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Data-Driven Control Approaches

@. Data-driven systems are crucial everywhere from machines to environment and society
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Data-Driven Analysis with Provable Guarantees
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Data-Driven Analysis with Provable Guarantees

@. Closed-form mathematical models: not available "
or too complex to be used )

@ Model-based techniques are not applicable Physical

Black Box SRR LA

“Essentially, Sampled Data
—
all models are wrong,

but some are usefil.”

Safety Specification

George Box
Statistician
19192013

Newastie
Onlversity
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Data-Driven Analysis: Indirect and Direct Methods

@ Indirect data-driven techniques: System
identification followed by model-based methods

@ complicated and expensive

@ two-level computational complexit at: System Controller
o-leve P P y Data Identification Analysis

limited mainly to linear systems
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Data-Driven Analysis: Indirect and Direct Methods

Indirect data-driven techniques: System
identification followed by model-based methods

@ complicated and expensive
@ two-level computational complexity

Direct data-driven techniques: Bypass system
identification and directly employ system
measurements

Newcastie
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Direct Data-Driven Analysis

|

System Controller
Data P ‘o
Identification Analysis
limited mainly to linear systems
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Data-Driven Analysis: Indirect and Direct Methods

@ Indirect data-driven techniques: System
identification followed by model-based methods

Direct Data-Driven Analysis

@ complicated and expensive l
o_ two-level computational complexit at: bysten Controller
P P y Data Identification Analysis

@ Direct data-driven techniques: Bypass system
identification and directly employ system
measurements

limited mainly to linear systems

Question of interest

How to provide safety certificates using direct data-driven techniques for general class of nonlinear systems
with unknown models?
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Data-Driven Analysis: Our Proposed Framework

@. Cast original safety problem as an ROP
@. Provide SOP corresponding to ROP

@. Establish a probabilistic relation between optimal
values of SOP (n3) and ROP (n%) with a threshold ¢

Direct Data-Driven Analysis

@. Quantify an a-priori guaranteed confidence over safety

|

of unknown systems

Newcastie

Yaweests Abolfazl Lavaei

System Controller
Data o "
o Identification Analysis
limited mainly to linear systems
Original Robust Scenario
Safety le.—»| Optimisation | —»f Optimisation
Problem Program (ROP) Program (SOP)

Guaranteed Probabilistic

Confidence
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Data-Driven Analysis: Our Proposed Framework

@. Cast original safety problem as an ROP
@. Provide SOP corresponding to ROP

@. Establish a probabilistic relation between optimal
values of SOP (n3) and ROP (n%) with a threshold ¢

@. Quantify an a-priori guaranteed confidence over safety
of unknown systems

Theorem (guaranteed confidence)

If g + e <0, then
IP{BIack—box system safety} >1-p5, pe€[0,1]

Direct Data-Driven Analysis

|

System Controller
Data o "
o Identification Analysis
limited mainly to linear systems
Original Robust Scenario
Safety le.—»| Optimisation |—»f Optimisation
Problem Program (ROP) Program (SOP)

SOP Solving
@. Linear programing / mixed-integer linear programing via
solver Mosek

Newcastie
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Data-driven safety verification of unknown systems:

@ Discrete-time systems
Sa: w(k+1) = f(x(k))

@. Continuous-time systems

Ye:d(t) = f(x(t))

@. Discrete-time stochastic systems
a:a(k+1) = f(x(k),<(k))

@. Continuous-time stochastic systems
Yo dz(t) = f(z(t))dt + o(z(t))dW,
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Barrier Certificate (BC)

Safety property )é Statc pace
Given X4: z(k + 1) = f(z(k)) and safety specification

v = (Xo, Xu,T), Where X, X,, C X, 3, is called safe
within infinite time horizon 7, denoted by ¥ = ¢, if all
trajectories of 3, started from X, C X never reach X,, C X.

Initial works:
- S. Prajna and A. Jadbabaei, “Safety Verification of Hybrid Systems using Barrier Certificates", ACM HSCC, 2004. (HSCC Test-of-Time Award - CPS-loT Week 2021)
- S. Prajna, A. Jadbabaei, G. J. Pappas, "A Framework for Worst-case and Stochastic Safety Verification using Barrier Certificates", IEEE TAC, 2007.
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Barrier Certificate (BC)

Safety property

Given X4: z(k + 1) = f(z(k)) and safety specification
» = (Xo, Xu, T), Where Xo, X, C X, 3 is called safe
within infinite time horizon 7, denoted by ¥ = ¢, if all

trajectories of 3, started from X, C X never reach X,, C X y

Barrier Certificate: Verification Problem

If there exist a function B : X — R and constants v, A € R,
with A > ~, such that:

Q. Vze Xo: B(z) <7,
Q VzeXy: B(z) > A,
Q VzeX: B(f(z)) < B(z),

Initial works:

X : State space
Xo: Initi;
XU
B : Barrier certificate

- S. Prajna and A. Jadbabaei, “Safety Verification of Hybrid Systems using Barrier Certificates", ACM HSCC, 2004. (HSCC Test-of-Time Award - CPS-loT Week 2021)
- S. Prajna, A. Jadbabaei, G. J. Pappas, "A Framework for Worst-case and Stochastic Safety Verification using Barrier Certificates", IEEE TAC, 2007.
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Barrier Certificate (BC)

Safety property X+ State space

Given X4: z(k + 1) = f(z(k)) and safety specification 5" Baner eeticate
» = (Xo, Xu, T), Where Xo, X, C X, 3 is called safe
within infinite time horizon 7, denoted by ¥ = ¢, if all

trajectories of 3, started from X, C X never reach X,, C X y

Barrier Certificate: Verification Problem

If there exist a function B : X — R and constants v, A € R,
with A > ~, such that:

@ Ve Xo B(x) < 7, Computation of BC

@. Sum-of-squares (SOS) optimization:
Q. Ve Xy B(z) > A, SOSTOOLS, SDP solver SeDuMi
Q VreX: B(f(z)) < B(x), @ Counter-example guided inductive
Then 4 |= . synthesis (CEGIS): SMT solvers such

/ as Z3, dReal
Initial works:

- S. Prajna and A. Jadbabaei, “Safety Verification of Hybrid Systems using Barrier Certificates", ACM HSCC, 2004. (HSCC Test-of-Time Award - CPS-loT Week 2021)
- S. Prajna, A. Jadbabaei, G. J. Pappas, "A Framework for Worst-case and Stochastic Safety Verification using Barrier Certificates", IEEE TAC, 2007.
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Data-Driven Construction of BC

Robust Optimization Program (ROP)

Sa:z(k+1) = f(2) B(g,z) = Z ;p; (@)
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Data-Driven Construction of BC

Robust Optimization Program (ROP)

Za: z(k+1) = f(2) B(g,x) =Y _ q;p;(x)
i =
{dml !
rop: ! st B(gz)—7v<n, vV € Xo,
—B(g,z) + A <mn, Vr € Xu,
B(qaf(w))_B((Lx)Sn) VIGX,
d=[y;Na;..5¢:), 1,7 AER )
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Data-Driven Construction of BC

Robust Optimization Program (ROP)

Sa: z(k+1) = f(x) B(g,z) = > ¢;pi(@)

gilir]l 7,

in

rop: ! st B(gz)—7v<n, vV € Xo,
B(qaf(x))_B(qax)Sn) VxEX,
d=[viNaq;.--5¢:], m1,A€ER

|

Scenario Optimization Program (SOP)

Let (&;), denote M i.i.d. data sampled within X

I[gir]l n,

Hy)

SOP s.t. B(qyx) - S m, YV € XO;
—B(g,z) + A <, Vz € Xy,
B(q, f(#:)) — B(g,2:) <, Vi X, Vi€ {1,..., M},
d=[viXNaq;...5¢:], n,7HAER

\
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Relation between SOP and Original ROP

Theorem (out-of-sample performance guarantees)

Consider an unknown system X, and the corresponding SOP with its associated optimal value n5 and solution

d*, with -
M(e, B) = min{M €N| Z (T)sz(l _e)M-i< 5}-
i=0

ns +¢ <0,
then the solution d* is a feasible solution for original ROP, i.e., d* |=ROP, with a confidence of at least 1 — 3.

’
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Relation between SOP and Original ROP

Theorem (out-of-sample performance guarantees)
Consider an unknown system X, and the corresponding SOP with its associated optimal value n5 and solution

d*, with -
M(e, B) = min{M €N| Z (A:I>€z(1 _e)M-i< ﬂ}-
i=0

ns +e <0,
then the solution d* is a feasible solution for original ROP, i.e., d* |=ROP, with a confidence of at least 1 — 3.

’

Require: ¢, 5 € [0, 1] and degree of barrier certificate

1: Compute the M based on ¢, 3

2: Solve the SOP with acquired M and obtain ng
Ensure: if ng + ¢ <0, then d* =ROP, and accordingly ¥4 = ¢, with a confidence of at least 1 — 8
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Case Study: DC Motor

(
(

1 (k) — Mews(k))
w1 (k) — Fa2(k))

I {xl(k—i—l) :xl(k)—i—:

—R
T
.Tg(k—f—l):.rz(k)—l— &}I‘
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Case Study: DC Motor

ik + 1) = 21 (k) + 7(Ra (k) — e za (k)
° Ed'{wzwﬂ):xz() <ﬁ§& 1(k) = Laa(k))

@. Regions of interest: X = [0.1,0.5] x [0.1,1], Xo = [0.1,0.4] x [0.1,0.55], X, = [0.45,0.5] x [0.6, 1]
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Case Study: DC Motor

o {Il(k +1) = @1 (k) + 7(Far (k) — Hezo(k))
wa(k +1) = w2 (k) + 7(*ez1 (k) — 2o (k)

Regions of interest: X = [0.1,0.5] x [0.1, 1], Xo = [0.1,0.4] x [0.1,0.55], X., = [0.45,0.5] x [0.6,1]
B(q,z) = 0.52% 4+ 0.5z122 + 0.523 + 0.5

ng = —0.0155, 0% +e=—-5x10"* <0
Unknown DC motor is safe with confidence of 99%
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Case Study: DC Motor

o 5

+)
Q. B(q,x) = 0.523 4 0.5z122 + 0.523 + 0.5
Q@ 15 =-0.0155n5 +e=—-5x10"*<0
@. Unknown DC motor is safe with confidence of 99%
0,9; ]
03‘:*::\::::: Blg,x) = A Xu
07 TeSIzao
s Blg,x) =7 ‘~~:;::::ﬂ::”
N 05 B
04
03 Xo
0.2
0101 0.15 0.2 0.25 03 0.35 04 045 05

Newcastie
Onlversity

z1(k+1) =z1(k) + T(_TR:cl(k)
za(k +1) = za(k) + T(&}&xl(k)

Eo
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Regions of interest: X = [0.1,0.5] x [0.1, 1], Xo = [0.1,0.4] x [0.1,0.55], X., = [0.45,0.5] x [0.6,1]
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Case Study: DC Motor

-

ns

z1(k+1) =z1(k) + T(_TR:cl(k) —

“e (k)

wa(k +1) = w2 (k) + 7(*ez1 (k) — 2o (k)
Regions of interest: X = [0.1,0.5] x [0.1, 1], Xo = [0.1,0.4] x [0.1,0.55], X., = [0.45,0.5] x [0.6,1]
B(q,z) = 0.52% 4+ 0.5z122 + 0.523 + 0.5

=—0.0155, 05 +e=—-5x10"*<0

Unknown DC motor is safe with confidence of 99%

Newcastie
Onlversity

02 0.25 0.3 0.35 04 0.45 0.5
)
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Case Study: DC Motor

° Jri(k+1) :«’Bl(k)JrT(;TRxl(k)— 'Zngg(k))
za(k +1) = za(k) + 7'(—3“"‘331([€) — 7302(/6))
@. Regions of interest: X = [0.1,0.5] x [0.1,1], Xo = [0.1,0.4] x [0.1,0.55], X, = [0.45,0.5] x [0.6, 1]
Q. B(q,x) = 0.523 4 0.5z122 + 0.523 + 0.5
@ 75 =-0.0155n5+e=-5x10"*<0
@. Unknown DC motor is safe with confidence of 99%
03:::::::::::::3\(,,:{;):)‘ S 08 ) - ms\
) Z; B(qu):::w:‘\::::::\,; .--Z; : S mé‘
o>4 0.4 03:;‘
03 Xo
0.2 ,
0’101 015 02 025 03 035 04 045 05 v ‘07: 4 103 0? 10" 100

x Threshold (¢)
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Data-Driven Construction of BC: Continuous-Time Systems

o .:ilt) = f(x(t))

Q. Vxe Xo: B(z) <7,

Q@ VzxeXy: B(z) > A,

Q VreX: LyB(z) = 0.B(z) f(z) <0,
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Data-Driven Construction of BC: Continuous-Time Systems

o .:ilt) = f(x(t))
Q. Vxe Xo: B(z) <7,
Q@ VzxeXy: B(z) > A,
Q VreX: LyB(z) = 0.B(z) f(z) <0,

Robust Optimization Program (ROP)

I[girll m,

il

Rop. ! st Blg,z)—v<n, vz € Xo,
_B(q,x)‘F)\Sm VxeXu)
LyB(g,z) <n, Vr € X,

d=[y;Naq;...;¢zl, 7,7, A€R
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Data-Driven Construction of BC: Continuous-Time Systems

Empirical Approximation of Lie Derivative

EfB(q’ ];) = M7 Ve e X

Q. z, is the solution process at time T € R>( starting from x

Newastie
Onlversity
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Data-Driven Construction of BC: Continuous-Time Systems

Empirical Approximation of Lie Derivative

EfB(q’ ];) = M7 Ve e X

Q. z, is the solution process at time T € R>( starting from x

ILtB(q, ) — LyB(g, )< 6, Vo e X

Newastie
Onlversity
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Data-Driven Construction of BC: Continuous-Time Systems

Empirical Approximation of Lie Derivative

T,B(q,z) = B@:7) = Bla2)

, YreX
pn
Q. z, is the solution process at time T € R>( starting from x
ILsB(g, @) - LyB(g,2)|< 4, Vr € X

Scenario Optimization Program (SOP)

|

min n,
[din] (@.2)
t B(g,x)—v< Vx € X
sops: ¢ S el = = 1) 0,
’ —B(g,z) + A < n, Vo € Xy,
LyB(g,&:) +6 <m, ViEe X,Vie {1,..., M},

d=[vNa;. . ;¢ n,7,AER

\

éi@
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Case Study: Jet Engine Compressor

&)
« 5 [10]

Newastie
Onlversity
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Case Study: Jet Engine Compressor

Ca@) | | —wa(t) — 3a3(
o e [a'sz(t)] ‘[ (t

@. Regions of interest: X = [0.1,1]%, Xo = [0.1,0.5], and X,, = [0.7,1]?

) - %wi’(t)]
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Case Study: Jet Engine Compressor

o ui|

Regions of interest: X = [0.1,1]%, Xo = [0.1,0.5)%, and X,, = [0.7, 1]?
B(gq,z) = 0.4z1 4+ 0.4z122 — 0.0728z2 + 2.7288

g’cl(t)] _ [—wg(t)
@ (t)

— 52t (t)
xl(t)

1,.3
— 371

(t)]

ng = —0.0552,n5 +e=—-2x10"*<0

Unknown jet engine is safe with confidence of 99%
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Case Study: Jet Engine Compressor

[

@. Regions of interest: X = [0.1,1]%, Xo = [0.1,0.5], and X,, = [0.7,1]?
Q. B(g,z) =0.4z1 + 0.4z129 — 0.0728z2 + 2.7288

@ 75 =-00552, 75 +e=—-2x10"*<0

@ Unknown jet engine is safe with confidence of 99%

Xo

0.2 0.3 04

IFAC World Congress 2023



Case Study: Jet Engine Compressor

° 5. [dn(t)] _ {—wz(t) — 3ai(1) - %x?(t)]
o (t) 21(1)
@. Regions of interest: X = [0.1,1]%, Xo = [0.1,0.5], and X,, = [0.7,1]?
Q. B(g,z) =0.4z1 + 0.4z129 — 0.0728z2 + 2.7288
@ 15 =-0.0552, 05 +e=-2x10"*<0
*)

Unknown jet engine is safe with confidence of 99%

\
03 B

0.1 0.2 0.3 04 05

02 03 04 05 06 07 08 09
)

1
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Barrier Certificate: Stochastic Setting

Barrier Certificate: Verification Problem

Consider X4: z(k + 1) = f(z(k),<s(k)) and sets
Xo, X. C X. Suppose there exist a function B : X — R
and constants v, A € RT, with X\ > ~, such that:

Q. Vze Xo: B(z) <7,
Q VzeXy: B(z) > A,
Q VzxeX: E[B(f(x))] < B(z).

Yaweests Abolfazl Lavaei

X : State space

Xo: Initial set

X, Unsafe set

B : Barrier certificate
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Barrier Certificate: Stochastic Setting

Barrier Certificate: Verification Problem

Consider X4: z(k + 1) = f(z(k),<s(k)) and sets
Xo, X. C X. Suppose there exist a function B : X — R
and constants v, A € RT, with X\ > ~, such that:

Q. Vze Xy B(z) <1,

Q VreX,: B(z) > A,

Q VzxeX: E[B(f(x))] < B(z).
Then:

IP{:c(k)géXuforaIIOSk<oo}21—%.

Yaweests Abolfazl Lavaei

X : State space

Xo: Initial set

X, Unsafe set

B : Barrier certificate
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Barrier Certificate: Stochastic Setting

Barrier Certificate: Verification Problem

Consider X4: z(k + 1) = f(z(k),<s(k)) and sets
Xo, X. C X. Suppose there exist a function B : X — R
and constants v, A € RaL, with A > ~, such that:

Q Vze Xo: B(z) <7,

Q VxeX,: B(z) > A,

Q VzeX: E[B(f(z))] < B(z).

Then: .
IP{w(k) ¢ X, forall0 < k<oo} >1-1.

4

Corollary

IfvzeX: EB(f(x))] < B(z)+ c, then:
]P{x(k) ¢ X, forall 0 < kgT} >1-

Y+l
—

Yaweests Abolfazl Lavaei

X : State space

Xo: Initial set

X, Unsafe set

B : Barrier certificate

IFAC World Congress 2023~ 14/22



Data-Driven Construction of BC

Robust Optimization Program (ROP)

I[girll n,

HU)

Rop. ! st Blg,z)—v<n, Vz € Xo,
—B(g,z) + X <1, Vo € Xy,

E[B(q, f(z,5))] — B(g,z) <7n, VzeX,
d=[v;XNaq;...;azl, n,7,A€ER
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Data-Driven Construction of BC

Robust Optimization Program (ROP)

I[Idlirll n,

HU)

Rop. ! st Blg,z)—v<n, Vz € Xo,
—B(g,z) + X <1, Vo € Xy,

E[B(q, f(z,5))] — B(g,z) <n,  Vz € X,
d=[v;XNaq;...5¢:], n,7AER

| A

Scenario Optimization Program (SOP)
Let (#;)M, denote M i.i.d. data sampled within X

p=1
min s
[d;n] K
sop: ! st Blgz)—v<n Vz € Xo,
—B(q,z) + A < n, Va € X,

E[B(q, f(%:,5))] — Blg,2:) <m,  Vi; € X,Vie {1,..., M},
d=[v;Naq;...;¢:], 0,7 A€ER

A\
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Data-Driven Construction of BC (cont.)

Empirical Approximation of Expected Value (Chebyshev’s inequality)

{‘E[B q, f(z,<))]
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Data-Driven Construction of BC (cont.)

Empirical Approximation of Expected Value (Chebyshev’s inequality)

{‘E[Bq, (z,9))] f(z, &) ‘ }Zl—/@l

an

Scenario Optimization Program (SOP)

I[gir]l m,

)

SOP. - st B(g,z) —v <, Vz € Xo,
. —B(g,z) + A <, Vz € X,

£ Blg, f(#,8))+p — Blg, #:) <m, Vi€ X, Vi€ {1,..., M},
d=[y;XNa;...;¢), 7,7A€ER

Baeests Abolfazl Lavaei IFAC World Congress 2023  16/22



Relation between SOP,, and Original ROP

Theorem (out-of-sample performance guarantees)

Consider an unknown stochastic system 3, and the corresponding SOP,, with its associated optimal value ngy

and solution d*, with il
M(e, B2) := min {M SIDY (?)Ei(l M < 52}.
=0

ns, +¢ <0,
then the solution d* is a feasible solution for original ROP, i.e., d* =ROP, with a confidence of at least

1— pB1 — Ba-

ngasﬂe
Onlversity
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Relation between SOP,, and Original ROP

Theorem (out-of-sample performance guarantees)

Consider an unknown stochastic system 3, and the corresponding SOP,, with its associated optimal value ngy

and solution d*, with
M (e, B2) —m1n{M€N| Z( ) (1—-e)M " < By }

Su FE S 07
then the solution d* is a feasible solution for original ROP, i.e., d* =ROP, with a confidence of at least

1— pB1 — Ba-

Require: ¢, 31, 82 € [0, 1] and degree of barrier certificate

1: Compute M based on ¢, 32

2: Compute N based on p, 51

3: Solve the SOP with acquired M, N and obtain 75,
Ensure: if n5 +¢ <0, then d* =ROP, and accordingly ¥4 |~ ¢, with a confidence of at least 1 — 51 — 3.

=
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Case Study: Lane keeping System - BMW320i

y(k+1) = y(k) + Tvsin(w(k) + b) + 2 (k)

x(k+1) = z(k) + v cos(¢(k) + b) + 1 (k)
e g
0+ 1) = 000+ 72 sin(b) + <o)

Newcastie
Onlversity

Abolfazl Lavaei IFAC World Congress 2023  18/22



Case Study: Lane keeping System - BMW320i

z(k+1) = z(k) + v cos(¥ (k) + b) + <1 (k)
Ba: Qu(k+1) = y(k) + rvsin(p(k) +b) + 2(k)
Y(k+1) = ¢(k) + 7 sin(b) + s (k)

Regions of interest: X = [1,10] x [-7,7] x [-0.05,0.05], Xo = [1,2] x [-0.5,0.5] x [—0.005, 0.005],
Xu, = [1,10] x [=7, —6] x [—0.05,0.05], X., = [1,10] x [6, ] x [~0.05,0.05]

Blq,z,y,¥) = 0.39y + 0.151 + 0.00921) — 0.007y — 0.015¢) + 0.452
15, = —0.0552, 1%, +¢ = —0.01 <0

Unknown BMW320i is safe with confidence of 90%
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Data-Driven Construction of BC: Continuous-Time Systems

Q. X.:dx(t) = f(x(t))dt + o(z(t))dW,

@ VreXo: B(a )<7,

@ VreXy: B(z) >

@ VreX: LB(z) = (%B(x)f(x) + 1Tr(o(z)0" (2)0:,2B(z)) <0,

Newastie
Onlversity
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Data-Driven Construction of BC: Continuous-Time Systems

Q. X.:dx(t) = f(x(t))dt + o(z(t))dW,

@ VreXo: B(a )<7,

@ VreXy: B(z) >

@ VreX: LB(z) = 8356(95)]”(36) + 1Tr(o(z)0" (2)0:,2B(z)) <0,

Robust Optimization Program (ROP)

min 1,

n

ROP: st. B(g,z) —v <n, Vo € Xo,
_B(q7w)+)\§777 VCUEXu,
£B(q,) <, vz € X,

d=[yXNa;...;¢), 7,7,A€ER
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Data-Driven Construction of BC: Continuous-Time Systems

Empirical Approximation of Infinitesimal Generator

L1B(z) = . |LiB(x) — LB(z)|< 61, Vz € X,
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Data-Driven Construction of BC: Continuous-Time Systems

Empirical Approximation of Infinitesimal Generator

E. {B(xf)] — B(x) ~
L1B(z) := 9 |L1B(z) — LB(x)|< o1, Vz € X,

T

LN B(al) - B()

EQB(:U) =

: IP{|EgB(:C)—ElB(m)|§ 62}21—,81, Vo € X,
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Data-Driven Construction of BC: Continuous-Time Systems

Empirical Approximation of Infinitesimal Generator

E. {B(xf)] — B(x) ~
L1B(z) := 9 |L1B(z) — LB(x)|< o1, Vz € X,

T

LN B(al) - B()

EQB(:U) =

: IP{|EgB(:C)—ElB(m)|§ 62}21—,81, Vo € X,

P{|223(x) — LB@)|< § = 6 +52} >1-8, VzeX
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Data-Driven Construction of BC: Continuous-Time Systems

Empirical Approximation of Infinitesimal Generator

E. {B(xf)] — B(x) ~
L1B(z) := ) |L1B(z) — LB(x)|< 61, Vo € X,

T

LN B(al) - B()

EQB(CC) =

: IP{|223(3:) ~ LiB(z)|< 52} >1-8, VeexX,

P{|Z2B(x) — LB@)|< § = 6 +52} >1-8, VzeX

|

Scenario Optimization Program (SOP)

min n,
[d;m]
L B(g,z) —v<n Vo € Xo
SOPs: { S ; ; ,
’ —B(g,z) + X <, Vo € X,
L2B(q,z) +6 <, Vie X,Vie {1,..., M},

d=[1Aq;...5¢], n7AER
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Relation between SOP; and Original ROP

Theorem (out-of-sample performance guarantees)

Consider an unknown stochastic system . and the corresponding SOP with its associated optimal value 7g,

and solution d*, with 1
M(z, B) := min {M en Y (Af>si(1 _Mt< ﬂg}.
1=0

nss +€ <0,
then the solution d* is a feasible solution for original ROP, i.e., d* =ROP, with a confidence of at least

1— p1— Ba.

ngasﬂe
Onlversity
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Relation between SOP; and Original ROP

Theorem (out-of-sample performance guarantees)

Consider an unknown stochastic system . and the corresponding SOP with its associated optimal value 7g,

and solution d*, with
Mg, 32) fmm{MeN| Z( ) (1— )M < B, }

ng; +e <0,
then the solution d* is a feasible solution for original ROP, i.e., d* =ROP, with a confidence of at least

1— p1— Ba.

Require: ¢, 31, 32 € [0, 1] and degree of barrier certificate

1: Compute M based on ¢, 32

2: Compute § based on N, 34

3: Solve the SOP with acquired 4, M and obtain 73,
Ensure: if n5, +¢ <0, then d* =ROP, and accordingly ¥. |= ¢, with a confidence of at least 1 — 31 — 32

-
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@ Data-driven safety verification of unknown systems:

Discrete-time systems
Continuous-time systems
Discrete-time stochastic systems
Continuous-time stochastic systems

© 060660
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@ Data-driven safety verification of unknown systems:

[*)
[*)
)
)

Cast original safety problem as an ROP

Discrete-time systems
Continuous-time systems
Discrete-time stochastic systems
Continuous-time stochastic systems

Provide SOP corresponding to ROP

Establish a probabilistic relation between optimal values of SOP (n5) and ROP (%) with a threshold ¢
Quantify an a-priori guaranteed confidence over safety of unknown systems

Newcastie
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@ Data-driven safety verification of unknown systems:

@ Discrete-time systems

@_ Continuous-time systems

@ Discrete-time stochastic systems

@ Continuous-time stochastic systems

Cast original safety problem as an ROP

Provide SOP corresponding to ROP

Establish a probabilistic relation between optimal values of SOP (n5) and ROP (%) with a threshold ¢
Quantify an a-priori guaranteed confidence over safety of unknown systems

Data-driven results for safety controller synthesis via control barrier certificates
@ Data-driven results for unknown jump-diffusion systems
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