inverted position and angular velocity. The valid domain is kxk2  4. The similar ROA
comparison is shown in Fig. 3b, where the LQR approach uses the same function as given in [5]. The
details regarding the bounds and � are given in the Appendix.

6 Conclusion

This paper explores the ability of neural networks to approximate an unknown nonlinear system
with a sufficient precision and find a neural Lyapunov function as well as a feedback controller to
stabilize the unknown dynamics. Provable guarantees are also provided with the help of bounds on
the approximation error and partial derivatives of the Lyapunov function. Moreover, experimental
results show that the proposed approach outperforms the existing classical approach given part of the
dynamics is known. The algorithm is only tested on low-dimensional systems. How to address this
issue for high-dimensional systems is an interesting future research direction.
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Maximal Lyapunov function
▶ Let ω : Rn → R be continuous and positive definite.
▶ Define

V(x) =
∫ ∞

0
ω(φ(t, x))dt, x ∈ Rn, (3)

where, if the integral diverges, we let V(x) = ∞.
▶ Under mild technique assumptions, V has nice properties:

1. V(x) <∞ if and only if x ∈ D;
2. V(x) → ∞ as x → y for some y ∈ ∂D;
3. V is positive definite on D;
4. V is continuous on D and its right-hand derivative along the

solution of (1) satisfies

V̇(x) := lim
t→0+

V(φ(t, x))− V(x)
t

= −ω(x) (4)

for all x ∈ D.
▶ V is amaximal Lyapunov function†. Rational functions

were used by Vannelli & Vidyasagar (1985) to construct
Lyapunov functions using an iterative procedure.

† Vannelli, Anthony, and Mathukumalli Vidyasagar. “Maximal Lyapunov functions and
domains of attraction for autonomous nonlinear systems.” Automatica, 1985.
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A PDE characterization for Lyapunov functions
▶ The Lyapunov condition can be written as a partial differential

equation (PDE):
∇V · f = −ω, x ∈ Ω, (5)

where Ω is an open set containing the origin.
▶ It is fair to call (5) the Lyapunov equation. It is a special

case of a Hamilton-Jacobi (HJ) equation.
▶ Special case: V(x) = xTPx, ω(x) = xTQx, and f(x) = Ax.
▶ It is a linear first-order PDE. Solving this equation alone can lead

to construction of Lyapunov functions with remarkable accuracy.
▶ If ω is locally Lipschitz, f is C1, and x = 0 is exponentially stable,

then V is locally Lipschitz on D.
▶ If ω is C1, f is C1, and x = 0 is exponentially stable, then V is C1

on D.
▶ Caveat: Still require Ω to be contained in the domain of

attraction: V(x) → ∞ as x → ∂D.
Jun Liu, Yiming Meng, Maxwell Fitzsimmons, and Ruikun Zhou. “Physics-Informed Neural

Network Lyapunov Functions: PDE Characterization, Learning, and Verification.”
arXiv:2312.09131 (2023) and provisionally accepted to Automatica

13 / 44



Zubov’s theorem
▶ Let Ω ⊆ Rn be an open set containing the origin. Then Ω = D if

and only if there exists two continuous functions W : Ω → R
and Ψ : Ω → R such that the following conditions hold:
1. 0 < W(x) < 1 for all x ∈ Ω \ {0} and W(0) = 0;
2. Ψ is positive definite on Ω with respect to the origin;
3. for any sufficiently small c3 > 0, there exist two positive real

numbers c1 and c2 such that |x| ≥ c3 implies W(x) > c1 and
Ψ(x) > c2;

4. W(x) → 1 as x → y for any y ∈ ∂Ω;
5. W and Ψ satisfy

Ẇ(x) = −Ψ(x)(1−W(x)), (6)

where Ẇ is the right-hand derivative of W along solutions of (1).
▶ We just transformed a function with range [0,∞) to [0, 1].
▶ Kruzkov transform:

W(x) = 1− exp(−V(x)).

Used for modifying HJB equations to scale solutions. Lyapunov
equation is an HJ equation.
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A slightly more general PDE characterization
▶ Let β : [0,∞) → R satisfy

β̇ = (1− β)ψ(β), β(0) = 0, (7)

where ψ is a locally Lipschitz and ψ(s) > 0 for s ≥ 0.
▶ A slightly generalized Zubov equation:

DW · f = −ωψ(W)(1−W), (8)

for x ∈ Ω, where Ω ⊆ Rn is an open set.
▶ Solutions to Lyapunov and Zubov equations are related by

W(x) =

{
β(V(x)), if V(x) <∞,

1, otherwise,
(9)

where β : [0,∞) → R satisfies (7).
▶ Special cases: ψ ≡ α or ψ(s) = α(1 + s) for some constant
α > 0, which correspond to β(s) = 1− exp(−αs) and
β = tanh(αs), respectively.

Jun Liu, Yiming Meng, Maxwell Fitzsimmons, and Ruikun Zhou. “Physics-Informed Neural
Network Lyapunov Functions: PDE Characterization, Learning, and Verification.”
arXiv:2312.09131 (2023) and provisionally accepted to Automatica
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Main technical results
▶ We prove that there is a unique viscosity solution

(Crandall & Lions, 1983) to Zubov’s equation (8). This
corresponds to the W we constructed (depending on solutions
of the ODE).

▶ If ω is locally Lipschitz, f is C1, and x = 0 is exponentially stable,
then W is locally Lipschitz on Rn \ ∂D.

▶ If ω is C1, f is C1, and x = 0 is exponentially stable, then W is C1

on Rn \ ∂D.
▶ Error estimate: For any δ > 0, ε-approximate (i.e.,
ε-residual) viscosity solution with εb boundary error leads to

|W(x)− v(x)| ≤ C(ε, εb)

for all x ∈ Ω̄ \ Bδ . We have C(ε, εb) → 0 as ε→ 0 and εb → 0.
▶ Convergence: A sequence of ε-approximate viscosity

solutions {vn} with a uniform Lipschitz constant (or modulus
of continuity) uniformly converges to W on Ω̄.

JL et al., Automatica’24
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Physics-informed neural networks
▶ We can use neural networks to solve ODE/PDE, by minimizing

the equation residual over a set of collocation points, while
leveraging as much side information as possible.

▶ The idea recently gained remarkable interests as
physics-informed neural networks (Lagaris et al., 1998;
Raissi et al., 2019).

▶ Consider the generic first-order PDE

F(x,W,∇W) = 0, x ∈ Ω, (10)

subject to the boundary condition W = g on ∂Ω.
▶ A loss function for training a neural network solution WN(x; θ)

is defined as a weighted sum of the equation residual error,
initial/boundary error, and data error (if available).

Lagaris, Isaac E., Aristidis Likas, and Dimitrios I. Fotiadis. “Artificial neural networks for
solving ordinary and partial differential equations.” IEEE transactions on neural networks 9.5
(1998): 987-1000.

Raissi, Maziar, Paris Perdikaris, and George E. Karniadakis. “Physics-informed neural
networks: A deep learning framework for solving forward and inverse problems involving
nonlinear partial differential equations.” Journal of Computational physics 378 (2019): 686-707.
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Physics-informed neural network Lyapunov function
▶ For our purpose, the loss is given by

Loss(θ) =
1

Nc

Nc∑
i=1

PDE residual loss︷ ︸︸ ︷
F(xi,WN(xi; θ),∇WN(xi; θ))2

+ λb
1

Nb

Nb∑
i=1

boundary loss︷ ︸︸ ︷
(WN(yi; θ)− g(yi))2,

+ λd
1

Nd

Nd∑
i=1

data loss︷ ︸︸ ︷
(WN(zi; θ)− Ŵ(zi))2, (11)

where F describes Zubov’s PDE (8).
▶ We can generate data by solving the ODE (Wei et al., 2023) and

evaluate

V(x) =
∫ ∞

0
ω(φ(t, x))dt, W(x) =

{
β(V(x)), if V(x) <∞,

1, otherwise.

See Meng et al. (2023) for a Koopman operator-based approach. 18 / 44



Formal verification of Lyapunov functions
▶ Local stability: linearization + second-order approximation

to allow formal analysis near the origin.

xTPx ≤ c =⇒ 2 ∥P · ∇g(x)∥ ≤ r, (12)

where r < λmin(Q), PA+ ATP = −Q, g(x) = f(x)− Ax, by a mean
value theorem argument.

▶ Reachability:

(c1 ≤ WN(x) ≤ c2) ∧ (x ∈ X) =⇒ ẆN(x) ≤ −ε, (13)

(WN(x) ≤ c1) ∧ (x ∈ X) =⇒ xTPx ≤ c, (14)

where WN is a neural Lyapunov function solving Zubov’s PDE.
▶ We use the numerical SMT solver dReal (Gao, Kong, Clarke,

2013) to verify Lyapunov conditions are met by learned neural
Lyapunov functions.

▶ Compositional verification can be done both locally and globally
(if the system admits such a decomposition).
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Numerical examples
ROA of a controlled inverted pendulum (NeurIPS 22):

Table 2: Parameters in unicycle path following case
Kf K� � ↵ k@V

@x k � "

< 45 108 1e-4 7e-3 4.43 0.1 0.1

(a) ROA comparison for path following (b) ROA comparison for inverted pendulum

Figure 3: Comparison of obtained ROAs for path following and inverted pendulum.

5.3 Inverted pendulum.

The inverted pendulum is another well-known nonlinear control problem. This system has two state
variables ✓, ✓̇ and one control input u. Here, ✓ and ✓̇ respectively represent the angular position
from the inverted position and angular velocity. The valid domain is kxk2  4. The similar ROA
comparison is shown in Fig. 3b, where the LQR approach uses the same function as given in [5]. The
details regarding the bounds and � are given in the Appendix.

6 Conclusion

This paper explores the ability of neural networks to approximate an unknown nonlinear system
with a sufficient precision and find a neural Lyapunov function as well as a feedback controller to
stabilize the unknown dynamics. Provable guarantees are also provided with the help of bounds on
the approximation error and partial derivatives of the Lyapunov function. Moreover, experimental
results show that the proposed approach outperforms the existing classical approach given part of the
dynamics is known. The algorithm is only tested on low-dimensional systems. How to address this
issue for high-dimensional systems is an interesting future research direction.

Acknowledgements

This work was funded in part by the Natural Sciences and Engineering Research Council of Canada
(NSERC), the Canada Research Chairs (CRC) program, and the Ontario Early Researcher Awards
(ERA) program.

References
[1] Felix Berkenkamp, Riccardo Moriconi, Angela P Schoellig, and Andreas Krause. Safe learning

of regions of attraction for uncertain, nonlinear systems with gaussian processes. In 2016 IEEE
55th Conference on Decision and Control (CDC), pages 4661–4666. IEEE, 2016.

[2] Felix Berkenkamp, Matteo Turchetta, Angela Schoellig, and Andreas Krause. Safe model-based
reinforcement learning with stability guarantees. Advances in neural information processing
systems, 30, 2017.

[3] Franco Blanchini. Set invariance in control. Automatica, 35(11):1747–1767, 1999.

10

Inverted pendulum with linear control:
ẋ1 = x2,

ẋ2 = − sin(x1)− x2 − (k1x1 + k2x2),
(15)

where the linear gains are given by [k1, k2] = [4.4142, 2.3163].
Verification: With Q = I and r = 0.9999, 2∥P · Dg(x)∥ ≤ r can be
verified with dReal within one millisecond, which confirms global
exponential stability of the origin for (15).
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Numerical examples
Reversed Van der Pol equation:

ẋ1 = −x2,

ẋ2 = x1 − µ(1− x21)x2,
(16)

where µ > 0 is a parameter that affects the stiffness of the equation.
▶ µ = 1: verified level set compared with SOS
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Numerical examples
Reversed Van der Pol equation:

ẋ1 = −x2,

ẋ2 = x1 − µ(1− x21)x2,
(17)

where µ > 0 is a parameter that affects the stiffness of the equation.
▶ µ = 3: verified level set compared with SOS
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Numerical examples
Two-machine power system (Vannelli & Vidyasagar):

ẋ1 = x2,

ẋ2 = −0.5x2 − (sin(x1 + δ)− sin(δ)),
(18)

where δ = π
3 . The system has an unstable equilibrium point at

(π/3, 0).
▶ Verified level set compared with SOS:
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Data-driven learning with Zubov-Koopman operator
▶ Consider

vt(x) :=
∫ t

0
ω(φ(r, x))dr (19)

For any h ∈ Cb(Rn) and t > 0, define the Zubov-Koopman
operator Tt : Cb(Rn) → Cb(Rn) as

Tth(x) := exp {−vt(x)} h(φ(t, x)). (20)

▶ We have limk→∞ Tk∆h = U for any h ∈ Cb(Rn) such that
h(0) = 1 and any ∆ > 0, where W = 1− U solves Zubov’s
equation.

▶ We have developed a data-driven algorithm to
approximate the operator T∆ as

T∆h = T̂ ĥ+ θ,

where ĥ ∈ span {ψi}Ni=1 corresponds to h,
T̂ : span {ψi}Ni=1 → span {ψi}Ni=1, and θ is a residual term.

Meng et al., TAC’24 (under review)
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Data-driven learning with Zubov-Koopman operator
12 IEEE TRANSACTIONS AND JOURNALS TEMPLATE

Fig. 1: Zubov-Koopman approach of ROA prediction and Lyapunov function construction.

Fig. 2: Selected eigenvalues (log-scale) and eigenfunctions of
the learned operator.

Fig. 3: Evolution and convergence of z0 under the k-th
iteration of Operator T.

2502, and 3002 uniformly spaced samples
�
x
(m)

 
in R are

generated respectively for three parallel experiments.
1) Zubov-Koopman method: We simulate the

trajectory up to �t = 1.5. The dictionary Z :=
[z0,0, z0,1, z1,0, · · · , zi,j , · · · , z2N�1,2N�1] is selected in
a similar manner as in the one-dimensional example
with adjustments for two-dimensional inputs, i.e., we set
zi,j(x1, x2) = cos

⇣
2⇡(ix1+jx2)

3

⌘
exp

�
�(x2

1 + x
2
2)/4

 
for

each i and j. We let N = 50, which means a total of 9801
observable basis functions are used. To obtain UZK through
iterations, we set the termination tolerance to 10�2 with a

Fig. 4: Comparisons between the true functions and Zubov-
Koopman approximations.

Fig. 5: Comparisons between the Lie derivatives and Zubov-
Koopman approximations.

maximum of 8 iterations. The prediction of the ROA (or U )
follows the same procedure as in Section VII-A.

For the construction and verification of a Lyapunov func-
tion, we need to incorporate an additional NN modification,
as described in Section VI-C, due to inaccuracies in the
derivatives of UZK. The training set should be independent
of the one used for obtaining UZK. Therefore, for all the
experiments at this stage, we use 3002 uniformly spaced
samples, along with the evaluations of UZK at those points,
to train UNN. We use a network with 2 hidden layers, each
containing 15 neurons. We terminate training when the mean-
square training loss was smaller than 10�8 or after 300 epochs.

2) Data-Driven method: As for the data-driven method in
[17], for each experiment, we use the same samples as above
and generate trajectory data up to a termination time t = 10,

YIMING MENG et al.: LEARNING REGIONS OF ATTRACTION IN UNKNOWN DYNAMICAL SYSTEMS VIA ZUBOV-KOOPMAN LIFTING 13

Fig. 6: Predictions and verification of the ROA for the reversed
Van der Pol with Zubov-Koopman and Data-driven method.

or until
R t
0 ⌘(�(s, x))ds � 200. We then use

�
x
(m)

 
andn

exp{�
R t
0 ⌘(�(s, x(m)))ds}

o
to train a neural-network UDD.

We use a network model with 2 hidden layers, each containing
15 neurons. We terminate training when the mean-square
training loss is smaller than 10�8 or after 500 epochs. We
predict the ROA as the largest connected positive level sets of
UDD. This neural solution UDD is also ready to be verified as
a Lyapunov function without extra modification.

3) Verification: Please note that the approximations UNN

and UDD are intended for Zubov’s dual equation, not the
original equation. To ensure consistency with the procedure
for verifying the neural Lyapunov functions as described in
[25], it is important to pay attention to sign conversion.

4) Experiment results: The comparison results are reported
in Table I. In the table, ‘IVP solving’ corresponds to steps
1) to 4) of Algorithm 1, while ‘stacking’ involves preparing
the data for learning. For the Data-Driven method, ‘function
learning’ refers to the NN training, whereas for the Zubov-
Koopman approach, it pertains to the iterative procedure to
obtain UZK (see (38)). We also recorded the NN final losses
for both approaches whenever a neural network was employed
during the process.

We show the predicted and verified boundaries of the ROA
for M = 1002 in Fig. 6. The prediction using the Zubov-
Koopman approach shows overall better accuracy, while the
verified regions are similar for all the methods. On the other
hand, with M = 1002 initial samples, the region verified by
the Data-driven method is slightly smaller. This is because
the verification relies on NN approximation for both methods,
but the Zubov-Koopman approach’s NN stage is based on an
already good approximation of U , which is not constrained by
the initial sample size. These phenomena also reflect that the
UZK and the data generated for the Data-driven method have
similar quality in cases where M = 2002 and 3002.

C. Polynomial System

We consider the polynomial system in [29]:

ẋ1(t) = x2(t), ẋ2(t) = �2x1(t) +
1
3
x3
1(t)� x2(t).

Fig. 7: Predictions and verification of the ROA with safety for
the Polynomial System with Zubov-Koopman approach along
with a 2-layer, 30-width neural network.

The origin of this system is known to have an unbounded
domain of attraction, delimited by the stable manifolds of
the saddle equilibrium points at (±

p
6, 0) [25]. We restricted

our computations to the domain R = [�6, 6]2, and used
the proposed Zubov-Koopman approach to predict the refined
ROA within int(R). We also use NN modification to construct
a Lyapunov function5 to characterize both stability and safety.

We use three experiments to investigate the effect of
sample size and the width of the neural network: (1)
M = 3002, width = 15; (2) M = 5002, width =
15; (3) M = 5002, width = 30. In all of the
experiments, we choose �t = 2, N = 50, and
zi,j(x1, x2) = cos

⇣
2⇡(ix1+jx2)

6

⌘
exp

�
�(x2

1 + x
2
2)/25

 
for

all i, j 2 {0, 1, · · · , 2N�1}. We use 2-layer NN model for the
modification stage. The verified portion of the refined ROA are
96.41%, 98.12% and 98.50%. Fig. 7 depicts the predicted and
verified ROA with safety guarantees for the experiment (3). It
can be seen that even though the actual ROA is unbounded,
the proposed algorithm approximates the largest ROA that can
be certified by the choice of neural Lyapunov function.

D. Stiff System I

In this example, we examine Van der Pol oscillators

ẋ1(t) = �x2(t), ẋ2(t) = x1(t)� µ(1� x2
1(t))x2(t),

with µ = 4 and 6. The value of U changes rapidly due to
the high evolution speed of the state within the stiff systems.
For both systems, we use M = 3002 samples to determine
UZK and employ a network model with two hidden layers
and 15 neurons for modification. However, the rapid changes
prevent the validation of a Lyapunov function. We present the
color map of UZK for predicting the ROAs in Fig. 8. We
can observe that as µ increases, the same number of samples
becomes insufficiently dense to provide adequate information
for operator learning. This results in substantial oscillations at
the boundaries of sub-level regions.

5In this case, this Lyapunov function is also a Lyapunov-barrier function.
Previous work [30], [32] has shown that under mild conditions, Lyapunov and
barrier functions can be united and behave as a single Lyapunov function.
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Fig. 6: Predictions and verification of the ROA for the reversed
Van der Pol with Zubov-Koopman and Data-driven method.

or until
R t
0 ⌘(�(s, x))ds � 200. We then use

�
x
(m)

 
andn

exp{�
R t
0 ⌘(�(s, x(m)))ds}

o
to train a neural-network UDD.

We use a network model with 2 hidden layers, each containing
15 neurons. We terminate training when the mean-square
training loss is smaller than 10�8 or after 500 epochs. We
predict the ROA as the largest connected positive level sets of
UDD. This neural solution UDD is also ready to be verified as
a Lyapunov function without extra modification.

3) Verification: Please note that the approximations UNN

and UDD are intended for Zubov’s dual equation, not the
original equation. To ensure consistency with the procedure
for verifying the neural Lyapunov functions as described in
[25], it is important to pay attention to sign conversion.

4) Experiment results: The comparison results are reported
in Table I. In the table, ‘IVP solving’ corresponds to steps
1) to 4) of Algorithm 1, while ‘stacking’ involves preparing
the data for learning. For the Data-Driven method, ‘function
learning’ refers to the NN training, whereas for the Zubov-
Koopman approach, it pertains to the iterative procedure to
obtain UZK (see (38)). We also recorded the NN final losses
for both approaches whenever a neural network was employed
during the process.

We show the predicted and verified boundaries of the ROA
for M = 1002 in Fig. 6. The prediction using the Zubov-
Koopman approach shows overall better accuracy, while the
verified regions are similar for all the methods. On the other
hand, with M = 1002 initial samples, the region verified by
the Data-driven method is slightly smaller. This is because
the verification relies on NN approximation for both methods,
but the Zubov-Koopman approach’s NN stage is based on an
already good approximation of U , which is not constrained by
the initial sample size. These phenomena also reflect that the
UZK and the data generated for the Data-driven method have
similar quality in cases where M = 2002 and 3002.

C. Polynomial System

We consider the polynomial system in [29]:

ẋ1(t) = x2(t), ẋ2(t) = �2x1(t) +
1
3
x3
1(t)� x2(t).

Fig. 7: Predictions and verification of the ROA with safety for
the Polynomial System with Zubov-Koopman approach along
with a 2-layer, 30-width neural network.

The origin of this system is known to have an unbounded
domain of attraction, delimited by the stable manifolds of
the saddle equilibrium points at (±

p
6, 0) [25]. We restricted

our computations to the domain R = [�6, 6]2, and used
the proposed Zubov-Koopman approach to predict the refined
ROA within int(R). We also use NN modification to construct
a Lyapunov function5 to characterize both stability and safety.

We use three experiments to investigate the effect of
sample size and the width of the neural network: (1)
M = 3002, width = 15; (2) M = 5002, width =
15; (3) M = 5002, width = 30. In all of the
experiments, we choose �t = 2, N = 50, and
zi,j(x1, x2) = cos
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for

all i, j 2 {0, 1, · · · , 2N�1}. We use 2-layer NN model for the
modification stage. The verified portion of the refined ROA are
96.41%, 98.12% and 98.50%. Fig. 7 depicts the predicted and
verified ROA with safety guarantees for the experiment (3). It
can be seen that even though the actual ROA is unbounded,
the proposed algorithm approximates the largest ROA that can
be certified by the choice of neural Lyapunov function.

D. Stiff System I

In this example, we examine Van der Pol oscillators

ẋ1(t) = �x2(t), ẋ2(t) = x1(t)� µ(1� x2
1(t))x2(t),

with µ = 4 and 6. The value of U changes rapidly due to
the high evolution speed of the state within the stiff systems.
For both systems, we use M = 3002 samples to determine
UZK and employ a network model with two hidden layers
and 15 neurons for modification. However, the rapid changes
prevent the validation of a Lyapunov function. We present the
color map of UZK for predicting the ROAs in Fig. 8. We
can observe that as µ increases, the same number of samples
becomes insufficiently dense to provide adequate information
for operator learning. This results in substantial oscillations at
the boundaries of sub-level regions.

5In this case, this Lyapunov function is also a Lyapunov-barrier function.
Previous work [30], [32] has shown that under mild conditions, Lyapunov and
barrier functions can be united and behave as a single Lyapunov function.
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TABLE I: Verification of Neural Lyapunov Functions for Reversed Van der Pol Oscillator

Approaches Sample size
IVP solving

time
Stacking time

Operator

learning time

Function U
learning time

Modification

time (3002 samples)

NN

final loss

Verified

volume

Data-driven 100⇥ 100 10.13(s) 0.81 (s) - 54.24(s) - 8.48⇥ 10�5 84.71%
ZK + NN 100⇥ 100 7.68(s) 5.40 (s) 89.26(s) 52.91(s) 482.10 (s) 1.25⇥ 10�6 91.68%

Data-driven 200⇥ 200 40.83(s) 0.20(s) - 366.90(s) - 1.35⇥ 10�6 88.87%
ZK + NN 200⇥ 200 31.24(s) 12.59(s) 128.57 (s) 53.18(s) 482.10 (s) 1.25⇥ 10�6 90.32%

Data-driven 300⇥ 300 87.06(s) 0.32(s) - 545.02(s) - 9.37⇥ 10�7 87.09%
ZK + NN 300⇥ 300 61.69(s) 16.82(s) 178.90(s) 51.10(s) 486.67(s) 1.05⇥ 10�5 89.70%

Fig. 8: Zubov-Koopman approximations of the ROAs for stiff
Van der Pol systems.

Fig. 9: Predictions and verification of the ROA with safety
for the Stiff System II with Zubov-Koopman approach using
M = 3002 samples.

E. Stiff System II

We use this example to compare the predictability of ROA
from [28, Example 3] for dynamics

ẋ1(t) = �2x1(t) + x2
1 � x2

2, ẋ2(t) = �2.5x2(t) + 2x1(t)x2(t).

The origin is globally stable on R2 \ {x 2 R2 : x1 � 2, x2 =
0}. We choose R = [�4, 4]2 and use M = 3002 samples
to learn UZK. The non-zero color map represents the ROA
relative to R, as shown in Fig. 9. The learned UZK demon-
strates better predictability than the local Lyapunov functions
generated by conventional Koopman operators. We omit the
NN-modification and formal verification in this example to
make a fair comparison with [28].

VIII. CONCLUSION

In this paper, we introduced a Zubov-Koopman approach
to characterize the solution to Zubov’s equation, based on

regularity and convergence analysis for a broader range of
nonlinear systems. The proposed operator exhibits a semi-
group property, and the learning technique is similar to the
conventional Koopman operator. In particular, we executed
an EDMD-like algorithm using a Fourier-like dictionary of
observable functions based on our understanding of the so-
lution properties. We then devise an iterative approach that
employs the learned Zubov-Koopman operator to approximate
the solution to Zubov’s equation, achieving a high level of
accuracy. Compared to the existing data-driven methods, our
proposed technique demonstrates a better predictability of the
ROAs via numerical examples.

It is worth mentioning that, through numerical examples,
we observed clear spectral gaps in the learned operators.
Literature demonstrates the effectiveness of using semigroup
properties with such spectral gaps to find low-dimensional
approximations for characterizing the long-term fixed points
of PDEs [3], [33]. Similarly, this approach can potentially lead
to dimension reduction for the Zubov-Koopman operators and
effectively address the ‘curse of dimensionality’ for unknown
systems. Future directions will be on the spectral analysis with
applications to high-dimensional physical systems.

One potential limitation of this work is its predictability of
the flow in the state space. We have to rely on the knowledge
of fixed points to predict the ROAs. However, recent work [34]
has provided a way to use the same set of training data as this
paper for identifying system transitions, achieving improved
accuracy compared to the benchmark Koopman-logarithm
based approach [27]. It would be interesting to investigate
how to align this approach with dimension reduction analysis
and the proposed method in this paper, so that a streamlined
computational tool can be developed for situations with limited
information about stable attractors.

Another immediate area for future work with the Zubov-
Koopman framework could involve systems with robust con-
trol or other types of measurable inputs. It would be intriguing
to explore its potential in predicting controllable regions with
stability and safety properties for unknown systems.

APPENDIX I
FUNDAMENTAL PROPERTIES OF VISCOSITY SOLUTIONS

We provide some fundamental properties of viscosity solu-
tions in this appendix. The following lemma [2, Lemma 1.7,
Lemma 1.8, Chapter I] provides some insights on @

+
v(x) and

@
+
v(x) for some v 2 C(X ).

Lemma 39 (Sub- and Supperdifferential): Let
v 2 C(X ). Then

Meng et al., TAC’24 (under review)
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Global neural Lyapunov functions for homogeneous systems
▶ Consider

φ̇ = f(φ), φ(0, x) = x, (21)

where f : Rn → Rn is continuous, and f(0) = 0.
▶ Assume that f is homogeneous on Rn with degree d, i.e., for

all real λ > 0, we have f(λx) = λdf(x) for all x ∈ Rn.
▶ For a homogeneous system, Lyapunov conditions for local/global

asymptotic stability reduce to

W(x) > 0, (22)

Ẇ(x) = ∇W(x) · f(x) < 0, (23)

for all x ∈ Sn−1, due to homogeneity of Ẇ and W.
▶ Locally asymptotically stable homogeneous vector fields admit

global homogeneous Lyapunov functions (Hahn, 1967; Rosier,
1992). Relevance for general vector fields (Hermes, 1990s).

▶ We proposed a neural network architecture as a universal
approximation of Lyapunov functions for homogeneous
functions.
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Numerical examples
▶ Consider the homogeneous vector field:

f1 =− 1

3

(
8x111 + 22x101 x2 + 93x91x

2
2 + 126x81x

3
2 + 483x71x

4
2 + 186x61x

5
2

+ 445x51x
6
2 − 1189x41x

7
2 + 234x31x

8
2 − 713x21x

9
2 + 1772x1x102 − 414x112

)
×
√

2x61 + 8x51x2 + 22x41x
2
2 + 18x31x

3
2 + 26x21x

4
2 − 16x1x52 + 13x62/(

2x41 − 4x31x2 + 5x21x
2
2 + 22x1x32 + 14x42

)
,

f2 =
1

3

(
6x111 + 16x101 x2 + 74x91x

2
2 + 123x81x

3
2 + 180x71x

4
2 − 267x61x

5
2

− 1083x51x
6
2 − 1729x41x

7
2 − 1580x31x

8
2 + 687x21x

9
2 + 50x1x102 − 194x112

)
×
√
2x61 + 8x51x2 + 22x41x

2
2 + 18x31x

3
2 + 26x21x

4
2 − 16x1x52 + 13x62/(

2x41 − 4x31x2 + 5x21x
2
2 + 22x1x32 + 14x42

)
.

(24)
▶ The SOS approach is not applicable to this example since the

vector field is not polynomial.
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Numerical examples
▶ We use a one-layer neural network to prove global asymptotic

stability of the homogeneous DE:
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Stability analysis of interconnected systems

▶ Consider a network of nonlinear systems of the form

ẋi = fi(xi) +
∑
j ̸=i

Gij(xi, xj), (25)

where each fi : Rni → Rni and Gij : Rni × Rnj → Rni are
assumed to be locally Lipschitz and i, j ∈ {1, . . . , l}.

▶ Assumed that fi(0) = 0 and Gij(0, 0) = 0, i.e., the origin is an
equilibrium point for each individual subsystem and for the
overall interconnected system.

▶ We have developed an approach to compute vector neural
Lyapunov functions by solving Zubov’s equation using PINNs.

▶ Composition verification techniques can be used for
efficient SMT verification of vector Lyapunov function
conditions.

Liu et al., ACC’24
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A numerical example – networked Van der Pol oscillators
▶ Consider a 20-dimensional system consisting of a network

of reversed Van der Pol equations (Kundu and Anghel, 2015):

ẋi1 = −xi2,

ẋi2 = xi1 − µi(1− x2i1)xi2 +
∑
j̸=i

µijxi1xj2,

where µi ∈ (0.5, 2.5) and µij ∈ (−0.1, 0.1) represents the
interconnection strength.

▶ Consider two different network topologies:
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A numerical example – networked Van der Pol oscillators
▶ Verified level sets (for subsystems 1–4) using vector neural

Lyapunov functions, compared with SOS:
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From stability analysis to optimal control
▶ Consider a control-affine system

ẋ = f(x) + g(x)u, (26)

where f : Rn → Rn is a continuously differentiable vector field
and g : Rn → Rn×m is smooth, x ∈ Rn is the state, u ∈ Rm is
the control input. We also assume that f(0) = 0.

▶ Consider a cost

J(x, u) =
∫ ∞

0
Q(x) + uTR(x)uds, (27)

where Q(x) and R(x) are positive definite for all x.
▶ A control u : Ω → Rm is said to be admissible, if (1) u is locally

Lipschitz; (2) u(0) = 0; (3) u is a stabilizing control, i.e.,
limt→∞ |φ(t; x0, u)| = 0 for all x0 ∈ Ω; and (4) J(x0, u) <∞.

▶ Denote the set of admissible controls by U(Ω). The goal is to
compute u∗ such that J(x, u∗) = infu∈U(Ω) J(x, u), ∀x ∈ Ω.
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Generalized HJB and policy iteration
▶ The Hamilton-Jacobi-Bellman (HJB) equation is

−Q(x)−∇V(x)·f(x)+ 1

4
∇V(x)g(x)R−1gT(x)(∇V(x))T = 0. (28)

▶ A classical algorithm of policy iteration (Vaisbord, 1963;
Milshtein, 1964; Leake and Liu, 1967; Saridis and Lee, 1979)
solves the HJB equation (28) by iteratively solving a linear
Lyapunov-type PDE:

Q(x) + κTi (x)R(x)κi(x) +∇Vi(x)(f(x) + g(x)κi(x)) = 0, (29)

and updating

κi+1(x) = −1

2
R−1gT(x)(∇Vi(x))T. (30)

▶ Beard (1995) termed (29) the generalized HJB and investigated
Galerkin method for solving it. See also Jiang, Lewis, and
coauthors for data-driven variants of this approach.
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Convergence of exact policy iteration to viscosity solutions

▶ We prove that policy iteration indeed converges to viscosity
solutions (Crandall & Lions, 1983) of the HJB equation.

▶ (Exact PI) Suppose that u0 ∈ U(Ω), then,
(1) ui ∈ U(Ω) for all i ∈ {0, 1, · · · }.
(2) V∗ ≤ Vi+1 ≤ Vi for all x ∈ Ω and for all i ∈ {0, 1, · · · }, where Vi is

the viscosity solution to G(x, κi(x),DVi(x)) = 0 and V∗ is the
viscosity solution to the HJB equation (28).

(3) Vi → V∗ uniformly on Ω as i → ∞ given the compactness of Ω.

▶ Previous work requires stronger regularity assumptions on V.

Meng, Yiming, Ruikun Zhou, Amartya Mukherjee, Maxwell Fitzsimmons, Christopher
Song, and Jun Liu. “Physics-Informed Neural Network Policy Iteration: Algorithms,
Convergence, and Verification.” arXiv preprint arXiv:2402.10119 (2024), to appear in ICML’24.
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Convergence of neural policy iteration to viscosity solutions
▶ (Lyapunov PDE) Assume that the training error ET,N(V̂N) can

be arbitrarily small for sufficiently large N. Then the neural
network V̂N → V in G, provided that the sequence of

approximations
{
V̂N

}
lies in a compact subset of

G = C1(Ω \ Uε,R) equipped with the C1-uniform norm,
∥V∥C1 := supx∈Ω\Uε

∥V(x)∥+ supx∈Ω\Uε
∥∇V(x)∥.

▶ (Neural PI) By patching the approximation on Ω \ Uε for any
small ε > 0 and the asymptotic approximation within Uε

(boundary condition),
for any i ≥ 0 and ϑ > 0, we can choose a sufficiently dense set
of collocation points {xk}Nk=1 such that

|V̂i(x)− Vi(x)| ≤ ϑ, |κ̂i+1(x)− κi+1(x)| ≤ ϑ, x ∈ Ω.

Meng, Yiming, Ruikun Zhou, Amartya Mukherjee, Maxwell Fitzsimmons, Christopher
Song, and Jun Liu. “Physics-Informed Neural Network Policy Iteration: Algorithms,
Convergence, and Verification.” arXiv preprint arXiv:2402.10119 (2024), to appear in ICML’24.
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Extreme learning machine policy iteration

Physics-Informed Neural Network Policy Iteration

form a residual loss

Loss(✓) =
1

N

NX

s=1

H(xs, DVi,NN(xs; ✓))
2+�(Vi,NN(0; ✓))

2,

(16)
which is in general a non-convex function of ✓.

We describe PINN-PI in Algorithm 2.

Algorithm 1 Extreme Learning Machine Policy Iteration
(ELM-PI)
Require: f , g, Q, R, k0, ⌦, N , m

1: repeat

2: Generate random W and b
3: Generate random {xs}

N
s=1 ✓ ⌦

4: Finding � that minimizes (14) to form Vi from (11)
5: Update i+1 according to (10)
6: i = i+ 1
7: until desired accuracy or max iterations reached

Algorithm 2 Physics-Informed Neural Network Policy Iter-
ation (PINN-PI)
Require: f , g, Q, R, k0, ⌦, Vi,NN(x; ✓)

1: repeat

2: Generate random {xs}
N
s=1 ✓ ⌦

3: repeat

4: Run gradient descent on ✓ with (16)
5: until desired accuracy or max epochs reached
6: Form Vi(x) from Vi,NN(x; ✓)
7: Update i+1 according to (10)
8: i = i+ 1
9: until desired accuracy or max iterations reached

A natural question to ask is when to terminate the algorithm.
Clearly, there is no guarantee that gradient descent will find
a global minimum ✓⇤ for (16). Even if it does, the resulting
Vi,NN(x; ✓⇤) will not satisfy (9) precisely. What one can
hope for is that when the observed loss is sufficiently small
and the number of iterations become large, Vi,NN(x; ✓⇤),
where ✓⇤ is a returned minimizer, can approximate the op-
timal solution to an arbitrary precision. In Section 4, we
provide a convergence analysis and further discussion on
this issue. In practice, the algorithm will terminate when
either a desired accuracy is reached or a predetermined num-
ber of iterations is completed. In such cases, due to the
approximation errors, it is unclear whether the resulting con-
troller is stabilizing. We provide a verification framework
to address this issue, which we discuss in Section 3.5.

3.4. Loss term to ensure local stability is preserved

across iterations

Based on our observations, training optimal controllers for
high-dimensional systems remains extremely challenging.
In fact, most state-of-the-art reinforcement learning algo-
rithms, whether model-free or model-based, struggle to
solve the benchmark control problems we chose with stabil-
ity guarantees, even in a small region around the equilibrium
point to be stabilized (such as cartpole and quadrotors).

Through our extensive testing (see Table 1 in Appendix E),
we found that ELM-PI excels in solving low-dimensional
problems with high accuracy and fast solver time. However,
PINN-PI scales better with state dimensions. Hence, we fo-
cus on the PINN-PI algorithm for high-dimensional control
problems.

When naively implemented, PINN-PI can also lead to unsta-
ble controllers. This is because the loss function (16) does
not capture the stabilization requirement of the resulting
controller

̂i+1(x) = �
1

2
R�1gT (x)(DVi,NN(x))

T . (17)

To overcome this issue, we draw inspiration from classical
control theory. When f(x) = Ax and g(x) = B, the
exact-PI algorithm is nothing but a sequence of Lyapunov
equations that can be used to iteratively solve the algebraic
Riccati equation. Given the assumptions on f and g, locally
(1) is approximated by ẋ = Ax + Bu, where A = Df(0)
and g(0) = B.

We examine the linear approximation of k̂ and quadratic
approximation of Vi,NN(x) around the origin. Assume
r

2Q(0) = Q̂ > 0 and let R̂ = R(0). Furthermore, suppose
that, for each i � 0, the controller k̂i is exponentially sta-
bilizing and denote K̂i := Dk̂i(0). Write Âi = A+BK̂i.
Since Âi is Hurwitz, by linear system theory, there exists a
quadratic function P̂ that solves the Lyapunov equation

P̂iÂi + ÂT
i P̂i = �Q̂� K̂T

i R̂K̂i. (18)

Comparing this with (9), we expect the quadratic part of
Vi,NN(x) to be approximated by xT P̂ x near the origin and
the next neural controller ̂i+1(x) is well approximated by
a linear controller K̂i+1x near the origin with

K̂i+1 = �R�1BT P̂i, (19)

which is precisely the gain update required for policy im-
provement for linear systems. Hence we expect that

K̂i+1 = D̂i+1(0). (20)

In view of (17), this can be easily encoded as a loss term
����
@

@x
(�

1

2
R�1gT (x)(DVi,NN(x))

T )
��
x=0

� K̂i+1

����
F

(21)
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▶ ELM-PI uses linear least squares to optimize β in

Vi(x;β) = βTσ(Wx+ b),

to minimize the loss

Loss(β) =
1

N

N∑
s=1

H(xs, βTdiag(σ′(Wx+ b))W)2 + λ(βTσ(b))2,

where H is the right-hand side of the GHJB at each iteration.
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form a residual loss

Loss(✓) =
1

N

NX

s=1

H(xs, DVi,NN(xs; ✓))
2+�(Vi,NN(0; ✓))

2,

(16)
which is in general a non-convex function of ✓.

We describe PINN-PI in Algorithm 2.

Algorithm 1 Extreme Learning Machine Policy Iteration
(ELM-PI)
Require: f , g, Q, R, k0, ⌦, N , m

1: repeat

2: Generate random W and b
3: Generate random {xs}

N
s=1 ✓ ⌦

4: Finding � that minimizes (14) to form Vi from (11)
5: Update i+1 according to (10)
6: i = i+ 1
7: until desired accuracy or max iterations reached

Algorithm 2 Physics-Informed Neural Network Policy Iter-
ation (PINN-PI)
Require: f , g, Q, R, k0, ⌦, Vi,NN(x; ✓)

1: repeat

2: Generate random {xs}
N
s=1 ✓ ⌦

3: repeat

4: Run gradient descent on ✓ with (16)
5: until desired accuracy or max epochs reached
6: Form Vi(x) from Vi,NN(x; ✓)
7: Update i+1 according to (10)
8: i = i+ 1
9: until desired accuracy or max iterations reached

A natural question to ask is when to terminate the algorithm.
Clearly, there is no guarantee that gradient descent will find
a global minimum ✓⇤ for (16). Even if it does, the resulting
Vi,NN(x; ✓⇤) will not satisfy (9) precisely. What one can
hope for is that when the observed loss is sufficiently small
and the number of iterations become large, Vi,NN(x; ✓⇤),
where ✓⇤ is a returned minimizer, can approximate the op-
timal solution to an arbitrary precision. In Section 4, we
provide a convergence analysis and further discussion on
this issue. In practice, the algorithm will terminate when
either a desired accuracy is reached or a predetermined num-
ber of iterations is completed. In such cases, due to the
approximation errors, it is unclear whether the resulting con-
troller is stabilizing. We provide a verification framework
to address this issue, which we discuss in Section 3.5.

3.4. Loss term to ensure local stability is preserved

across iterations

Based on our observations, training optimal controllers for
high-dimensional systems remains extremely challenging.
In fact, most state-of-the-art reinforcement learning algo-
rithms, whether model-free or model-based, struggle to
solve the benchmark control problems we chose with stabil-
ity guarantees, even in a small region around the equilibrium
point to be stabilized (such as cartpole and quadrotors).

Through our extensive testing (see Table 1 in Appendix E),
we found that ELM-PI excels in solving low-dimensional
problems with high accuracy and fast solver time. However,
PINN-PI scales better with state dimensions. Hence, we fo-
cus on the PINN-PI algorithm for high-dimensional control
problems.

When naively implemented, PINN-PI can also lead to unsta-
ble controllers. This is because the loss function (16) does
not capture the stabilization requirement of the resulting
controller

̂i+1(x) = �
1

2
R�1gT (x)(DVi,NN(x))

T . (17)

To overcome this issue, we draw inspiration from classical
control theory. When f(x) = Ax and g(x) = B, the
exact-PI algorithm is nothing but a sequence of Lyapunov
equations that can be used to iteratively solve the algebraic
Riccati equation. Given the assumptions on f and g, locally
(1) is approximated by ẋ = Ax + Bu, where A = Df(0)
and g(0) = B.

We examine the linear approximation of k̂ and quadratic
approximation of Vi,NN(x) around the origin. Assume
r

2Q(0) = Q̂ > 0 and let R̂ = R(0). Furthermore, suppose
that, for each i � 0, the controller k̂i is exponentially sta-
bilizing and denote K̂i := Dk̂i(0). Write Âi = A+BK̂i.
Since Âi is Hurwitz, by linear system theory, there exists a
quadratic function P̂ that solves the Lyapunov equation

P̂iÂi + ÂT
i P̂i = �Q̂� K̂T

i R̂K̂i. (18)

Comparing this with (9), we expect the quadratic part of
Vi,NN(x) to be approximated by xT P̂ x near the origin and
the next neural controller ̂i+1(x) is well approximated by
a linear controller K̂i+1x near the origin with

K̂i+1 = �R�1BT P̂i, (19)

which is precisely the gain update required for policy im-
provement for linear systems. Hence we expect that

K̂i+1 = D̂i+1(0). (20)

In view of (17), this can be easily encoded as a loss term
����
@

@x
(�

1

2
R�1gT (x)(DVi,NN(x))

T )
��
x=0

� K̂i+1

����
F

(21)

5

▶ PINN-PI uses gradient descent to optimize θ in Vi,NN(x; θ) by
minimizing the loss

Loss(θ) =
1

N

N∑
s=1

H(xs,∇Vi,NN(xs; θ))2 + λ(Vi,NN(0; θ))
2,

where λ > 0 is a weight parameter and H is the right-hand side
of the GHJB at each iteration.
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Numerical examples

▶ We conducted comparisons with successive Galerkin
approximations (SGA) and popular RL algorithms (PPO,
CT-MBRL, and HJBPPO) on benchmark control problems
(inverted pendulum, cartpole, 2D quadrotor, 3D quadrotor).

▶ ELM-PI excels in low-dimensional systems and achieves
remarkable accuracy.

Physics-Informed Neural Network Policy Iteration

Figure 3: Certified regions of attraction by ELM-PI, PINN-PI, and SGA on the inverted pendulum example: it can be seen
that for high-order SGA, PINN-PI, and ELM-PI, a region of attraction close to the boundary of the region of interest ⌦ can
be verified using SMT solvers.

Table 3: Comparison of ELM-PI, PINN-PI, and SGA on the inverted pendulum example: we run ELM-PI and PINN-PI with
m = 50, m = 100, m = 200, and m = 400 and SGA (Beard et al., 1997) with polynomial bases of order 2, 4, 6, 8. We
record the training/computational time and whether the resulting controller is verifiably stabilizing.

SGA ELM-PI PINN-PI

Order Time (s) Verified? m Time (s) Verified? m Time (s) Verified?

2 4.80 Yes 50 0.11 Yes 50 255.15 Yes
4 19.37 Yes 100 0.24 Yes 100 256.53 Yes
6 66.52 Yes 200 0.71 Yes 200 258.89 Yes
8 212.42 Yes 400 2.92 Yes 400 256.52 Yes

F. Comparison with reinforcement learning algorithms on benchmark nonlinear control

problems

F.1. Rationale for algorithms selection in comparison

We chose three recent RL algorithms as benchmarks: two model-free ones, PPO and HJBPPO, and one model-based,
CT-MBRL. We used the implementation of PPO from the stable-baselines3 library (Raffin et al., 2021), and we implemented
HJBPPO by modifying this library. Since HJBPPO addresses the same problems as ours and incorporates the HJB equation
to derive better policies than PPO, we compare our algorithm with both as model-free RL benchmarks. On the other hand,
CT-MBRL is a state-of-the-art model-based RL algorithm that concerns similar environments to those in our numerical
experiments.

It is worth mentioning that the ultimate goal of our algorithm is to devise optimal and stabilizing controllers for nonlinear
systems after a few policy iterations, which can provide asymptotic stability for an infinite time horizon. This differs from
the typical performance comparisons for RL algorithms, where success rate or normalized/averaged scores obtained using
episodic training are used. For instance, for Cartpole, our PI-generated policy can maintain the rod in the upright position
after a few seconds, while policies generated by most RL algorithms oscillate around the upright position. As long as it does
not fall out of a given interval, it is regarded as a success with a reward, which means the trajectories do not asymptotically
converge to the equilibrium points. In contrast, our algorithms achieve asymptotic stability, meaning the controller can be
deployed for any duration of time with convergence guarantees.

23

▶ PINN-PI performs well in high-dimensional systems and
outperforms both SGA and RL algorithms.

Ruikun Zhou et al., CSS-L; Yiming Meng et al., ICML’24.
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Numerical examples – comparison of accumulated costs

Physics-Informed Neural Network Policy Iteration

F.2. Comparison results

We compare PINN-PI with three reinforcement learning (RL) algorithms in Figure 4 by comparing their accumulated control
costs over time. As shown in the plots, PINN-PI significantly outperforms the rest of the algorithms in the inverted pendulum
environment and the remaining higher-dimensional environments. Code for these comparisons, along with other examples,
is provided in the supplementary material.

(a) Inverted Pendulum (b) Cartpole

(c) 2D Quadrotor (d) 3D Quadrotor

Figure 4: Plots of accumulated costs over time for the four environments

Furthermore, Figure 5 show simulated trajectories from different initial conditions under the learned optimal controllers.

24
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Numerical examples – simulated closed-loop trajectoriesPhysics-Informed Neural Network Policy Iteration
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(a) Inverted Pendulum
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(b) Cartpole
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(c) 2D Quadrotor
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(d) 3D Quadrotor

Figure 5: Plots of trajectories starting from different initial conditions under the optimal controller learned using PINN-PI
for the four environments. All trajectories converge to the origin.

F.3. Additional case studies

F.3.1. 1D BILINEAR SYSTEM

Recall the bilinear scalar problem ẋ = xu, with Q(x) = x2 and R = 1. The optimal value function is V (x) = 2 |x|,
which fails to be differentiable at x = 0. We show that ELM-PI can converge to the optimal value function. We choose the
activation function to be ReLU and set the bias term to zero. ELM-PI achieves 1E-16 accuracy with m � 3. While this is a
simple example, it demonstrates that ELM-PI can potentially achieve arbitrary accuracy, provided that the neural network is
capable of approximating the value function. A plot of the obtained value function after 10 iterations is included in Figure 6.

F.3.2. LORENZ SYSTEM

We consider the stabilization of a chaotic system

ẋ1 = �10x1 + 10x2 + u

ẋ2 = 28x1 � x2 � x1x2

ẋ3 = �
8

3
x2 + x1x2

(48)

Without control, the origin is a saddle equilibrium point. We would like to stabilize the system to the origin via policy
iteration. We first run ELM-PI with m = 100, m = 200, m = 400, and m = 800. The computational times are 0.68, 1.55,
7.03, and 46.84 seconds, respectively. In comparison, SGA with polynomial bases of order 2, 4, and 6 takes 6.63, 69.15, and
893.28 seconds. It can be seen from numerical simulations that ELM-PI with m = 400 and m = 800 leads to stabilizing

25
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LyZNet – A lightweight toolbox for learning and verification
of neural Lyapunov functions

▶ An integrated set of Python modules built upon PyTorch and
SMT solvers including dReal (Gao, 2013). Leverages NumPy,
SciPy, and SymPy (and dReal) for numerical, scientific, and
symbolic computation.

▶ Support different classes of dynamical systems (e.g., nonlinear,
control-affine, interconnected, homogeneous, stochastic).

▶ Allow various neural network models (nonlinear, polynomial,
homogeneous) and loss functions (Lyapunov, Zubov, HJB, GHJB)

▶ Support different training/optimization algorithms (gradient
descent, linear least squares, SDP).

▶ Support different verification engines (dReal, Z3).

https://git.uwaterloo.ca/hybrid-systems-lab/lyznet

Jun Liu, Yiming Meng, Maxwell Fitzsimmons, and Ruikun Zhou. “LyZNet: A Lightweight
Python Tool for Learning and Verifying Neural Lyapunov Functions and Regions of Attraction.”
In Proceedings of the 27th ACM International Conference on Hybrid Systems: Computation
and Control, 2024.
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LyZNet – Aminimal example

Jun Liu, Yiming Meng, Maxwell Fitzsimmons, and Ruikun Zhou. “LyZNet: A Lightweight
Python Tool for Learning and Verifying Neural Lyapunov Functions and Regions of Attraction.”
In Proceedings of the 27th ACM International Conference on Hybrid Systems: Computation
and Control, 2024.
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Summary
▶ Learn neural Lyapunov/value functions with PINNs.

▶ Verify neural Lyapunov functions with SMT solvers.

▶ Theoretical analysis of error estimates and convergence.

▶ Promising results compared with standard SOS approaches.

▶ Extensions to global stability analysis of homogeneous systems.

▶ Extensions to compositional verification for interconnected
systems.

▶ An integrated learning and verification tool (LyZNet).

Future work
▶ Automatic discovery of compositional structure.

▶ Learn to stabilize (without an initial controller).

▶ Extensions to safe stabilization, reach-avoid-stay, and other
complex specifications.
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