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Our vision for autonomous systems
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Autonomous driving Robotics

Control systems that operate autonomously in complex and open-ended environments.

WarehousesWildfire prevention

Health CareAgriculture Smart CitiesAerospace



Autonomous systems are a reality!

2

mailto:larsl@seas.upenn.edu


But are they safe?
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Modelling and control

Kabzan et. al. (RAL 2019) Estimati
on 

Lindemann et. al. (OJCSYS 2024)

Environment

Learning-enabled components:

Object detection

Redmon (CVPR 2016)

Prediction

Salzmann et. al. (ECCV 2020)
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Environment

• Complex environments and sensors
• Learning-enabled components
• Learning-enabled multi-agent systems
• System specifications
• Simulators, models, and data
• Real-time computation

Uncertainty-aware, reactive control

Robustness and (online) verification

Mitigating Sim2Real Gap

Distributed control

Core challenges:
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My research provides a formal and computational approach to systems and control theory.
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Safe Control in Dynamic Environments with Conformal Prediction

Today, with a little bit of …
(~ last 2 years)
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<latexit sha1_base64="/dDa1G+NLVuE4hmxdIiqR4yTaI8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AK+PjN8=</latexit>

R

<latexit sha1_base64="LaQ+fXPvXwA+v0w5fTdlAzF6h60=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LAbBU0mKqMeiF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilh67bK7texZuDrBI/Jy7kqPfKX91+wrKYK2SSGtPxvRSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7plJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZvU36QnOGcmwJZVrYWwkbUk0Z2nBKNgR/+eVV0qxW/MvKxX3Vrd3kcRThBE7hHHy4ghrcQR0awCCCZ3iFN2fkvDjvzseiteDkM8fwB87nDxhyjRQ=</latexit>

#

<latexit sha1_base64="a5IFsDKUkKHOl2QE1n+514rzKMU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPBgx4r2A9oQ9lsNu3SzSbuToRS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJXCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaZJMM95giUx0O6CGS6F4AwVK3k41p3EgeSsY3kz91hPXRiTqAUcp92PaVyISjKKV2t55N+QSaa9UdivuDGSZeDkpQ456r/TVDROWxVwhk9SYjuem6I+pRsEknxS7meEpZUPa5x1LFY258cezeyfk1CohiRJtSyGZqb8nxjQ2ZhQHtjOmODCL3lT8z+tkGF37Y6HSDLli80VRJgkmZPo8CYXmDOXIEsq0sLcSNqCaMrQRFW0I3uLLy6R5UfEuK9X7arl2m8dRgGM4gTPw4ApqcAd1aAADCc/wCm/Oo/PivDsf89YVJ585gj9wPn8AcMWPnA==</latexit>

1� �

SysID, Planning, Control 

uncertainty representation via efficient statistical abstractions
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state estimates

Online Monitor

<latexit sha1_base64="/dDa1G+NLVuE4hmxdIiqR4yTaI8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AK+PjN8=</latexit>

R

<latexit sha1_base64="LaQ+fXPvXwA+v0w5fTdlAzF6h60=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LAbBU0mKqMeiF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilh67bK7texZuDrBI/Jy7kqPfKX91+wrKYK2SSGtPxvRSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7plJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZvU36QnOGcmwJZVrYWwkbUk0Z2nBKNgR/+eVV0qxW/MvKxX3Vrd3kcRThBE7hHHy4ghrcQR0awCCCZ3iFN2fkvDjvzseiteDkM8fwB87nDxhyjRQ=</latexit>

#

<latexit sha1_base64="a5IFsDKUkKHOl2QE1n+514rzKMU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPBgx4r2A9oQ9lsNu3SzSbuToRS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJXCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaZJMM95giUx0O6CGS6F4AwVK3k41p3EgeSsY3kz91hPXRiTqAUcp92PaVyISjKKV2t55N+QSaa9UdivuDGSZeDkpQ456r/TVDROWxVwhk9SYjuem6I+pRsEknxS7meEpZUPa5x1LFY258cezeyfk1CohiRJtSyGZqb8nxjQ2ZhQHtjOmODCL3lT8z+tkGF37Y6HSDLli80VRJgkmZPo8CYXmDOXIEsq0sLcSNqCaMrQRFW0I3uLLy6R5UfEuK9X7arl2m8dRgGM4gTPw4ApqcAd1aAADCc/wCm/Oo/PivDsf89YVJ585gj9wPn8AcMWPnA==</latexit>

1� �

SysID, Planning, Control 

uncertainty representation via efficient statistical abstractions

Idea: Statistical uncertainty representations and safe control using conformal prediction.

Uncertainty quantification of learning-enabled systems
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Conformal prediction in a nutshell

1Vovk and Shafer, “A Tutorial on Conformal Prediction”, JMLR, 2008.
2Angelopoulos, “A Gentle Introduction to Conformal Prediction and Distribution-Free Uncertainty Quantification”, subm., 2021. 11



Uncertainty quantification under minimal assumptions:

Conformal prediction in a nutshell

1Vovk and Shafer, “A Tutorial on Conformal Prediction”, JMLR, 2008.
2Angelopoulos, “A Gentle Introduction to Conformal Prediction and Distribution-Free Uncertainty Quantification”, subm., 2021. 11



Uncertainty quantification under minimal assumptions:

• Distribution-free

Conformal prediction in a nutshell

1Vovk and Shafer, “A Tutorial on Conformal Prediction”, JMLR, 2008.
2Angelopoulos, “A Gentle Introduction to Conformal Prediction and Distribution-Free Uncertainty Quantification”, subm., 2021.

no assumptions needed
<latexit sha1_base64="Db+rMtf6uu7VrZRtN4JgmdzqUO4=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxCBSkz4mtZUNBlBfuAzlAyaaYNTTJDkhHaofgrblwo4tb/cOffmGlnodUDgcM593JPThAzqrTjfFmFhcWl5ZXiamltfWNzy97eaaookZg0cMQi2Q6QIowK0tBUM9KOJUE8YKQVDK8yv/VApKKRuNejmPgc9QUNKUbaSF17r5Icj488RbnHkR5gxNLrSdcuO1VnCviXuDkpgxz1rv3p9SKccCI0ZkipjuvE2k+R1BQzMil5iSIxwkPUJx1DBeJE+ek0/QQeGqUHw0iaJzScqj83UsSVGvHATGYR1byXif95nUSHl35KRZxoIvDsUJgwqCOYVQF7VBKs2cgQhCU1WSEeIImwNoWVTAnu/Jf/kuZJ1T2vnt2dlms3eR1FsA8OQAW44ALUwC2ogwbAYAyewAt4tR6tZ+vNep+NFqx8Zxf8gvXxDRG6lQU=</latexit>

(u, z) ⇠ D

11



Uncertainty quantification under minimal assumptions:

• Distribution-free

• No assumptions on the predictor needed

Conformal prediction in a nutshell

1Vovk and Shafer, “A Tutorial on Conformal Prediction”, JMLR, 2008.
2Angelopoulos, “A Gentle Introduction to Conformal Prediction and Distribution-Free Uncertainty Quantification”, subm., 2021.

no assumptions needed
<latexit sha1_base64="Db+rMtf6uu7VrZRtN4JgmdzqUO4=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxCBSkz4mtZUNBlBfuAzlAyaaYNTTJDkhHaofgrblwo4tb/cOffmGlnodUDgcM593JPThAzqrTjfFmFhcWl5ZXiamltfWNzy97eaaookZg0cMQi2Q6QIowK0tBUM9KOJUE8YKQVDK8yv/VApKKRuNejmPgc9QUNKUbaSF17r5Icj488RbnHkR5gxNLrSdcuO1VnCviXuDkpgxz1rv3p9SKccCI0ZkipjuvE2k+R1BQzMil5iSIxwkPUJx1DBeJE+ek0/QQeGqUHw0iaJzScqj83UsSVGvHATGYR1byXif95nUSHl35KRZxoIvDsUJgwqCOYVQF7VBKs2cgQhCU1WSEeIImwNoWVTAnu/Jf/kuZJ1T2vnt2dlms3eR1FsA8OQAW44ALUwC2ogwbAYAyewAt4tR6tZ+vNep+NFqx8Zxf8gvXxDRG6lQU=</latexit>

(u, z) ⇠ D

no assumptions needed

<latexit sha1_base64="01dtfNf23i7cFF8MajR1C2k1Y84=">AAAB9XicbVDJSgNBEK1xjXGLevQyGIR4CTPidhECHvQYwSyQGUNPp5M06e4ZelHikP/w4kERr/6LN//GTjIHTXxQ8Hiviqp6UcKo0p737SwsLi2vrObW8usbm1vbhZ3duoqNxKSGYxbLZoQUYVSQmqaakWYiCeIRI41ocDX2Gw9EKhqLOz1MSMhRT9AuxUhb6T7oI50+jS4DbkrmqF0oemVvAnee+BkpQoZqu/AVdGJsOBEaM6RUy/cSHaZIaooZGeUDo0iC8AD1SMtSgThRYTq5euQeWqXjdmNpS2h3ov6eSBFXasgj28mR7qtZbyz+57WM7l6EKRWJ0UTg6aKuYa6O3XEEbodKgjUbWoKwpPZWF/eRRFjboPI2BH/25XlSPy77Z+XT25Ni5TqLIwf7cAAl8OEcKnADVagBBgnP8ApvzqPz4rw7H9PWBSeb2YM/cD5/AEHvkmE=</latexit>

ẑ = µ(u)

11



Uncertainty quantification under minimal assumptions:

• Distribution-free

• No assumptions on the predictor needed

Conformal prediction in a nutshell

1Vovk and Shafer, “A Tutorial on Conformal Prediction”, JMLR, 2008.
2Angelopoulos, “A Gentle Introduction to Conformal Prediction and Distribution-Free Uncertainty Quantification”, subm., 2021.

no assumptions needed
<latexit sha1_base64="Db+rMtf6uu7VrZRtN4JgmdzqUO4=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxCBSkz4mtZUNBlBfuAzlAyaaYNTTJDkhHaofgrblwo4tb/cOffmGlnodUDgcM593JPThAzqrTjfFmFhcWl5ZXiamltfWNzy97eaaookZg0cMQi2Q6QIowK0tBUM9KOJUE8YKQVDK8yv/VApKKRuNejmPgc9QUNKUbaSF17r5Icj488RbnHkR5gxNLrSdcuO1VnCviXuDkpgxz1rv3p9SKccCI0ZkipjuvE2k+R1BQzMil5iSIxwkPUJx1DBeJE+ek0/QQeGqUHw0iaJzScqj83UsSVGvHATGYR1byXif95nUSHl35KRZxoIvDsUJgwqCOYVQF7VBKs2cgQhCU1WSEeIImwNoWVTAnu/Jf/kuZJ1T2vnt2dlms3eR1FsA8OQAW44ALUwC2ogwbAYAyewAt4tR6tZ+vNep+NFqx8Zxf8gvXxDRG6lQU=</latexit>

(u, z) ⇠ D

no assumptions needed

<latexit sha1_base64="01dtfNf23i7cFF8MajR1C2k1Y84=">AAAB9XicbVDJSgNBEK1xjXGLevQyGIR4CTPidhECHvQYwSyQGUNPp5M06e4ZelHikP/w4kERr/6LN//GTjIHTXxQ8Hiviqp6UcKo0p737SwsLi2vrObW8usbm1vbhZ3duoqNxKSGYxbLZoQUYVSQmqaakWYiCeIRI41ocDX2Gw9EKhqLOz1MSMhRT9AuxUhb6T7oI50+jS4DbkrmqF0oemVvAnee+BkpQoZqu/AVdGJsOBEaM6RUy/cSHaZIaooZGeUDo0iC8AD1SMtSgThRYTq5euQeWqXjdmNpS2h3ov6eSBFXasgj28mR7qtZbyz+57WM7l6EKRWJ0UTg6aKuYa6O3XEEbodKgjUbWoKwpPZWF/eRRFjboPI2BH/25XlSPy77Z+XT25Ni5TqLIwf7cAAl8OEcKnADVagBBgnP8ApvzqPz4rw7H9PWBSeb2YM/cD5/AEHvkmE=</latexit>

ẑ = µ(u)

Assumption: Availability of i.i.d. calibration data
<latexit sha1_base64="WdsNNWT0t+5d8RuXpuVk7TB/BeM=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovQgpREfG2EggtdVrAPaNIwmU7aoZNJmJkINWTlxl9x40IRt36DO//G6WOhrQcu93DOvczc48eMSmVZ30ZuYXFpeSW/Wlhb39jcMrd3GjJKBCZ1HLFItHwkCaOc1BVVjLRiQVDoM9L0B1cjv3lPhKQRv1PDmLgh6nEaUIyUljxz30lLSSct0XJ29DDpZSfzUnppZ52BZxatijUGnCf2lBTBFDXP/HK6EU5CwhVmSMq2bcXKTZFQFDOSFZxEkhjhAeqRtqYchUS66fiMDB5qpQuDSOjiCo7V3xspCqUchr6eDJHqy1lvJP7ntRMVXLgp5XGiCMeTh4KEQRXBUSawSwXBig01QVhQ/VeI+0ggrHRyBR2CPXvyPGkcV+yzyuntSbF6PY0jD/bAASgBG5yDKrgBNVAHGDyCZ/AK3own48V4Nz4mozljurML/sD4/AG+BJgP</latexit>

{(u(i), z(i))}ki=1

11



Uncertainty quantification under minimal assumptions:

• Distribution-free

• No assumptions on the predictor needed

Conformal prediction in a nutshell

1Vovk and Shafer, “A Tutorial on Conformal Prediction”, JMLR, 2008.
2Angelopoulos, “A Gentle Introduction to Conformal Prediction and Distribution-Free Uncertainty Quantification”, subm., 2021.

no assumptions needed
<latexit sha1_base64="Db+rMtf6uu7VrZRtN4JgmdzqUO4=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxCBSkz4mtZUNBlBfuAzlAyaaYNTTJDkhHaofgrblwo4tb/cOffmGlnodUDgcM593JPThAzqrTjfFmFhcWl5ZXiamltfWNzy97eaaookZg0cMQi2Q6QIowK0tBUM9KOJUE8YKQVDK8yv/VApKKRuNejmPgc9QUNKUbaSF17r5Icj488RbnHkR5gxNLrSdcuO1VnCviXuDkpgxz1rv3p9SKccCI0ZkipjuvE2k+R1BQzMil5iSIxwkPUJx1DBeJE+ek0/QQeGqUHw0iaJzScqj83UsSVGvHATGYR1byXif95nUSHl35KRZxoIvDsUJgwqCOYVQF7VBKs2cgQhCU1WSEeIImwNoWVTAnu/Jf/kuZJ1T2vnt2dlms3eR1FsA8OQAW44ALUwC2ogwbAYAyewAt4tR6tZ+vNep+NFqx8Zxf8gvXxDRG6lQU=</latexit>

(u, z) ⇠ D

no assumptions needed

<latexit sha1_base64="01dtfNf23i7cFF8MajR1C2k1Y84=">AAAB9XicbVDJSgNBEK1xjXGLevQyGIR4CTPidhECHvQYwSyQGUNPp5M06e4ZelHikP/w4kERr/6LN//GTjIHTXxQ8Hiviqp6UcKo0p737SwsLi2vrObW8usbm1vbhZ3duoqNxKSGYxbLZoQUYVSQmqaakWYiCeIRI41ocDX2Gw9EKhqLOz1MSMhRT9AuxUhb6T7oI50+jS4DbkrmqF0oemVvAnee+BkpQoZqu/AVdGJsOBEaM6RUy/cSHaZIaooZGeUDo0iC8AD1SMtSgThRYTq5euQeWqXjdmNpS2h3ov6eSBFXasgj28mR7qtZbyz+57WM7l6EKRWJ0UTg6aKuYa6O3XEEbodKgjUbWoKwpPZWF/eRRFjboPI2BH/25XlSPy77Z+XT25Ni5TqLIwf7cAAl8OEcKnADVagBBgnP8ApvzqPz4rw7H9PWBSeb2YM/cD5/AEHvkmE=</latexit>

ẑ = µ(u)

Goal1: 
<latexit sha1_base64="tcKuBfoqPLZ5V3LNTXOz5RusD5M=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI+BHPSYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Ma3O//YRK81g+mEmCfkSHkoecUWOlRq1fLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1460+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtK7K3nW50qiUqndZHHk4g3O4BA9uoAr3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AZpUjNU=</latexit>

CFor a failure probability of                   , we want to obtain a prediction region      s.t.
<latexit sha1_base64="8wwzx7eITkB73FFnToba9keVZ4U=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBahgpREinoseNBjBfsBTSybzaZdutmE3YlSQv+HFw+KePW/ePPfuG1z0NYHA4/3ZpiZ5yeCa7Dtb6uwsrq2vlHcLG1t7+zulfcP2jpOFWUtGotYdX2imeCStYCDYN1EMRL5gnX80fXU7zwypXks72GcMC8iA8lDTgkY6cENmADiclm1z5zTfrli1+wZ8DJxclJBOZr98pcbxDSNmAQqiNY9x07Ay4gCTgWblNxUs4TQERmwnqGSREx72ezqCT4xSoDDWJmSgGfq74mMRFqPI990RgSGetGbiv95vRTCKy/jMkmBSTpfFKYCQ4ynEeCAK0ZBjA0hVHFzK6ZDoggFE1TJhOAsvrxM2uc156JWv6tXGjd5HEV0hI5RFTnoEjXQLWqiFqJIoWf0it6sJ+vFerc+5q0FK585RH9gff4A+6yRiw==</latexit>

� 2 (0, 1)
<latexit sha1_base64="PPZASM8nSyIk2SUwDDluaks+ZcM=">AAACC3icbVA9SwNBEN3zM8avqKXNYhBiYbgTv8pACi0jGBVyR9jbm8TFvb1jd06MR3ob/4qNhSK2/gE7/42bmEITHww83pthZl6YSmHQdb+cqemZ2bn5wkJxcWl5ZbW0tn5hkkxzaPJEJvoqZAakUNBEgRKuUg0sDiVchjf1gX95C9qIRJ1jL4UgZl0lOoIztFK7tOUj3GHe0EnYr9z7QtF6JdvZ8btAvV0/AomsXSq7VXcIOkm8ESmTERrt0qcfJTyLQSGXzJiW56YY5Eyj4BL6RT8zkDJ+w7rQslSxGEyQD3/p022rRLSTaFsK6VD9PZGz2JheHNrOmOG1GfcG4n9eK8POcZALlWYIiv8s6mSSYkIHwdBIaOAoe5YwroW9lfJrphlHG1/RhuCNvzxJLvaq3mH14Gy/XDsZxVEgm2SLVIhHjkiNnJIGaRJOHsgTeSGvzqPz7Lw57z+tU85oZoP8gfPxDUKEme0=</latexit>

Prob(z 2 C(u)) � 1� �

Assumption: Availability of i.i.d. calibration data
<latexit sha1_base64="WdsNNWT0t+5d8RuXpuVk7TB/BeM=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovQgpREfG2EggtdVrAPaNIwmU7aoZNJmJkINWTlxl9x40IRt36DO//G6WOhrQcu93DOvczc48eMSmVZ30ZuYXFpeSW/Wlhb39jcMrd3GjJKBCZ1HLFItHwkCaOc1BVVjLRiQVDoM9L0B1cjv3lPhKQRv1PDmLgh6nEaUIyUljxz30lLSSct0XJ29DDpZSfzUnppZ52BZxatijUGnCf2lBTBFDXP/HK6EU5CwhVmSMq2bcXKTZFQFDOSFZxEkhjhAeqRtqYchUS66fiMDB5qpQuDSOjiCo7V3xspCqUchr6eDJHqy1lvJP7ntRMVXLgp5XGiCMeTh4KEQRXBUSawSwXBig01QVhQ/VeI+0ggrHRyBR2CPXvyPGkcV+yzyuntSbF6PY0jD/bAASgBG5yDKrgBNVAHGDyCZ/AK3own48V4Nz4mozljurML/sD4/AG+BJgP</latexit>

{(u(i), z(i))}ki=1

11



Uncertainty quantification under minimal assumptions:

• Distribution-free

• No assumptions on the predictor needed

Conformal prediction in a nutshell

Example2: 

1Vovk and Shafer, “A Tutorial on Conformal Prediction”, JMLR, 2008.
2Angelopoulos, “A Gentle Introduction to Conformal Prediction and Distribution-Free Uncertainty Quantification”, subm., 2021.

no assumptions needed
<latexit sha1_base64="Db+rMtf6uu7VrZRtN4JgmdzqUO4=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxCBSkz4mtZUNBlBfuAzlAyaaYNTTJDkhHaofgrblwo4tb/cOffmGlnodUDgcM593JPThAzqrTjfFmFhcWl5ZXiamltfWNzy97eaaookZg0cMQi2Q6QIowK0tBUM9KOJUE8YKQVDK8yv/VApKKRuNejmPgc9QUNKUbaSF17r5Icj488RbnHkR5gxNLrSdcuO1VnCviXuDkpgxz1rv3p9SKccCI0ZkipjuvE2k+R1BQzMil5iSIxwkPUJx1DBeJE+ek0/QQeGqUHw0iaJzScqj83UsSVGvHATGYR1byXif95nUSHl35KRZxoIvDsUJgwqCOYVQF7VBKs2cgQhCU1WSEeIImwNoWVTAnu/Jf/kuZJ1T2vnt2dlms3eR1FsA8OQAW44ALUwC2ogwbAYAyewAt4tR6tZ+vNep+NFqx8Zxf8gvXxDRG6lQU=</latexit>

(u, z) ⇠ D

no assumptions needed

<latexit sha1_base64="01dtfNf23i7cFF8MajR1C2k1Y84=">AAAB9XicbVDJSgNBEK1xjXGLevQyGIR4CTPidhECHvQYwSyQGUNPp5M06e4ZelHikP/w4kERr/6LN//GTjIHTXxQ8Hiviqp6UcKo0p737SwsLi2vrObW8usbm1vbhZ3duoqNxKSGYxbLZoQUYVSQmqaakWYiCeIRI41ocDX2Gw9EKhqLOz1MSMhRT9AuxUhb6T7oI50+jS4DbkrmqF0oemVvAnee+BkpQoZqu/AVdGJsOBEaM6RUy/cSHaZIaooZGeUDo0iC8AD1SMtSgThRYTq5euQeWqXjdmNpS2h3ov6eSBFXasgj28mR7qtZbyz+57WM7l6EKRWJ0UTg6aKuYa6O3XEEbodKgjUbWoKwpPZWF/eRRFjboPI2BH/25XlSPy77Z+XT25Ni5TqLIwf7cAAl8OEcKnADVagBBgnP8ApvzqPz4rw7H9PWBSeb2YM/cD5/AEHvkmE=</latexit>

ẑ = µ(u)

Goal1: 
<latexit sha1_base64="tcKuBfoqPLZ5V3LNTXOz5RusD5M=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI+BHPSYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Ma3O//YRK81g+mEmCfkSHkoecUWOlRq1fLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1460+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtK7K3nW50qiUqndZHHk4g3O4BA9uoAr3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AZpUjNU=</latexit>

CFor a failure probability of                   , we want to obtain a prediction region      s.t.
<latexit sha1_base64="8wwzx7eITkB73FFnToba9keVZ4U=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBahgpREinoseNBjBfsBTSybzaZdutmE3YlSQv+HFw+KePW/ePPfuG1z0NYHA4/3ZpiZ5yeCa7Dtb6uwsrq2vlHcLG1t7+zulfcP2jpOFWUtGotYdX2imeCStYCDYN1EMRL5gnX80fXU7zwypXks72GcMC8iA8lDTgkY6cENmADiclm1z5zTfrli1+wZ8DJxclJBOZr98pcbxDSNmAQqiNY9x07Ay4gCTgWblNxUs4TQERmwnqGSREx72ezqCT4xSoDDWJmSgGfq74mMRFqPI990RgSGetGbiv95vRTCKy/jMkmBSTpfFKYCQ4ynEeCAK0ZBjA0hVHFzK6ZDoggFE1TJhOAsvrxM2uc156JWv6tXGjd5HEV0hI5RFTnoEjXQLWqiFqJIoWf0it6sJ+vFerc+5q0FK585RH9gff4A+6yRiw==</latexit>

� 2 (0, 1)
<latexit sha1_base64="PPZASM8nSyIk2SUwDDluaks+ZcM=">AAACC3icbVA9SwNBEN3zM8avqKXNYhBiYbgTv8pACi0jGBVyR9jbm8TFvb1jd06MR3ob/4qNhSK2/gE7/42bmEITHww83pthZl6YSmHQdb+cqemZ2bn5wkJxcWl5ZbW0tn5hkkxzaPJEJvoqZAakUNBEgRKuUg0sDiVchjf1gX95C9qIRJ1jL4UgZl0lOoIztFK7tOUj3GHe0EnYr9z7QtF6JdvZ8btAvV0/AomsXSq7VXcIOkm8ESmTERrt0qcfJTyLQSGXzJiW56YY5Eyj4BL6RT8zkDJ+w7rQslSxGEyQD3/p022rRLSTaFsK6VD9PZGz2JheHNrOmOG1GfcG4n9eK8POcZALlWYIiv8s6mSSYkIHwdBIaOAoe5YwroW9lfJrphlHG1/RhuCNvzxJLvaq3mH14Gy/XDsZxVEgm2SLVIhHjkiNnJIGaRJOHsgTeSGvzqPz7Lw57z+tU85oZoP8gfPxDUKEme0=</latexit>

Prob(z 2 C(u)) � 1� �

Assumption: Availability of i.i.d. calibration data
<latexit sha1_base64="WdsNNWT0t+5d8RuXpuVk7TB/BeM=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovQgpREfG2EggtdVrAPaNIwmU7aoZNJmJkINWTlxl9x40IRt36DO//G6WOhrQcu93DOvczc48eMSmVZ30ZuYXFpeSW/Wlhb39jcMrd3GjJKBCZ1HLFItHwkCaOc1BVVjLRiQVDoM9L0B1cjv3lPhKQRv1PDmLgh6nEaUIyUljxz30lLSSct0XJ29DDpZSfzUnppZ52BZxatijUGnCf2lBTBFDXP/HK6EU5CwhVmSMq2bcXKTZFQFDOSFZxEkhjhAeqRtqYchUS66fiMDB5qpQuDSOjiCo7V3xspCqUchr6eDJHqy1lvJP7ntRMVXLgp5XGiCMeTh4KEQRXBUSawSwXBig01QVhQ/VeI+0ggrHRyBR2CPXvyPGkcV+yzyuntSbF6PY0jD/bAASgBG5yDKrgBNVAHGDyCZ/AK3own48V4Nz4mozljurML/sD4/AG+BJgP</latexit>

{(u(i), z(i))}ki=1

11



Conformal prediction in a nutshell

Let                                   be            i.i.d. random variables.                                                           
<latexit sha1_base64="907DLwtqaEgiF/rzNTmqFMA75R4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeCBz1WtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dlZW19Y3Ngtbxe2d3b390sFh08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPYzOvV6p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezUyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF77mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTpFG0I3uLLy6R5UfEuK9X7arl2m8dRgGM4gTPw4ApqcAd1aACDATzDK7w50nlx3p2PeeuKk88cwR84nz+tPo1t</latexit>

k + 1
<latexit sha1_base64="1jbqKRxeYKhOdgSgrZtZNxYVc0Y=">AAACB3icbVBNS8MwGE7n15xfVY+CFIewgYxWhnoceNDjFPcBWx1pmm5haVKSVBilNy/+FS8eFPHqX/DmvzHtdtDNB8L75Hnel+R9vIgSqWz72ygsLa+srhXXSxubW9s75u5eW/JYINxCnHLR9aDElDDcUkRR3I0EhqFHcccbX2Z+5wELSTi7U5MIuyEcMhIQBJWWBubh7X1SsavpSVYdXfsjnyuZX8fVdGCW7Zqdw1okzoyUwQzNgfnV9zmKQ8wUolDKnmNHyk2gUARRnJb6scQRRGM4xD1NGQyxdJN8j9Q61opvBVzow5SVq78nEhhKOQk93RlCNZLzXib+5/ViFVy4CWFRrDBD04eCmFqKW1kolk8ERopONIFIEP1XC42ggEjp6Eo6BGd+5UXSPq05Z7X6Tb3cuJrFUQQH4AhUgAPOQQNcgyZoAQQewTN4BW/Gk/FivBsf09aCMZvZB39gfP4AJMaXng==</latexit>

R(0), R(1), . . . , R(k)Quantile  
lemma: 
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Conformal prediction in a nutshell

Let                                   be            i.i.d. random variables.                                                           
<latexit sha1_base64="907DLwtqaEgiF/rzNTmqFMA75R4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeCBz1WtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dlZW19Y3Ngtbxe2d3b390sFh08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPYzOvV6p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezUyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF77mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTpFG0I3uLLy6R5UfEuK9X7arl2m8dRgGM4gTPw4ApqcAd1aACDATzDK7w50nlx3p2PeeuKk88cwR84nz+tPo1t</latexit>

k + 1
<latexit sha1_base64="1jbqKRxeYKhOdgSgrZtZNxYVc0Y=">AAACB3icbVBNS8MwGE7n15xfVY+CFIewgYxWhnoceNDjFPcBWx1pmm5haVKSVBilNy/+FS8eFPHqX/DmvzHtdtDNB8L75Hnel+R9vIgSqWz72ygsLa+srhXXSxubW9s75u5eW/JYINxCnHLR9aDElDDcUkRR3I0EhqFHcccbX2Z+5wELSTi7U5MIuyEcMhIQBJWWBubh7X1SsavpSVYdXfsjnyuZX8fVdGCW7Zqdw1okzoyUwQzNgfnV9zmKQ8wUolDKnmNHyk2gUARRnJb6scQRRGM4xD1NGQyxdJN8j9Q61opvBVzow5SVq78nEhhKOQk93RlCNZLzXib+5/ViFVy4CWFRrDBD04eCmFqKW1kolk8ERopONIFIEP1XC42ggEjp6Eo6BGd+5UXSPq05Z7X6Tb3cuJrFUQQH4AhUgAPOQQNcgyZoAQQewTN4BW/Gk/FivBsf09aCMZvZB39gfP4AJMaXng==</latexit>

R(0), R(1), . . . , R(k)Quantile  
lemma: 

12
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Conformal prediction in a nutshell

Let                                   be            i.i.d. random variables.                                                           
<latexit sha1_base64="907DLwtqaEgiF/rzNTmqFMA75R4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeCBz1WtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dlZW19Y3Ngtbxe2d3b390sFh08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPYzOvV6p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezUyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF77mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTpFG0I3uLLy6R5UfEuK9X7arl2m8dRgGM4gTPw4ApqcAd1aACDATzDK7w50nlx3p2PeeuKk88cwR84nz+tPo1t</latexit>

k + 1
<latexit sha1_base64="1jbqKRxeYKhOdgSgrZtZNxYVc0Y=">AAACB3icbVBNS8MwGE7n15xfVY+CFIewgYxWhnoceNDjFPcBWx1pmm5haVKSVBilNy/+FS8eFPHqX/DmvzHtdtDNB8L75Hnel+R9vIgSqWz72ygsLa+srhXXSxubW9s75u5eW/JYINxCnHLR9aDElDDcUkRR3I0EhqFHcccbX2Z+5wELSTi7U5MIuyEcMhIQBJWWBubh7X1SsavpSVYdXfsjnyuZX8fVdGCW7Zqdw1okzoyUwQzNgfnV9zmKQ8wUolDKnmNHyk2gUARRnJb6scQRRGM4xD1NGQyxdJN8j9Q61opvBVzow5SVq78nEhhKOQk93RlCNZLzXib+5/ViFVy4CWFRrDBD04eCmFqKW1kolk8ERopONIFIEP1XC42ggEjp6Eo6BGd+5UXSPq05Z7X6Tb3cuJrFUQQH4AhUgAPOQQNcgyZoAQQewTN4BW/Gk/FivBsf09aCMZvZB39gfP4AJMaXng==</latexit>

R(0), R(1), . . . , R(k)Quantile  
lemma: 

test data
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Conformal prediction in a nutshell

Let                                   be            i.i.d. random variables.                                                           
<latexit sha1_base64="907DLwtqaEgiF/rzNTmqFMA75R4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeCBz1WtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dlZW19Y3Ngtbxe2d3b390sFh08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPYzOvV6p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezUyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF77mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTpFG0I3uLLy6R5UfEuK9X7arl2m8dRgGM4gTPw4ApqcAd1aACDATzDK7w50nlx3p2PeeuKk88cwR84nz+tPo1t</latexit>

k + 1
<latexit sha1_base64="1jbqKRxeYKhOdgSgrZtZNxYVc0Y=">AAACB3icbVBNS8MwGE7n15xfVY+CFIewgYxWhnoceNDjFPcBWx1pmm5haVKSVBilNy/+FS8eFPHqX/DmvzHtdtDNB8L75Hnel+R9vIgSqWz72ygsLa+srhXXSxubW9s75u5eW/JYINxCnHLR9aDElDDcUkRR3I0EhqFHcccbX2Z+5wELSTi7U5MIuyEcMhIQBJWWBubh7X1SsavpSVYdXfsjnyuZX8fVdGCW7Zqdw1okzoyUwQzNgfnV9zmKQ8wUolDKnmNHyk2gUARRnJb6scQRRGM4xD1NGQyxdJN8j9Q61opvBVzow5SVq78nEhhKOQk93RlCNZLzXib+5/ViFVy4CWFRrDBD04eCmFqKW1kolk8ERopONIFIEP1XC42ggEjp6Eo6BGd+5UXSPq05Z7X6Tb3cuJrFUQQH4AhUgAPOQQNcgyZoAQQewTN4BW/Gk/FivBsf09aCMZvZB39gfP4AJMaXng==</latexit>

R(0), R(1), . . . , R(k)Quantile  
lemma: 

test data calibration data
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nonconformity score (e.g., prediction error)



Conformal prediction in a nutshell

Let                                   be            i.i.d. random variables.                                                           
<latexit sha1_base64="907DLwtqaEgiF/rzNTmqFMA75R4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeCBz1WtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dlZW19Y3Ngtbxe2d3b390sFh08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPYzOvV6p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezUyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF77mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTpFG0I3uLLy6R5UfEuK9X7arl2m8dRgGM4gTPw4ApqcAd1aACDATzDK7w50nlx3p2PeeuKk88cwR84nz+tPo1t</latexit>

k + 1
<latexit sha1_base64="1jbqKRxeYKhOdgSgrZtZNxYVc0Y=">AAACB3icbVBNS8MwGE7n15xfVY+CFIewgYxWhnoceNDjFPcBWx1pmm5haVKSVBilNy/+FS8eFPHqX/DmvzHtdtDNB8L75Hnel+R9vIgSqWz72ygsLa+srhXXSxubW9s75u5eW/JYINxCnHLR9aDElDDcUkRR3I0EhqFHcccbX2Z+5wELSTi7U5MIuyEcMhIQBJWWBubh7X1SsavpSVYdXfsjnyuZX8fVdGCW7Zqdw1okzoyUwQzNgfnV9zmKQ8wUolDKnmNHyk2gUARRnJb6scQRRGM4xD1NGQyxdJN8j9Q61opvBVzow5SVq78nEhhKOQk93RlCNZLzXib+5/ViFVy4CWFRrDBD04eCmFqKW1kolk8ERopONIFIEP1XC42ggEjp6Eo6BGd+5UXSPq05Z7X6Tb3cuJrFUQQH4AhUgAPOQQNcgyZoAQQewTN4BW/Gk/FivBsf09aCMZvZB39gfP4AJMaXng==</latexit>

R(0), R(1), . . . , R(k)Quantile  
lemma: It holds that                                                            

<latexit sha1_base64="USNywI6tGbJFaRmnk8nurrMusbY="></latexit>

Prob
�
R(0)  Quantile1��(R

(1), . . . , R(k),1)
�
� 1� �

test data calibration data
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Conformal prediction in a nutshell

Let                                   be            i.i.d. random variables.                                                           
<latexit sha1_base64="907DLwtqaEgiF/rzNTmqFMA75R4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeCBz1WtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dlZW19Y3Ngtbxe2d3b390sFh08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPYzOvV6p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezUyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF77mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTpFG0I3uLLy6R5UfEuK9X7arl2m8dRgGM4gTPw4ApqcAd1aACDATzDK7w50nlx3p2PeeuKk88cwR84nz+tPo1t</latexit>

k + 1
<latexit sha1_base64="1jbqKRxeYKhOdgSgrZtZNxYVc0Y=">AAACB3icbVBNS8MwGE7n15xfVY+CFIewgYxWhnoceNDjFPcBWx1pmm5haVKSVBilNy/+FS8eFPHqX/DmvzHtdtDNB8L75Hnel+R9vIgSqWz72ygsLa+srhXXSxubW9s75u5eW/JYINxCnHLR9aDElDDcUkRR3I0EhqFHcccbX2Z+5wELSTi7U5MIuyEcMhIQBJWWBubh7X1SsavpSVYdXfsjnyuZX8fVdGCW7Zqdw1okzoyUwQzNgfnV9zmKQ8wUolDKnmNHyk2gUARRnJb6scQRRGM4xD1NGQyxdJN8j9Q61opvBVzow5SVq78nEhhKOQk93RlCNZLzXib+5/ViFVy4CWFRrDBD04eCmFqKW1kolk8ERopONIFIEP1XC42ggEjp6Eo6BGd+5UXSPq05Z7X6Tb3cuJrFUQQH4AhUgAPOQQNcgyZoAQQewTN4BW/Gk/FivBsf09aCMZvZB39gfP4AJMaXng==</latexit>

R(0), R(1), . . . , R(k)

<latexit sha1_base64="/dDa1G+NLVuE4hmxdIiqR4yTaI8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AK+PjN8=</latexit>

R

<latexit sha1_base64="LaQ+fXPvXwA+v0w5fTdlAzF6h60=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LAbBU0mKqMeiF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilh67bK7texZuDrBI/Jy7kqPfKX91+wrKYK2SSGtPxvRSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7plJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZvU36QnOGcmwJZVrYWwkbUk0Z2nBKNgR/+eVV0qxW/MvKxX3Vrd3kcRThBE7hHHy4ghrcQR0awCCCZ3iFN2fkvDjvzseiteDkM8fwB87nDxhyjRQ=</latexit>

# <latexit sha1_base64="a5IFsDKUkKHOl2QE1n+514rzKMU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPBgx4r2A9oQ9lsNu3SzSbuToRS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJXCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaZJMM95giUx0O6CGS6F4AwVK3k41p3EgeSsY3kz91hPXRiTqAUcp92PaVyISjKKV2t55N+QSaa9UdivuDGSZeDkpQ456r/TVDROWxVwhk9SYjuem6I+pRsEknxS7meEpZUPa5x1LFY258cezeyfk1CohiRJtSyGZqb8nxjQ2ZhQHtjOmODCL3lT8z+tkGF37Y6HSDLli80VRJgkmZPo8CYXmDOXIEsq0sLcSNqCaMrQRFW0I3uLLy6R5UfEuK9X7arl2m8dRgGM4gTPw4ApqcAd1aAADCc/wCm/Oo/PivDsf89YVJ585gj9wPn8AcMWPnA==</latexit>

1� �

QuantileQuantile  
lemma: It holds that                                                            

<latexit sha1_base64="USNywI6tGbJFaRmnk8nurrMusbY="></latexit>

Prob
�
R(0)  Quantile1��(R

(1), . . . , R(k),1)
�
� 1� �

test data calibration data
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nonconformity score (e.g., prediction error)



Conformal prediction in a nutshell

Let                                   be            i.i.d. random variables.                                                           
<latexit sha1_base64="907DLwtqaEgiF/rzNTmqFMA75R4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeCBz1WtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dlZW19Y3Ngtbxe2d3b390sFh08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPYzOvV6p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezUyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF77mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTpFG0I3uLLy6R5UfEuK9X7arl2m8dRgGM4gTPw4ApqcAd1aACDATzDK7w50nlx3p2PeeuKk88cwR84nz+tPo1t</latexit>

k + 1
<latexit sha1_base64="1jbqKRxeYKhOdgSgrZtZNxYVc0Y=">AAACB3icbVBNS8MwGE7n15xfVY+CFIewgYxWhnoceNDjFPcBWx1pmm5haVKSVBilNy/+FS8eFPHqX/DmvzHtdtDNB8L75Hnel+R9vIgSqWz72ygsLa+srhXXSxubW9s75u5eW/JYINxCnHLR9aDElDDcUkRR3I0EhqFHcccbX2Z+5wELSTi7U5MIuyEcMhIQBJWWBubh7X1SsavpSVYdXfsjnyuZX8fVdGCW7Zqdw1okzoyUwQzNgfnV9zmKQ8wUolDKnmNHyk2gUARRnJb6scQRRGM4xD1NGQyxdJN8j9Q61opvBVzow5SVq78nEhhKOQk93RlCNZLzXib+5/ViFVy4CWFRrDBD04eCmFqKW1kolk8ERopONIFIEP1XC42ggEjp6Eo6BGd+5UXSPq05Z7X6Tb3cuJrFUQQH4AhUgAPOQQNcgyZoAQQewTN4BW/Gk/FivBsf09aCMZvZB39gfP4AJMaXng==</latexit>

R(0), R(1), . . . , R(k)

<latexit sha1_base64="/dDa1G+NLVuE4hmxdIiqR4yTaI8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AK+PjN8=</latexit>

R

<latexit sha1_base64="LaQ+fXPvXwA+v0w5fTdlAzF6h60=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LAbBU0mKqMeiF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilh67bK7texZuDrBI/Jy7kqPfKX91+wrKYK2SSGtPxvRSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7plJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZvU36QnOGcmwJZVrYWwkbUk0Z2nBKNgR/+eVV0qxW/MvKxX3Vrd3kcRThBE7hHHy4ghrcQR0awCCCZ3iFN2fkvDjvzseiteDkM8fwB87nDxhyjRQ=</latexit>

# <latexit sha1_base64="a5IFsDKUkKHOl2QE1n+514rzKMU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPBgx4r2A9oQ9lsNu3SzSbuToRS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJXCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaZJMM95giUx0O6CGS6F4AwVK3k41p3EgeSsY3kz91hPXRiTqAUcp92PaVyISjKKV2t55N+QSaa9UdivuDGSZeDkpQ456r/TVDROWxVwhk9SYjuem6I+pRsEknxS7meEpZUPa5x1LFY258cezeyfk1CohiRJtSyGZqb8nxjQ2ZhQHtjOmODCL3lT8z+tkGF37Y6HSDLli80VRJgkmZPo8CYXmDOXIEsq0sLcSNqCaMrQRFW0I3uLLy6R5UfEuK9X7arl2m8dRgGM4gTPw4ApqcAd1aAADCc/wCm/Oo/PivDsf89YVJ585gj9wPn8AcMWPnA==</latexit>

1� �

QuantileQuantile  
lemma: It holds that                                                            

<latexit sha1_base64="USNywI6tGbJFaRmnk8nurrMusbY="></latexit>

Prob
�
R(0)  Quantile1��(R

(1), . . . , R(k),1)
�
� 1� �

test data calibration data
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The                                      -th smallest nonconformity score
<latexit sha1_base64="bLE1JcuzdqMpXE2kujf03goACbs=">AAACGnicbVDLSgNBEJyN7/iKevQyGIQEMexKUBEEwYMeIxgNZEOYne0kQ2YfzPSKYcl3ePFXvHhQxJt48W+cTXLQaEFDUdU9011eLIVG2/6ycjOzc/MLi0v55ZXVtfXCxuaNjhLFoc4jGamGxzRIEUIdBUpoxApY4Em49frnmX97B0qLKLzGQQytgHVD0RGcoZHaBcdFuMfRO6kCf5jGJ6eu5CAkLfX3nHLJ2Xd9kMjK1FWZPGwXinbFHoH+Jc6EFMkEtXbhw/UjngQQIpdM66Zjx9hKmULBJQzzbqIhZrzPutA0NGQB6FY6WmlId43i006kTIVIR+rPiZQFWg8Cz3QGDHt62svE/7xmgp3jVirCOEEI+fijTiIpRjTLifpCAUc5MIRxJcyulPeYYhxNmnkTgjN98l9yc1BxDivVq2rx7GISxyLZJjukRBxyRM7IJamROuHkgTyRF/JqPVrP1pv1Pm7NWZOZLfIL1uc3/VegMg==</latexit>

p := d(k + 1)(1� �)e

nonconformity score (e.g., prediction error)



Conformal prediction in a nutshell

Let                                   be            i.i.d. random variables.                                                           
<latexit sha1_base64="907DLwtqaEgiF/rzNTmqFMA75R4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeCBz1WtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dlZW19Y3Ngtbxe2d3b390sFh08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPYzOvV6p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezUyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF77mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTpFG0I3uLLy6R5UfEuK9X7arl2m8dRgGM4gTPw4ApqcAd1aACDATzDK7w50nlx3p2PeeuKk88cwR84nz+tPo1t</latexit>

k + 1
<latexit sha1_base64="1jbqKRxeYKhOdgSgrZtZNxYVc0Y=">AAACB3icbVBNS8MwGE7n15xfVY+CFIewgYxWhnoceNDjFPcBWx1pmm5haVKSVBilNy/+FS8eFPHqX/DmvzHtdtDNB8L75Hnel+R9vIgSqWz72ygsLa+srhXXSxubW9s75u5eW/JYINxCnHLR9aDElDDcUkRR3I0EhqFHcccbX2Z+5wELSTi7U5MIuyEcMhIQBJWWBubh7X1SsavpSVYdXfsjnyuZX8fVdGCW7Zqdw1okzoyUwQzNgfnV9zmKQ8wUolDKnmNHyk2gUARRnJb6scQRRGM4xD1NGQyxdJN8j9Q61opvBVzow5SVq78nEhhKOQk93RlCNZLzXib+5/ViFVy4CWFRrDBD04eCmFqKW1kolk8ERopONIFIEP1XC42ggEjp6Eo6BGd+5UXSPq05Z7X6Tb3cuJrFUQQH4AhUgAPOQQNcgyZoAQQewTN4BW/Gk/FivBsf09aCMZvZB39gfP4AJMaXng==</latexit>

R(0), R(1), . . . , R(k)

<latexit sha1_base64="/dDa1G+NLVuE4hmxdIiqR4yTaI8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AK+PjN8=</latexit>

R

<latexit sha1_base64="LaQ+fXPvXwA+v0w5fTdlAzF6h60=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LAbBU0mKqMeiF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilh67bK7texZuDrBI/Jy7kqPfKX91+wrKYK2SSGtPxvRSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7plJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZvU36QnOGcmwJZVrYWwkbUk0Z2nBKNgR/+eVV0qxW/MvKxX3Vrd3kcRThBE7hHHy4ghrcQR0awCCCZ3iFN2fkvDjvzseiteDkM8fwB87nDxhyjRQ=</latexit>

# <latexit sha1_base64="a5IFsDKUkKHOl2QE1n+514rzKMU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPBgx4r2A9oQ9lsNu3SzSbuToRS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJXCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaZJMM95giUx0O6CGS6F4AwVK3k41p3EgeSsY3kz91hPXRiTqAUcp92PaVyISjKKV2t55N+QSaa9UdivuDGSZeDkpQ456r/TVDROWxVwhk9SYjuem6I+pRsEknxS7meEpZUPa5x1LFY258cezeyfk1CohiRJtSyGZqb8nxjQ2ZhQHtjOmODCL3lT8z+tkGF37Y6HSDLli80VRJgkmZPo8CYXmDOXIEsq0sLcSNqCaMrQRFW0I3uLLy6R5UfEuK9X7arl2m8dRgGM4gTPw4ApqcAd1aAADCc/wCm/Oo/PivDsf89YVJ585gj9wPn8AcMWPnA==</latexit>

1� �

QuantileQuantile  
lemma: It holds that                                                            

<latexit sha1_base64="USNywI6tGbJFaRmnk8nurrMusbY="></latexit>

Prob
�
R(0)  Quantile1��(R

(1), . . . , R(k),1)
�
� 1� �

test data calibration data
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The                                      -th smallest nonconformity score
<latexit sha1_base64="bLE1JcuzdqMpXE2kujf03goACbs=">AAACGnicbVDLSgNBEJyN7/iKevQyGIQEMexKUBEEwYMeIxgNZEOYne0kQ2YfzPSKYcl3ePFXvHhQxJt48W+cTXLQaEFDUdU9011eLIVG2/6ycjOzc/MLi0v55ZXVtfXCxuaNjhLFoc4jGamGxzRIEUIdBUpoxApY4Em49frnmX97B0qLKLzGQQytgHVD0RGcoZHaBcdFuMfRO6kCf5jGJ6eu5CAkLfX3nHLJ2Xd9kMjK1FWZPGwXinbFHoH+Jc6EFMkEtXbhw/UjngQQIpdM66Zjx9hKmULBJQzzbqIhZrzPutA0NGQB6FY6WmlId43i006kTIVIR+rPiZQFWg8Cz3QGDHt62svE/7xmgp3jVirCOEEI+fijTiIpRjTLifpCAUc5MIRxJcyulPeYYhxNmnkTgjN98l9yc1BxDivVq2rx7GISxyLZJjukRBxyRM7IJamROuHkgTyRF/JqPVrP1pv1Pm7NWZOZLfIL1uc3/VegMg==</latexit>

p := d(k + 1)(1� �)e

nonconformity score (e.g., prediction error)

computationally efficient



Conformal prediction in a nutshell

Let                                   be            i.i.d. random variables.                                                           
<latexit sha1_base64="907DLwtqaEgiF/rzNTmqFMA75R4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeCBz1WtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dlZW19Y3Ngtbxe2d3b390sFh08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPYzOvV6p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezUyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF77mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTpFG0I3uLLy6R5UfEuK9X7arl2m8dRgGM4gTPw4ApqcAd1aACDATzDK7w50nlx3p2PeeuKk88cwR84nz+tPo1t</latexit>

k + 1
<latexit sha1_base64="1jbqKRxeYKhOdgSgrZtZNxYVc0Y=">AAACB3icbVBNS8MwGE7n15xfVY+CFIewgYxWhnoceNDjFPcBWx1pmm5haVKSVBilNy/+FS8eFPHqX/DmvzHtdtDNB8L75Hnel+R9vIgSqWz72ygsLa+srhXXSxubW9s75u5eW/JYINxCnHLR9aDElDDcUkRR3I0EhqFHcccbX2Z+5wELSTi7U5MIuyEcMhIQBJWWBubh7X1SsavpSVYdXfsjnyuZX8fVdGCW7Zqdw1okzoyUwQzNgfnV9zmKQ8wUolDKnmNHyk2gUARRnJb6scQRRGM4xD1NGQyxdJN8j9Q61opvBVzow5SVq78nEhhKOQk93RlCNZLzXib+5/ViFVy4CWFRrDBD04eCmFqKW1kolk8ERopONIFIEP1XC42ggEjp6Eo6BGd+5UXSPq05Z7X6Tb3cuJrFUQQH4AhUgAPOQQNcgyZoAQQewTN4BW/Gk/FivBsf09aCMZvZB39gfP4AJMaXng==</latexit>

R(0), R(1), . . . , R(k)

<latexit sha1_base64="/dDa1G+NLVuE4hmxdIiqR4yTaI8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AK+PjN8=</latexit>

R

<latexit sha1_base64="LaQ+fXPvXwA+v0w5fTdlAzF6h60=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LAbBU0mKqMeiF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilh67bK7texZuDrBI/Jy7kqPfKX91+wrKYK2SSGtPxvRSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7plJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZvU36QnOGcmwJZVrYWwkbUk0Z2nBKNgR/+eVV0qxW/MvKxX3Vrd3kcRThBE7hHHy4ghrcQR0awCCCZ3iFN2fkvDjvzseiteDkM8fwB87nDxhyjRQ=</latexit>

# <latexit sha1_base64="a5IFsDKUkKHOl2QE1n+514rzKMU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPBgx4r2A9oQ9lsNu3SzSbuToRS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJXCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaZJMM95giUx0O6CGS6F4AwVK3k41p3EgeSsY3kz91hPXRiTqAUcp92PaVyISjKKV2t55N+QSaa9UdivuDGSZeDkpQ456r/TVDROWxVwhk9SYjuem6I+pRsEknxS7meEpZUPa5x1LFY258cezeyfk1CohiRJtSyGZqb8nxjQ2ZhQHtjOmODCL3lT8z+tkGF37Y6HSDLli80VRJgkmZPo8CYXmDOXIEsq0sLcSNqCaMrQRFW0I3uLLy6R5UfEuK9X7arl2m8dRgGM4gTPw4ApqcAd1aAADCc/wCm/Oo/PivDsf89YVJ585gj9wPn8AcMWPnA==</latexit>

1� �

QuantileQuantile  
lemma: It holds that                                                            

<latexit sha1_base64="USNywI6tGbJFaRmnk8nurrMusbY="></latexit>

Prob
�
R(0)  Quantile1��(R

(1), . . . , R(k),1)
�
� 1� �

test data calibration data
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The                                      -th smallest nonconformity score
<latexit sha1_base64="bLE1JcuzdqMpXE2kujf03goACbs=">AAACGnicbVDLSgNBEJyN7/iKevQyGIQEMexKUBEEwYMeIxgNZEOYne0kQ2YfzPSKYcl3ePFXvHhQxJt48W+cTXLQaEFDUdU9011eLIVG2/6ycjOzc/MLi0v55ZXVtfXCxuaNjhLFoc4jGamGxzRIEUIdBUpoxApY4Em49frnmX97B0qLKLzGQQytgHVD0RGcoZHaBcdFuMfRO6kCf5jGJ6eu5CAkLfX3nHLJ2Xd9kMjK1FWZPGwXinbFHoH+Jc6EFMkEtXbhw/UjngQQIpdM66Zjx9hKmULBJQzzbqIhZrzPutA0NGQB6FY6WmlId43i006kTIVIR+rPiZQFWg8Cz3QGDHt62svE/7xmgp3jVirCOEEI+fijTiIpRjTLifpCAUc5MIRxJcyulPeYYhxNmnkTgjN98l9yc1BxDivVq2rx7GISxyLZJjukRBxyRM7IJamROuHkgTyRF/JqPVrP1pv1Pm7NWZOZLfIL1uc3/VegMg==</latexit>

p := d(k + 1)(1� �)e

nonconformity score (e.g., prediction error)

• Implicit data requirement: 
<latexit sha1_base64="S7wWGa9AKebnDNy7J47FADXMAss=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCBz1WsB/QhrLZTtq1m03Y3Qgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzCRBP6JDyUPOqLFSK+kJJON+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NopObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsdTLgCpkRE0soU9zeStiIKsqMDahkQ/CWX14lrYuqd1mt3dcq9ds8jiKcwCmcgwdXUIc7aEATGDzCM7zCmxM7L86787FoLTj5zDH8gfP5Azf6juw=</latexit>

p  k

computationally efficient



Conformal prediction in a nutshell

• For regression, the nonconformity score                                        results in
<latexit sha1_base64="e5J8VAERDlBrJjR/ziEQfgwJh/s=">AAACCHicbZC7SgNBFIZn4y3G26qlhYNBSArDrnhDEAIWWkYxF0jWMDuZTYbMXpiLEDcpbXwVGwtFbH0EO9/GSXYLjf4w8PGfczhzfjdiVEjL+jIyM7Nz8wvZxdzS8srqmrm+UROh4phUcchC3nCRIIwGpCqpZKQRcYJ8l5G62z8f1+t3hAsaBjdyEBHHR92AehQjqa22uX19GxdocXR6NrxPaK/lq4JKuDhsm3mrZE0E/4KdQh6kqrTNz1YnxMongcQMCdG0rUg6MeKSYkZGuZYSJEK4j7qkqTFAPhFOPDlkBHe104FeyPULJJy4Pydi5Asx8F3d6SPZE9O1sflframkd+LENIiUJAFOFnmKQRnCcSqwQznBkg00IMyp/ivEPcQRljq7nA7Bnj75L9T2S/ZR6fDqIF++SOPIgi2wAwrABsegDC5BBVQBBg/gCbyAV+PReDbejPekNWOkM5vgl4yPb7l+mIw=</latexit>

R(i) := |z(i) � µ(u(i))|
<latexit sha1_base64="EHQ9U5DfCcIvEVxW10g8a5+CtXg="></latexit>

Prob(z 2 [µ(u)�Quantile1��, µ(u) + Quantile1��]) � 1� �

Let                                   be            i.i.d. random variables.                                                           
<latexit sha1_base64="907DLwtqaEgiF/rzNTmqFMA75R4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeCBz1WtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dlZW19Y3Ngtbxe2d3b390sFh08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPYzOvV6p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezUyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF77mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTpFG0I3uLLy6R5UfEuK9X7arl2m8dRgGM4gTPw4ApqcAd1aACDATzDK7w50nlx3p2PeeuKk88cwR84nz+tPo1t</latexit>

k + 1
<latexit sha1_base64="1jbqKRxeYKhOdgSgrZtZNxYVc0Y=">AAACB3icbVBNS8MwGE7n15xfVY+CFIewgYxWhnoceNDjFPcBWx1pmm5haVKSVBilNy/+FS8eFPHqX/DmvzHtdtDNB8L75Hnel+R9vIgSqWz72ygsLa+srhXXSxubW9s75u5eW/JYINxCnHLR9aDElDDcUkRR3I0EhqFHcccbX2Z+5wELSTi7U5MIuyEcMhIQBJWWBubh7X1SsavpSVYdXfsjnyuZX8fVdGCW7Zqdw1okzoyUwQzNgfnV9zmKQ8wUolDKnmNHyk2gUARRnJb6scQRRGM4xD1NGQyxdJN8j9Q61opvBVzow5SVq78nEhhKOQk93RlCNZLzXib+5/ViFVy4CWFRrDBD04eCmFqKW1kolk8ERopONIFIEP1XC42ggEjp6Eo6BGd+5UXSPq05Z7X6Tb3cuJrFUQQH4AhUgAPOQQNcgyZoAQQewTN4BW/Gk/FivBsf09aCMZvZB39gfP4AJMaXng==</latexit>

R(0), R(1), . . . , R(k)

<latexit sha1_base64="/dDa1G+NLVuE4hmxdIiqR4yTaI8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AK+PjN8=</latexit>

R

<latexit sha1_base64="LaQ+fXPvXwA+v0w5fTdlAzF6h60=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LAbBU0mKqMeiF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilh67bK7texZuDrBI/Jy7kqPfKX91+wrKYK2SSGtPxvRSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7plJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZvU36QnOGcmwJZVrYWwkbUk0Z2nBKNgR/+eVV0qxW/MvKxX3Vrd3kcRThBE7hHHy4ghrcQR0awCCCZ3iFN2fkvDjvzseiteDkM8fwB87nDxhyjRQ=</latexit>

# <latexit sha1_base64="a5IFsDKUkKHOl2QE1n+514rzKMU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPBgx4r2A9oQ9lsNu3SzSbuToRS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJXCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaZJMM95giUx0O6CGS6F4AwVK3k41p3EgeSsY3kz91hPXRiTqAUcp92PaVyISjKKV2t55N+QSaa9UdivuDGSZeDkpQ456r/TVDROWxVwhk9SYjuem6I+pRsEknxS7meEpZUPa5x1LFY258cezeyfk1CohiRJtSyGZqb8nxjQ2ZhQHtjOmODCL3lT8z+tkGF37Y6HSDLli80VRJgkmZPo8CYXmDOXIEsq0sLcSNqCaMrQRFW0I3uLLy6R5UfEuK9X7arl2m8dRgGM4gTPw4ApqcAd1aAADCc/wCm/Oo/PivDsf89YVJ585gj9wPn8AcMWPnA==</latexit>

1� �

QuantileQuantile  
lemma: It holds that                                                            

<latexit sha1_base64="USNywI6tGbJFaRmnk8nurrMusbY="></latexit>

Prob
�
R(0)  Quantile1��(R

(1), . . . , R(k),1)
�
� 1� �

test data calibration data

12

The                                      -th smallest nonconformity score
<latexit sha1_base64="bLE1JcuzdqMpXE2kujf03goACbs=">AAACGnicbVDLSgNBEJyN7/iKevQyGIQEMexKUBEEwYMeIxgNZEOYne0kQ2YfzPSKYcl3ePFXvHhQxJt48W+cTXLQaEFDUdU9011eLIVG2/6ycjOzc/MLi0v55ZXVtfXCxuaNjhLFoc4jGamGxzRIEUIdBUpoxApY4Em49frnmX97B0qLKLzGQQytgHVD0RGcoZHaBcdFuMfRO6kCf5jGJ6eu5CAkLfX3nHLJ2Xd9kMjK1FWZPGwXinbFHoH+Jc6EFMkEtXbhw/UjngQQIpdM66Zjx9hKmULBJQzzbqIhZrzPutA0NGQB6FY6WmlId43i006kTIVIR+rPiZQFWg8Cz3QGDHt62svE/7xmgp3jVirCOEEI+fijTiIpRjTLifpCAUc5MIRxJcyulPeYYhxNmnkTgjN98l9yc1BxDivVq2rx7GISxyLZJjukRBxyRM7IJamROuHkgTyRF/JqPVrP1pv1Pm7NWZOZLfIL1uc3/VegMg==</latexit>

p := d(k + 1)(1� �)e

nonconformity score (e.g., prediction error)

• Implicit data requirement: 
<latexit sha1_base64="S7wWGa9AKebnDNy7J47FADXMAss=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCBz1WsB/QhrLZTtq1m03Y3Qgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzCRBP6JDyUPOqLFSK+kJJON+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NopObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsdTLgCpkRE0soU9zeStiIKsqMDahkQ/CWX14lrYuqd1mt3dcq9ds8jiKcwCmcgwdXUIc7aEATGDzCM7zCmxM7L86787FoLTj5zDH8gfP5Azf6juw=</latexit>

p  k

computationally efficient



Conformal prediction in a nutshell

• For regression, the nonconformity score                                        results in
<latexit sha1_base64="e5J8VAERDlBrJjR/ziEQfgwJh/s=">AAACCHicbZC7SgNBFIZn4y3G26qlhYNBSArDrnhDEAIWWkYxF0jWMDuZTYbMXpiLEDcpbXwVGwtFbH0EO9/GSXYLjf4w8PGfczhzfjdiVEjL+jIyM7Nz8wvZxdzS8srqmrm+UROh4phUcchC3nCRIIwGpCqpZKQRcYJ8l5G62z8f1+t3hAsaBjdyEBHHR92AehQjqa22uX19GxdocXR6NrxPaK/lq4JKuDhsm3mrZE0E/4KdQh6kqrTNz1YnxMongcQMCdG0rUg6MeKSYkZGuZYSJEK4j7qkqTFAPhFOPDlkBHe104FeyPULJJy4Pydi5Asx8F3d6SPZE9O1sflframkd+LENIiUJAFOFnmKQRnCcSqwQznBkg00IMyp/ivEPcQRljq7nA7Bnj75L9T2S/ZR6fDqIF++SOPIgi2wAwrABsegDC5BBVQBBg/gCbyAV+PReDbejPekNWOkM5vgl4yPb7l+mIw=</latexit>

R(i) := |z(i) � µ(u(i))|
<latexit sha1_base64="EHQ9U5DfCcIvEVxW10g8a5+CtXg="></latexit>

Prob(z 2 [µ(u)�Quantile1��, µ(u) + Quantile1��]) � 1� �

Let                                   be            i.i.d. random variables.                                                           
<latexit sha1_base64="907DLwtqaEgiF/rzNTmqFMA75R4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeCBz1WtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dlZW19Y3Ngtbxe2d3b390sFh08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPYzOvV6p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezUyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF77mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTpFG0I3uLLy6R5UfEuK9X7arl2m8dRgGM4gTPw4ApqcAd1aACDATzDK7w50nlx3p2PeeuKk88cwR84nz+tPo1t</latexit>

k + 1
<latexit sha1_base64="1jbqKRxeYKhOdgSgrZtZNxYVc0Y=">AAACB3icbVBNS8MwGE7n15xfVY+CFIewgYxWhnoceNDjFPcBWx1pmm5haVKSVBilNy/+FS8eFPHqX/DmvzHtdtDNB8L75Hnel+R9vIgSqWz72ygsLa+srhXXSxubW9s75u5eW/JYINxCnHLR9aDElDDcUkRR3I0EhqFHcccbX2Z+5wELSTi7U5MIuyEcMhIQBJWWBubh7X1SsavpSVYdXfsjnyuZX8fVdGCW7Zqdw1okzoyUwQzNgfnV9zmKQ8wUolDKnmNHyk2gUARRnJb6scQRRGM4xD1NGQyxdJN8j9Q61opvBVzow5SVq78nEhhKOQk93RlCNZLzXib+5/ViFVy4CWFRrDBD04eCmFqKW1kolk8ERopONIFIEP1XC42ggEjp6Eo6BGd+5UXSPq05Z7X6Tb3cuJrFUQQH4AhUgAPOQQNcgyZoAQQewTN4BW/Gk/FivBsf09aCMZvZB39gfP4AJMaXng==</latexit>

R(0), R(1), . . . , R(k)

<latexit sha1_base64="/dDa1G+NLVuE4hmxdIiqR4yTaI8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AK+PjN8=</latexit>

R

<latexit sha1_base64="LaQ+fXPvXwA+v0w5fTdlAzF6h60=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LAbBU0mKqMeiF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilh67bK7texZuDrBI/Jy7kqPfKX91+wrKYK2SSGtPxvRSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7plJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZvU36QnOGcmwJZVrYWwkbUk0Z2nBKNgR/+eVV0qxW/MvKxX3Vrd3kcRThBE7hHHy4ghrcQR0awCCCZ3iFN2fkvDjvzseiteDkM8fwB87nDxhyjRQ=</latexit>

# <latexit sha1_base64="a5IFsDKUkKHOl2QE1n+514rzKMU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPBgx4r2A9oQ9lsNu3SzSbuToRS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJXCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaZJMM95giUx0O6CGS6F4AwVK3k41p3EgeSsY3kz91hPXRiTqAUcp92PaVyISjKKV2t55N+QSaa9UdivuDGSZeDkpQ456r/TVDROWxVwhk9SYjuem6I+pRsEknxS7meEpZUPa5x1LFY258cezeyfk1CohiRJtSyGZqb8nxjQ2ZhQHtjOmODCL3lT8z+tkGF37Y6HSDLli80VRJgkmZPo8CYXmDOXIEsq0sLcSNqCaMrQRFW0I3uLLy6R5UfEuK9X7arl2m8dRgGM4gTPw4ApqcAd1aAADCc/wCm/Oo/PivDsf89YVJ585gj9wPn8AcMWPnA==</latexit>

1� �

QuantileQuantile  
lemma: It holds that                                                            

<latexit sha1_base64="USNywI6tGbJFaRmnk8nurrMusbY="></latexit>

Prob
�
R(0)  Quantile1��(R

(1), . . . , R(k),1)
�
� 1� �

test data calibration data

• Simple, general, and efficient with the right nonconformity score1:

1Tumu, Cleaveland, Mangharam, Pappas, and Lindemann, “Multi-Modal Conformal Prediction Regions by Optimizing Convex Shape Templates”, L4DC, 2024.
12

The                                      -th smallest nonconformity score
<latexit sha1_base64="bLE1JcuzdqMpXE2kujf03goACbs=">AAACGnicbVDLSgNBEJyN7/iKevQyGIQEMexKUBEEwYMeIxgNZEOYne0kQ2YfzPSKYcl3ePFXvHhQxJt48W+cTXLQaEFDUdU9011eLIVG2/6ycjOzc/MLi0v55ZXVtfXCxuaNjhLFoc4jGamGxzRIEUIdBUpoxApY4Em49frnmX97B0qLKLzGQQytgHVD0RGcoZHaBcdFuMfRO6kCf5jGJ6eu5CAkLfX3nHLJ2Xd9kMjK1FWZPGwXinbFHoH+Jc6EFMkEtXbhw/UjngQQIpdM66Zjx9hKmULBJQzzbqIhZrzPutA0NGQB6FY6WmlId43i006kTIVIR+rPiZQFWg8Cz3QGDHt62svE/7xmgp3jVirCOEEI+fijTiIpRjTLifpCAUc5MIRxJcyulPeYYhxNmnkTgjN98l9yc1BxDivVq2rx7GISxyLZJjukRBxyRM7IJamROuHkgTyRF/JqPVrP1pv1Pm7NWZOZLfIL1uc3/VegMg==</latexit>

p := d(k + 1)(1� �)e

nonconformity score (e.g., prediction error)

• Implicit data requirement: 
<latexit sha1_base64="S7wWGa9AKebnDNy7J47FADXMAss=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCBz1WsB/QhrLZTtq1m03Y3Qgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzCRBP6JDyUPOqLFSK+kJJON+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NopObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsdTLgCpkRE0soU9zeStiIKsqMDahkQ/CWX14lrYuqd1mt3dcq9ds8jiKcwCmcgwdXUIc7aEATGDzCM7zCmxM7L86787FoLTj5zDH8gfP5Azf6juw=</latexit>

p  k

computationally efficient
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• System Dynamics: well understood and can be modeled accurately
• Dynamic Environment: uncertain and in general hard to model
• Data-rich: large datasets describing behavior of dynamic environments
• Prediction: learning-enabled algorithms

Safe control using conformal prediction

14

We use conformal prediction to design safe and computationally efficient control algorithms.
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Conformal 
 Prediction

Offline trajectory dataset

Online observations
Trajectory 
 predictor

failure probability

<latexit sha1_base64="7pLyP9Ka1ScnBGW99eBvg7X8Mbk=">AAACJHicbVDLSgMxFM34tr6qLt0Ei1AXlhkRFdwILnRZwbZCp5RMetuGZjJDckcsw3yMG3/FjQsfuHDjt5hOu1DrCYHDOffe3JwglsKg6346M7Nz8wuLS8uFldW19Y3i5lbdRInmUOORjPRtwAxIoaCGAiXcxhpYGEhoBIOLkd+4A21EpG5wGEMrZD0luoIztFK7eOYj3GM+Jw0k44MszZW0qqMgKw99oSj1z8aH7vs9oN6B3wGJLGsXS27FzUGniTchJTJBtV188zsRT0JQyCUzpum5MbZSplFwCVnBTwzEdgfWg6alioVgWmm+XEb3rNKh3Ujbq5Dm6s+OlIXGDMPAVoYM++avNxL/85oJdk9bqVBxgqD4+KFuIilGdJQY7QgNHOXQEsa1sLtS3meacbS5FmwI3t8vT5P6YcU7rhxdH5XOLydxLJEdskvKxCMn5JxckSqpEU4eyBN5Ia/Oo/PsvDsf49IZZ9KzTX7B+foGfrykpQ==</latexit>

Prob(y 2 ) � 1� �

How good are these estimates?

Overview 



15

Conformal 
 Prediction

Offline trajectory dataset

Online observations
Trajectory 
 predictor

Dynamics
<latexit sha1_base64="upxWI93JIBlYVDyWVAMFwJ9vFeo=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRahopREinoRil48VrAf0Iaw2W7apZtN2J1IS8hf8eJBEa/+EW/+G7dtDlp9MPB4b4aZeX7MmQLb/jIKK6tr6xvFzdLW9s7unrlfbqsokYS2SMQj2fWxopwJ2gIGnHZjSXHoc9rxx7czv/NIpWKReIBpTN0QDwULGMGgJc8sT7wUTp3sOqhOPDhLPDjxzIpds+ew/hInJxWUo+mZn/1BRJKQCiAcK9Vz7BjcFEtghNOs1E8UjTEZ4yHtaSpwSJWbzm/PrGOtDKwgkroEWHP150SKQ6Wmoa87QwwjtezNxP+8XgLBlZsyESdABVksChJuQWTNgrAGTFICfKoJJpLpWy0ywhIT0HGVdAjO8st/Sfu85lzU6vf1SuMmj6OIDtERqiIHXaIGukNN1EIETdATekGvRmY8G2/G+6K1YOQzB+gXjI9v7BeTug==</latexit>
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Contributions: 
•  Computationally lightweight algorithm 
•  Probabilistic safety guarantees 
•  Temporal logic constraints 
•  Deals with distribution shifts
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R(i)
⌧ := ky(i)⌧ � ŷ(i)⌧ k
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calibration data
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⌧ ,1)
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⌧ ,1)

Example: Intersection with pedestrians in CARLA

Lindemann, Cleaveland, Shim, and Pappas, “Safe Planning in Dynamic Environments using Conformal Prediction”, RA-L, 2023.

calibration data
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C⌧ := Quantile1��/(T�t)(R
(1)
⌧ , . . . , R(k)

⌧ ,1)

Example: Intersection with pedestrians in CARLA

2.5 second ahead prediction error

Lindemann, Cleaveland, Shim, and Pappas, “Safe Planning in Dynamic Environments using Conformal Prediction”, RA-L, 2023.
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Uncertainty representation in dynamic environments
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Uncertainty representation in dynamic environments
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1Cleaveland, Lee, Pappas, and Lindemann, “Conformal Prediction for Time Series using Linear Complementarity Programming”, AAAI, 2024.
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Prob(ky⌧ � ŷ⌧k  C/↵⌧ , 8⌧ 2 {t+ 1, . . . , T}) � 1� �

• Recall, we compute

normalization constant (next slide)
<latexit sha1_base64="KJESBlOVGeYvH9xIlIoM2384tK4="></latexit>

C = Quantile1��(R
(1), . . . , R(k),1)



18

• Conservatism can be avoided using the nonconformity score1

1Cleaveland, Lee, Pappas, and Lindemann, “Conformal Prediction for Time Series using Linear Complementarity Programming”, AAAI, 2024.

Efficient uncertainty representations
<latexit sha1_base64="7AIMCK8Wv0w34vMJKQLNM29NApo="></latexit>

C⌧ := Quantile1��/(T�t)(R
(1)
⌧ , . . . , R(k)

⌧ ,1)

<latexit sha1_base64="1w2eYm0YDZrp+QwSbkoGffknRSU="></latexit>

R(i) := max(↵t+1R
(i)
t+1, . . . ,↵TR

(i)
T )

<latexit sha1_base64="opyL/3N+ZVIRmryw7OCFGw2Tg7Q="></latexit>
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1.25 second ahead prediction error 1.8 second ahead prediction error
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Efficient uncertainty representations
• Recall the nonconformity score
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How to choose these optimally?
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TX

j=1

↵j = 1

↵j � 0
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Open-loop control design:
robust safety constraint

Toy example:

t=4 t=8 t=15

Animated:
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Open-loop control design:
robust safety constraint

Toy example:

t=4 t=8 t=15

Animated:

• Potentially conservative and leading to infeasibilities
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Model predictive control:

1Stamouli, Lindemann, and Pappas, “Recursively Feasible MPC in Dynamic Environments with Conformal Prediction Guarantees”, L4DC, 2024.
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Model predictive control:
update at each time step t

1Stamouli, Lindemann, and Pappas, “Recursively Feasible MPC in Dynamic Environments with Conformal Prediction Guarantees”, L4DC, 2024.

<latexit sha1_base64="MzMMZkqEeUM6f/0uqWuRfDg5dII="></latexit>

min
(ut,...,uT�1)

J(x, u)

s.t. x⌧+1 = f(x⌧ , u⌧ ), ⌧ 2 {t, . . . , T � 1}
sup

y⌧2B⌧

c(x⌧ , y⌧ ) � 0, ⌧ 2 {t+ 1, . . . , t+H}

u⌧ 2 U , x⌧+1 2 X , ⌧ 2 {t, . . . , T � 1}



Uncertainty-aware closed-loop control

21

Model predictive control:
update at each time step t

prediction horizon
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Model predictive control:

If the MPC is recursively feasible1, we find a safe controller with a probability of at least           .                          
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1� �

update at each time step t

Toy example:

t=4 t=8 t=15
Animated:

prediction horizon

1Stamouli, Lindemann, and Pappas, “Recursively Feasible MPC in Dynamic Environments with Conformal Prediction Guarantees”, L4DC, 2024.
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y⌧2B⌧

c(x⌧ , y⌧ ) � 0, ⌧ 2 {t+ 1, . . . , t+H}

u⌧ 2 U , x⌧+1 2 X , ⌧ 2 {t, . . . , T � 1}
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• 99/100 test runs without constraint violation (at most 5 expected) 

Case Study: CARLA

Comparison with Gaussian Process: 

• Largely undercovers
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Control under temporal logic constraints

An temporal logic formula     has performance measure    . 
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Control under temporal logic constraints
Temporal logic task     with performance measure Dynamics

<latexit sha1_base64="upxWI93JIBlYVDyWVAMFwJ9vFeo=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRahopREinoRil48VrAf0Iaw2W7apZtN2J1IS8hf8eJBEa/+EW/+G7dtDlp9MPB4b4aZeX7MmQLb/jIKK6tr6xvFzdLW9s7unrlfbqsokYS2SMQj2fWxopwJ2gIGnHZjSXHoc9rxx7czv/NIpWKReIBpTN0QDwULGMGgJc8sT7wUTp3sOqhOPDhLPDjxzIpds+ew/hInJxWUo+mZn/1BRJKQCiAcK9Vz7BjcFEtghNOs1E8UjTEZ4yHtaSpwSJWbzm/PrGOtDKwgkroEWHP150SKQ6Wmoa87QwwjtezNxP+8XgLBlZsyESdABVksChJuQWTNgrAGTFICfKoJJpLpWy0ywhIT0HGVdAjO8st/Sfu85lzU6vf1SuMmj6OIDtERqiIHXaIGukNN1EIETdATekGvRmY8G2/G+6K1YOQzB+gXjI9v7BeTug==</latexit>

xt+1 = f(xt, ut)

<latexit sha1_base64="k1fpZSZPSp6s5rlt6VcmisQXhcs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FD3qsYD+gDWWz3TRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBQln2rjut1Pa2Nza3invVvb2Dw6PqscnXR2nitAOiXms+gHWlDNJO4YZTvuJolgEnPaC6W3u956o0iyWj2aWUF/giWQhI9jk0jCJ2Khac+vuAmideAWpQYH2qPo1HMckFVQawrHWA89NjJ9hZRjhdF4ZppommEzxhA4slVhQ7WeLW+fowipjFMbKljRoof6eyLDQeiYC2ymwifSql4v/eYPUhDd+xmSSGirJclGYcmRilD+OxkxRYvjMEkwUs7ciEmGFibHxVGwI3urL66R7Vfea9cZDo9a6K+IowxmcwyV4cA0tuIc2dIBABM/wCm+OcF6cd+dj2VpyiplT+APn8wcX945N</latexit>

�
<latexit sha1_base64="vSkQfpEtj/jPYJO2QnwHbtD3gwQ=">AAAB9XicbVDLSsNAFJ3UV62vqks3g0WoICWRoi4LLnRZwT6gSctkOmmGTmbCzEQNof/hxoUibv0Xd/6N0zYLbT1w4XDOvdx7jx8zqrRtf1uFldW19Y3iZmlre2d3r7x/0FYikZi0sGBCdn2kCKOctDTVjHRjSVDkM9Lxx9dTv/NApKKC3+s0Jl6ERpwGFCNtpL4rQ9F345BWn87S00G5YtfsGeAycXJSATmag/KXOxQ4iQjXmCGleo4day9DUlPMyKTkJorECI/RiPQM5SgiystmV0/giVGGMBDSFNdwpv6eyFCkVBr5pjNCOlSL3lT8z+slOrjyMsrjRBOO54uChEEt4DQCOKSSYM1SQxCW1NwKcYgkwtoEVTIhOIsvL5P2ec25qNXv6pXGTR5HERyBY1AFDrgEDXALmqAFMJDgGbyCN+vRerHerY95a8HKZw7BH1ifP+IdkiI=</latexit>

⇢�(x, y)

Yu, Zhao, Yin, and Lindemann, “Signal Temporal Logic Control Synthesis among Uncontrollable Dynamic Agents with Conformal Prediction”, TAC (prep.), 2024.
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Yu, Zhao, Yin, and Lindemann, “Signal Temporal Logic Control Synthesis among Uncontrollable Dynamic Agents with Conformal Prediction”, TAC (prep.), 2024.
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Yu, Zhao, Yin, and Lindemann, “Signal Temporal Logic Control Synthesis among Uncontrollable Dynamic Agents with Conformal Prediction”, TAC (prep.), 2024.

Robust performance 
measure 

<latexit sha1_base64="jgKvPFPktw023qziYhDotSTuJaE=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItQQUoiRV0WXOiygn1AE8tkOmmGTmbCzEQMIeDGX3HjQhG3/oQ7/8Zpm4VWD1w4nHMv997jx5RIZdtfRmlhcWl5pbxaWVvf2Nwyt3c6kicC4TbilIueDyWmhOG2IoriXiwwjHyKu/74YuJ377CQhLMblcbYi+CIkYAgqLQ0MPdcH4rMFSHPb904JLX7YzeEKkvzo4FZtev2FNZf4hSkCgq0BuanO+QoiTBTiEIp+44dKy+DQhFEcV5xE4ljiMZwhPuaMhhh6WXTH3LrUCtDK+BCF1PWVP05kcFIyjTydWcEVSjnvYn4n9dPVHDuZYTFicIMzRYFCbUUtyaBWEMiMFI01QQiQfStFgqhgEjp2Co6BGf+5b+kc1J3TuuN60a1eVnEUQb74ADUgAPOQBNcgRZoAwQewBN4Aa/Go/FsvBnvs9aSUczsgl8wPr4BMXOX5Q==</latexit>

⇢̄�(x, ŷ)
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B⌧ := {y s.t. ky � ŷ⌧k  C⌧}solved recursively on the structure of
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Yu, Zhao, Yin, and Lindemann, “Signal Temporal Logic Control Synthesis among Uncontrollable Dynamic Agents with Conformal Prediction”, TAC (prep.), 2024.
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• Design and deployment conditions may be different, i.e., the distribution may “shift”
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Safe control when the distribution shifts

1Cauchois, Gupta, Ali, and Duchi, “Robust validation: Confident predictions even when distributions shift”, JASA, 2024.
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Safe control when the distribution shifts

Assumption: design and deployment conditions are -close in f-divergenceϵ

It holds that Prob(R(0) ≤ C̃) ≥ 1 − δ with C̃ := Quantile1−δ̃(ϵ)(R(1), . . . , R(k)) .
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