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Real autonomy/intelligence requires grappling with the
hard-to-model nature of the real world




Machine learning models have been delivering impressive results
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Machine learning models have been delivering impressive results
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Is machine learning ready for safety-critical systems?
Not quite yet!
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How do we enable Al for safety-critical systems?



We develop theoretical foundations and practical methodologies for
enabling machine learning for safety-critical systems
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Today: Data-driven control with inherent stability constraints
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Data-Driven Control
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L 2(8) = f(z(t),u(?))

' state z(t) e X CR"
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Data-Driven Control

sl T ===
/
| * Physical modeling is imperfect/difficult
: * Real objects have volume, elasticity, heat distortion,...
I » Operating condition # designed condition
I
|
I
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I
| .
L 2(t) = f(z(t),u(t))
' state z(t) e X C R"
l\ control input u(t) e Y C R™
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Data-Driven Control
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RL Also Does Data-Driven Control
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RL Also Does Data-Driven Control

But we need more trustworthy methods for
safety-critical systems
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The goal of this work: principled learning-based methods with
control-theoretic guarantees

N
Inherent Control- .
{ Theoretic Guarantee >{Learnlng-Based Control}

J

{ Interpretable Learning Architecture }
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Data-Driven Control

* Challenge: unknown dynamics :v(t) = f(:c(t),u(t))
state z(t) e X C R"
control input u(t) e Y C R™

« What's given: D = {(x;, u;, Z;) };q
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Data-Driven Control

» Challenge: unknown dynamics z(t) = f(x(t),u(t))
state z(t) e X C R"
control input u(t) e Y C R™

« What's given: D = {(x;, u;, Z;) };q

Learned u*

- Goal: learn feedback controller u* : X — U to stabilize the system (z(t) — 0) 1.0

Os:h‘\\ 2\\\\\ \ 0.8
t =i\ 0.6
System “(t) o } : 0.4
() g 00 f f 0.2
, 2 L // 0.0
Controller _0.5\ \ /‘//‘5 —-0.2
—= —0.4
RS ¢
05 —0.6

—0.5 0.0
statel
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Stabilizing Controller is about Looking at the Future

 Goal: learn feedback controller u* : X — U to stabilize the system (z(t) — 0)

x(t)

System
v*(@) [ ]‘ D

Controller X1
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Lyapunov Function to Focus on Now

V(X X,)

A

V)

/ grad V

/(: grad V

X1

X4

aX <«
dt

_4{ |

A

X5

Stability Condition at each x: £V (z(t)) = VV(z)" f*(z,u*(z)) < —aV (z)
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Existing work 1: For known dynamics, learn Lyapunov & controller

dynamics ]
_,,‘ f(x,u) J

[Chang et. al. NeurlPS "19]

Learn Lyapunov & controller
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Existing work 2: Fit the dynamics first, then find Lyapunov

[Zhou et. al. NeurlPS '22]

\

)
I Learn the dynamics ]
I f(x,u) J
I

f

I | Bounded
| inputs U
|

Learn Lyapunov & controller

[Chang et. al. NeurlPS "19]
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Existing work 2: Fit the dynamics first, then find Lyapunov

e [Zhou et. al. NeurlPS "22]

f ~ -

I'| Bounded [T : ‘ Learn the dynamics ] d(x,u) .

I [ inputsU | | f(x,u) J > Estimate of B
| | L

— S e R — — -
| . . |
:' : ( 1 u=kXx) P(X,K(X)) |
1 ] Learn Neural Lyapunov - SMT Solver |
{ States I »|  function Ve & nonlinear : '
| X > with Eq. (11) I
L J | T controller u = K(x) !
| Ve I
I\ ] |
| e - - - :
: added to X |
: for Veand u :
| |
| Couterexamples ]< No UNSAT? > |
= s
I J
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| |
|
i Veis a valid Neural Lyapunov function |
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Existing work 2: Fit the dynamics first, then find Lyapunov

[Zhou et. al. NeurlPS ’22]

Learn the dynamics ] d(x,u)

f(x,u)

Estimate of B

:. Two Major Problems with This Two-Stage Approach:

! 1. Does not necessarily learn stabilizable dynamics (3V, u*?)
alk 2. No guarantee to find valid Lyapunov (infinite loop?)

UNSAT?

—— Couterexamples

[Chang et. al. NeurlPS '19]

Yes
Y

Veis a valid Neural Lyapunov function
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This work: Data-Driven Control with
Inherent Lyapunov Stability (ColLS)
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Idea: Choose One among Certifiable Models

Stability Condition: VV(z)' f*(z,u*(z)) < —aV(z)
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Idea: Choose One among Certifiable Models

Stability Condition: VV(z)' f*(z,u*(z)) < —aV(z)
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Idea: Choose One among Certifiable Models

Stability Condition: VV(z)' f*(z,u*(z)) < —aV(z)
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Idea: Choose One among Certifiable Models

Lyapunov Stable
by V, u*

J
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Stability Condition: VV(z)' f*(z,u*(z)) < —aV(z)
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Idea: Choose One among Certifiable Models

Lyapunov Stable
by V, u*

J
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Stability Condition: VV(z)' f*(z,u*(z)) < —aV(z)

f* ('Iv ) ::f(xa ')_l_

argmin  [|Af]|2
AfeR®

s.t. VV(z)" (f(a:,u*(a:)) + Af) < —aV(x)
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Idea: Choose One among Certifiable Models

Lyapunov Stable
by V, u*

J
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f* (.’II, u’) :f(x,u)—VV(x)

RelLU (VV(x)Tf(a:, u*(z))+aV (z))

IVV ()3

ReLU(z) = max(0, x)
36



Idea: Choose One among Certifiable Models

Lyapunov Stable
by V, u*

- J
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f* (.’II, u’) :f(x,u)—VV(x)

RelLU (VV(x)Tf(a:, u*(z))+aV (z))

IVV ()3

ReLU(z) = max(0, x)
37



Idea: Choose One among Certifiable Models

4 )
; 0
fe . __ I ReLU(VV (2)T f(z,u* (2))+aV(z))
~®  yapunov Stable £ (@ u)= (o) - TV (2 == V@R
by V, u*
- /

ReLU(z) = max(0, x)
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Idea: Choose One among Certifiable Models

4 )
; 0
fe . __I ReLU(VV (2)T f(z,u* (2))+aV(z))
~®  yapunov Stable £ (@ u)= (o) - TV (2 == V@R
by V, u* n
fr=17
- /

ReLU(z) = max(0, x)
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Idea: Choose One among Certifiable Models

Lyapunov Stable
by V, u*

- J
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f* (.’II, u’) :f(x,u)—VV(x)

RelLU (VV(x)Tf(a:, u*(z))+aV (z))

IVV ()3

ReLU(z) = max(0, x)
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Idea: Choose One among Certifiable Models

IRRES f RetU(VV ()" f(x, u*(x))+aV
Lyapunov Stable f*(@,u)=f(z,0) - VV(z)- ( $||VV3(3$”‘)L||;)) )
by V, u*

- /
ReLU(z) = max(0, x)
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Idea: Choose One among Certifiable Models

f
o~~\~f* * ) RetU(VV (2)T f (. u*(z)) +aV (z
Lyapunov Stable f*(@,u)=f(z,0) - VV (z)- (V¥ )IIVfIE'(a:)H%( ) +aV(2)
by V, u*
VV(2)' f*(z,u*(z)) = —aV(z)
~ Y

ReLU(z) = max(0, x)
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Model Architecture

u*(0)

| Neural
Controller u™ | 3*(x)

, Neural
Lyapunov V | y(x), V(%)

— o o o o T D o e e e e e e o

Parametric

s )

| |
u—, Neural Nominal oA I .

| Proj (f) > f*(x,u)
x — R Dynamlcs f :

: %

I

|

|

I

|

I

I

I

I

| .

. Dynamics f*

ReLU(VV (z) T f(z,u*(z))+aV (z))
IVV ()3

(@, u)=f(z,0)-VV ()

VV(z)" f*(z,u*(z)) < —aV(z)
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Model Architecture

fr(xu)

« Origin as equilibrium point Dynamlcs f

u*(0)

| Neural
Controller u™ | 3*(x)

, Neural
Lyapunov V | y(x), V(%)

— o o o o T D o e e e e e e o

Parametric

. Nominal model:  J(%,u) = g¢(z,uw) — gr(0,u"(0)) u _I{_' Neural Nominal H A }_:‘
l Proj (f) [
: |
|
:
|
: Dynamics f*

ReLU(VV (z) T f(z,u*(z))+aV (z))

VV(z)" f*(z,u*(z)) < —aV(z)
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Model Architecture

; . * sttty S
« Nominal model: f(z,u) = gf (z,u) — gf (0,u7(0)) U —— Neural Nominal ol
« Origin as equilibrium point i Dynamlcs 7 Proj (f) i frxu)
[
: u*(0) |
° i . - 9 I
Lyapl-Jl-’lOV fu_n(_:tlon' V(‘IB) — J(QV (.T)) _ gV(O)) + epd”g’.“ : | Neural :
* Positive definite I Controller u* u*(x) |
« Continuously differentiable O : Smoothed ReLU : :
I |
: | L :Tiurii v : Parametric
| vap V(). YV () 1 Dynamics f*

— o o o o T D o e e e e e e o

ReLU(VV (z) T f(z,u*(z))+aV (z))
IVV ()3

(@, u)=f(z,0)-VV ()

VV(z)" f*(z,u*(z)) < —aV(z)
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Model Architecture

; o * T ST T m S
. Nominal model:  J (%) = g¢(z,u) — g7 (0,u"(0)) u ——— Neural Nominal L
« Origin as equilibrium point i Dynamlcs 7 Proj (f) i frxu)
| u*(0) i
s 2
* Lyapunov function: V(‘IB) — J(QV(m) — gV(O)) + epd”g’.“ ! | Neural :
* Positive definite : . Controller u* u*(x) |
« Continuously differentiable O : Smoothed ReLU : :
: Neural ' .
: . Lyapunov V | v (o) vy : Parametric
- Controller: u*(z) = diag(uym ) tanh(g, (z)) VT ] V. W) | Dynamics £

* Actuation limit

ReLU(VV (z) T f(z,u*(z))+aV (z))

VV(z)" f*(z,u*(z)) < —aV(z)
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Theoretical Guarantees on Stability

u*(0)

| Neural
Controller u™ | 3*(x)

Neural | .
Parametric

| Lyapunov V V(x),VV(x) :Dynamics i

/ ,
|

u _I_' Neural Nominal Pro (f) | £ )
X ——1 Dynamlcs f ) : ’

: "

I

|

|

I

|

I

I

I

I

|

l

— o o o o T D o e e e e e e o

ReLU(VV (z) T f(z,u*(z))+aV (z))

[ (x,u) :f(x u)—VV(z) ||VV(:L‘)||%

VV(z)" f*(z,u*(z)) < —aV(z)
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Theoretical Guarantees on Stability

___________________ .
stabilizes learned model f*. ‘ u* (0)
Neural

. Neural
Lyapunov V | y(x), V(%)

— o o o o T D o e e e e e e o

Parametric
1 Dynamics f*

!
|
|
!

> |

Controller u™ | 3*(x) !
!
!
!
|
|

f
] 1
u - Neural Nominal Proj (f) | £ (x,u)
. . . Fad | ’

Theorem 1 (informal): Learned controller u* exponentially x ———  Dynamics f :

l ¥ »

|

|

|

|

|

|

|

|

|

|

l

ReLU(VV (z) T f(z,u*(z))+aV (z))
IVV ()3

(@, u)=f(z,0)-VV ()
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Theoretical Guarantees on Stability

- - - - - --—-—-—m-mm-mmmememe—- ~N
u _E_’ Neural Nominal Pro (f) : £ u)
Theorem 1 (informal): Learned controller u* exponentially x ———  Dynamics f ) : '
stabilizes learned model f*. | 1 u* (0) | :
| |
| | Neural :

e - - ~N | Controller u™ | 3*(x) |
Theorem 2 (informal): For the true dynamics f, any | :
trajectory generated by the learned controller u* reaches a . Neural |
small neighborhood of the origin if | LyapunovV | v wr () i EMSEEISCF
1) Data is sampled with sufficient density and g Y

\2) The training error is small )

ReLU(VV (z) T f(z,u*(z))+aV (z))
IVV(z)|3

(@, u)=f(z,0)-VV ()

VV(z)" f*(z,u*(2)) < —aV(z)
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Experiment 1: Validate Construction with Random Networks

« Stability condition satisfied w/ random initialization

____________________

1 |
u— Neural Nominal Proj (f) I £ Gou)
x ——— Dynamics f ) : ’

I r

I

I

I

I

I

I

I

I

I

I

|

u*(0)
Neural
Controller u™ | y*(x)

| Neural —1
Lyapunov V | y(x), VW (x) | Dynamics f* Stag
———————————————————— el
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Nominal f

S

o

state2

I Parametric 0 —q

Projected f* Random u*

W17
S

L

=0.2
—0.3
-0.4
-0.5
—0.6
—0.7
—0.8
-0.9
—1.0
=1.1
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Experiment 2: Van der Pol Oscillator

Simulated f Learned f* Learne;l 64*
u \\\Q\%\\\ Ls
1.0
- True model: 2 =u—z+ p(l — 2%)2 :?E‘\\ \ o
- State: T = [z, 2] € R? b P2

- Control input: u € [—5, 5]

-1

S
1"
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Experiment 2: Van der Pol Oscillator

Simulated f Learned f* Learned u*

2.0
\&\ s

\\ N M0
0.5
0.0
~0.5
~1.0
175
~2.0
—25

* True model: 2 =u—z+ p(l — 22)2
- State: T = [z, 2] € R?
- Control input: u € [—5, 5]

Learned V
4.0

1 ® Initial 3.5
3.0
2.5
2.0
1.5
1.0
0.5

0 5 10 —~1 0 1 0.0
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Experiment 3: Bicycle Path Following

Simulated f Learned f* Learneil g*
> =N \\\\\ \ 0:8
> 0.6
: _ vtanu  vcosf, 7\';‘\\ 0.4
- True model: d, = vsinf,, 0. = I~ 14 Z {/ MM Moz
« State: z = [de,ee} e R? ) L v 0.82
~« | —0.
- Control input: u € [—0.47, 0.47] N — 04
05 00 o5 08
2.0 | de
L [ Learne3d2V
: - o hitial|| M2g
03 C% \\ e 2.4
I \ 2.0
o \ I 0.0 (3 1.6
05 Q / 1.2
>y ° 0.8
~10 \' —0:5 0.4
0.0

-05 0.0 0.5

-2.0
-20 —-15 —-10 —05 00 0.5 Lo L5 240
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Interesting observation:
The constrained model still seems very expressive!
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Interesting observation:
The constrained model still seems very expressive!

fmmmmmmmm o m o - .
u > Neural Nominal e
| w*(0)
Neural

| Controller u” u*(x)

Neural .
| Parametric

Lyapunov V J VO,V (x) : Dynamics f*

— e - - o o o o . . o e . e e e e o
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Interesting observation:
The constrained model still seems very expressive!

Neural network is universal function approximator

Y ee———— N
( |
u " Neural Nominal oA | .
X R Dynamics f H Pl’O] (f) | f (x, u)
) o |
Neural

| Controller u* u*(x)

Neural .
| Parametric

Lyapunov V | V(x),VV(x) : Dynamics f*

el el el

— e - - o o o o . . o e . e e e e o
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Interesting observation:
The constrained model still seems very expressive!

Neural network is universal function

approximator

Y e ——— N
u " Neural Nominal oA .
x o/ Dynamics f H Proj (7) NG
) o |
Neural

| Controller u* u*(x)

. Neural
Lyapunov V' | v (x), vV (x)

— e - - o o o o . . o e . e e e e o

el el el
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How about projected model?

: Parametric

1 Dynamics f*
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New result: the constrained model is a universal approximator
given the constraint
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New result: the constrained model is a universal approximator
given the constraint

- General input-dependent affine constraint: a(z) ' f(z) + b(z) <0 Vx € X
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New result: the constrained model is a universal approximator
given the constraint

- General input-dependent affine constraint: a(z) ' f(z) + b(z) <0 Vx € X

P(fo)(x) = argIglin |z — fo(x)|l2 st a(m)Tz +b(x) <0 VreX
zZEIR™

= fo(x) — ”;(%)”2 ReLU(a,(a:)ng(a:) + b(a:)) Ve e X,
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New result: the constrained model is a universal approximator

given the constraint

- General input-dependent affine constraint: a(z) ' f(z) + b(z) <0 Vx € X

P(fo)(z) = a“%ﬁ“ Iz — fo(z)|2 st.a(z) z+b(z) <0 VzeX

a(z)

|a(z)]|2 ReLU(a(z) " fo(x) + b(z)) Vz € X,

= fo(z) —

-

Theorem 3 (informal): For any LP function f with p € [1, o) that satisfies the constraint, there
exists a deep neural network such that its projected model is arbitrarily close to f.

\_

~

J
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Conclusion
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Conclusion
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