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Learning in-the-loop control:
• Plant can be unknown and need to be 

learned (ACC’19, TAC’22, LCSS’23)
• Task can be unknown and need to be 

learned (RA-L’20, RSS’20, AURO’21)
• Controller can be hard to design or 

synthesize and can be learned instead 
(RA-L’21, CDC’21, EMSOFT’21, 
LCSS’23)

• Perception module typically does not 
have an analytical solution and is 
learned (EMSOFT’21, WAFR’22)
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Learning in-the-loop control:
• Plant can be unknown and need to be 

learned (ACC’19, TAC’22, LCSS’23)
• Task can be unknown and need to be 

learned (RA-L’20, RSS’20, AURO’21)
• Controller can be hard to design or 

synthesize and can be learned instead 
(RA-L’21, CDC’21, EMSOFT’21, 
LCSS’23)

• Perception module typically does not 
have an analytical solution and is 
learned (EMSOFT’21, WAFR’22)

GOAL: Ensure system-level safety and performance when some of 
these pieces are learned!



Learning the model and a 
controller

References:
• Model Error Propagation via Learned Contraction Metrics for Safe 

Feedback Motion Planning of Unknown Systems (CDC, 2021)
• Planning with Learned Dynamics: Probabilistic Guarantees on Safety 

and Reachability via Lipschitz Constants (RA-L, 2021)
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Joint work with Glen Chou and Dmitry Berenson 



Goal: long-horizon motion planning with a learned model of underactuated 
dynamics, with guarantees that the system can safely track the plan with a 

learned feedback controller?

Staying where the model is valid and 
the controller is stabilizing

Leaving the domain of model 
validity and controller stability

Steer rope 
tail to goal 

region
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Related work

Learning stability certificates from data
[Manek and Kolter NeurIPS’19, Boffi et al. 

CoRL’20, Richards et al. CoRL’18]
• Limited utility for control/point-to-

point motion planning

Long-horizon planning with learned 
dynamics [Ichter and Pavone RA-L’19, 

McConachie et al. RA-L’20]
• No guarantees on safety/feasibility

Robust feedback motion planning [Singh et 
al. ICRA’17, Mitchell et al. TAC’05, 

Majumdar and Tedrake IJRR’17]
• Requires a-priori known, tight disturbance 

bounds

This work:
• Model error empirically estimated from data
• Safety and reachability guarantees in execution when tracking the 

computed plans

14



M(x)
(contraction metric) u(x, x⇤, u⇤)

(stabilizing controller)

Learning: Analysis:

ẋ = f(x) +B(x)u
(dynamics model)

Bound model error 
inside a trusted 

domain D
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Problem statement:
Given data                                   from an unknown, deterministic, underactuated system

                   , plan with a learned dynamics model                   , and ensure safety in execution.
{(xi, ui, h(xi, ui))}Ni=1

ẋ = h(x, u) ẋ = g(x, u)

✏̄(t)

Method:
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Bounding model error for a learned dynamics model

Key insight: Use the Lipschitz constant of the error between the true and learned dynamics.
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Problem: Find an upper bound on the model error                                                    inside a domain D 
around the training dataset                                    . Also, determine the domain D.{(xi, ui, h(xi, ui))}Ni=1
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mTT2` #QmM/ ē(x, u)

• Implementation details:
• An “upper bound” on the Lipschitz constant valid in D is estimated from data (using Extreme value 

theory): for the rest of the talk, we will assume the bound is valid
• We don’t fix the domain D a priori: size is calibrated using dynamics error on a validation dataset

16



M(x)
(contraction metric) u(x, x⇤, u⇤)

(stabilizing controller)

Learning: Analysis:
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Bounding tracking error for a learned stabilizing controller
Problem: Learn a controller which can stabilize around plans, and bound the tracking error in 

execution caused by model error.
Key insight: Use contraction theory to learn a stable controller and bound its tracking error.

Bound tracking error due to model error in the trusted domain
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Learn a feedback controller and a control contraction metric 
(CCM) (which certifies closed-loop stability)

M
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Intuition: the closed-loop system under the learned 
controller is contracting towards the nominal plan, 

as measured by M

CCM            defines a state-dependent distance metricM(x) We derive a novel bound on how 
model error affects the the worst case 
tracking error as a function of time:

✏̄(t) = 7mM+iBQM
�
M(x), ē(x, u), ✏̄(⌧) 7Q` ⌧ < t

�

CCM Model error 
bound

Tracking tube width 
at previous timesteps
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Compute safely-trackable plans using the learned model
Problem: Plan a trajectory using the learned dynamics that remains safe in execution on the true system.
Key insight: Incrementally propagate tracking tube around candidate edges and collision-check it.

xI

xG

X

D

XmMb�72

reject candidate 
extension

accept candidate 
extension
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Results: 4D car environment
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Legend:
Solid lines: planned 

trajectory
Dotted lines: executed 

trajectory
Transparent: trajectory 

tracking error tubes

Baselines:
B1: model error bound = 

average training error
B2: model error bound = 

maximum training error
B3: exit D; model error bound 

= maximum training error
B4: exit D; our Lipschitz-based 

model error bound
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Results: 6D quadrotor environment
Legend:

Solid lines: planned 
trajectory

Dotted lines: executed 
trajectory

Transparent: trajectory 
tracking error tubes

Baselines:
B1: model error bound = 

average training error
B2: model error bound = 

maximum training error
B3: exit D; model error bound 

= maximum training error
B4: exit D; our Lipschitz-based 

model error bound
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Results: 22D rope environment

Head
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Given rope dynamics data
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Mujoco view

Baselines:
B1: model error bound = 

average training error
B2: model error bound = 

maximum training 
error

B3: exit D; model error 
bound = maximum 
training error

B4: exit D; our Lipschitz-
based model error 
bound
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Safe output feedback control 
with a learned perception 

module
Reference:

• Safe Output Feedback Motion Planning from Images via 
Learned Perception Modules and Contraction Theory 
(WAFR’22)

12

Joint work with Glen Chou and Dmitry Berenson 



Known: nominal dynamics
             bound on model error

Objective: 
given start, goal, !, safely reach the goal at runtime using 

observations y(t) and the learned perception module.

Perception 
module
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ẋ(t) = f(x(t)) +Bu(t) + wdyn(t)

y(t) = h(x(t), ✓)

high-dimensional (e.g., an RGB-(D) image)
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context vector ! (e.g., map)
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f,B,Bw

Unknown:     . But, given a dataset:
And an iid validation dataset:
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Key challenge: 
bounding all error sources and propagating to tracking error

Assume: incremental exponential stabilizability, 
(exists controller that shrinks 
tracking error exp. quickly)

identical image trajectories implies 
identical state trajectories

observability

<latexit sha1_base64="6a8RcTYG1pDOB/KOMbfpqV84CpQ="></latexit>�
(xobs

i , ✓i, yi)
 N

i=1<latexit sha1_base64="5oZ0JiRWhGab5Y2mcd+ENmbUM+g="></latexit>�
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i , ✓i, yi)
 Nv

i=1

Problem setting
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<latexit sha1_base64="N5qaSM5iUGyjM457F6BdA8Nhrhk=">AAAB7XicjVDLSgNBEJyNrxhfUY9eBoPgKeyKqMegF48RzAOSJcxOepMxszPLTK8QlvyDFw+KePV/vPk3Th4HFQULGoqqbrq7olQKi77/4RWWlldW14rrpY3Nre2d8u5e0+rMcGhwLbVpR8yCFAoaKFBCOzXAkkhCKxpdTf3WPRgrtLrFcQphwgZKxIIzdFKzi0NA1itXgqo/A/2bVMgC9V75vdvXPEtAIZfM2k7gpxjmzKDgEialbmYhZXzEBtBxVLEEbJjPrp3QI6f0aayNK4V0pn6dyFli7TiJXGfCcGh/elPxN6+TYXwR5kKlGYLi80VxJilqOn2d9oUBjnLsCONGuFspHzLDOLqASv8LoXlSDc6qpzenldrlIo4iOSCH5JgE5JzUyDWpkwbh5I48kCfy7Gnv0XvxXuetBW8xs0++wXv7BKtKjzQ=</latexit>

✓

<latexit sha1_base64="F4m5/2b3/fA7U+Cer3E1uGVKMwM=">AAAB+XicjVDLSsNAFJ3UV62vqEs3g0WoICWRom6EohuXFewD2lAm00kzdDIJMzfFEPonblwo4tY/ceffOH0sVBQ8cOFwzr3cw/ETwTU4zodVWFpeWV0rrpc2Nre2d+zdvZaOU0VZk8YiVh2faCa4ZE3gIFgnUYxEvmBtf3Q99dtjpjSP5R1kCfMiMpQ84JSAkfq2neFLHFbuT3APQgbkuG+X3aozA/6blNECjb793hvENI2YBCqI1l3XScDLiQJOBZuUeqlmCaEjMmRdQyWJmPbyWfIJPjLKAAexMiMBz9SvFzmJtM4i32xGBEL905uKv3ndFIILL+cySYFJOn8UpAJDjKc14AFXjILIDCFUcZMV05AoQsGUVfpfCa3TqntWrd3WyvWrRR1FdIAOUQW56BzV0Q1qoCaiaIwe0BN6tnLr0XqxXuerBWtxs4++wXr7BGfMkjw=</latexit>

y = h(x, ✓)

Contraction-based 
controller + estimatorTrain NN 

perception system

<latexit sha1_base64="IrT0lBxNPGaFfBqX4Q6zh23TQMM=">AAACLnicjVDLSsNAFJ3UV62vqks3wSKoSEilWJdFEVwqWBXaWiaTm3boZBJmbqQl5Ivc+Cu6EFTErZ/htHbhE7xw4XDuOXOG48WCa3TdRys3MTk1PZOfLczNLywuFZdXznWUKAZ1FolIXXpUg+AS6shRwGWsgIaegAuvdzi8X1yD0jySZziIoRXSjuQBZxQN1S4eNX0IjHf0UupT1esoAJmlquNlqevsuE7VbFZoIvTxh6p/tb2JW1m7WCo77mjsv0GJjOekXbxv+hFLQpDIBNW6UXZjbKVUIWcCTFqiIaasRzvQMFDSEHQrHcVn9oZhfDuIlFmJ9oj97EhpqPUg9IwypNjV329D8rdbI8Fgv5VyGScIkn0EBYmwMbKH3dk+V8BQDAygTHHzV5t1qaIMTcOF/5VwvuuU95zKaaVUOxjXkSdrZJ1skjKpkho5JiekThi5IXfkiTxbt9aD9WK9fkhz1tizSr6M9fYOp32pgA==</latexit>

x⇤(t)

Key insight: Estimate bound on error in the learned perception module, and propagate it to low-level control via contraction theory.

System dynamics

24

Predicts state indices directly 
observable from one image: xobs

(no invertibility needed)
plannedtrue

estimated

Provably stable around plan

<latexit sha1_base64="GzkCSpAzmxCPn8VdL3usNmXcRtU=">AAACOXicjVDLSgNBEJz1GeNr1aOXwSBEhJBIUC9C0IunEME8IAlhdraTDJl9MNOrCcv+lhf/wpvgxYMiXv0BN5sgKhEsaCiqqummLF8Kjfn8ozE3v7C4tJxaSa+urW9smlvbNe0FikOVe9JTDYtpkMKFKgqU0PAVMMeSULcGF2O/fgNKC8+9xpEPbYf1XNEVnGEsdcxKC4W0gQ47LYQhKif0LB1l8YCezdAOaaIkZ0MFdhTefmXK5XEk6piZQi6fgP5NMmSKSsd8aNkeDxxwkUumdbOQ97EdMoWCS4jSrUCDz/iA9aAZU5c5oNth8kJE92PFpl1PxeMiTdTvGyFztB45Vpx0GPb1b28szvKaAXZP26Fw/QDB5ZND3UBS9Oi4RmoLBRzlKCaMKxH/SnmfKcYxLjv9vxJqR7nCca54VcyUzqd1pMgu2SNZUiAnpEQuSYVUCSd35Im8kFfj3ng23oz3SXTOmO7skB8wPj4BhcOulw==</latexit>

x̃obs(t) = xobs(t) + wNN(t)

NN perception error

<latexit sha1_base64="FKz1TOmdZ25QUwd8lwr1apfzc18=">AAAB/nicjVDLSsNAFJ3UV62vqLhyM1gEVyWRoi6LblxWsA9oQphMbtqhkwczN9ISCv6KGxeKuPU73Pk3po+FioIHLhzOuZd7OH4qhUbL+jBKS8srq2vl9crG5tb2jrm719ZJpji0eCIT1fWZBiliaKFACd1UAYt8CR1/eDX1O3egtEjiWxyn4EasH4tQcIaF5JkHDgoZAB15DsIIVZQnvp54ZtWuWTPQv0mVLND0zHcnSHgWQYxcMq17tpWimzOFgkuYVJxMQ8r4kPWhV9CYRaDdfBZ/Qo8LJaBhooqJkc7Urxc5i7QeR36xGTEc6J/eVPzN62UYXri5iNMMIebzR2EmKSZ02gUNhAKOclwQxpUoslI+YIpxLBqr/K+E9mnNPqvVb+rVxuWijjI5JEfkhNjknDTINWmSFuEkJw/kiTwb98aj8WK8zldLxuJmn3yD8fYJ+16WKg==</latexit>

x̃obs
data

Bound perception error

Method



Contraction-based control & estimation
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Guarantees (for system with no disturbance):
• controller converges exponentially quickly around all feasible plans (x*(t), u*(t))
• state estimator converges exp. quickly to the true state, for all feasible x(t)
• prior work: obtain via convex optimization [Manchester and Slotine ‘14, Singh et al. ‘17]

<latexit sha1_base64="BRmWpZGmbnQJ2Cm1BnysPXurG5k=">AAAB63icjVBNS8NAEJ3Ur1q/qh69LBahXkoiRT0WvXisYGuhDWWz3bRLdzdhdyKW0L/gxYMiXv1D3vw3Jm0PKgo+GHi8N8PMvCCWwqLrfjiFpeWV1bXiemljc2t7p7y717ZRYhhvsUhGphNQy6XQvIUCJe/EhlMVSH4bjC9z//aOGysifYOTmPuKDrUIBaOYS/dVPO6XK17NnYH8TSqwQLNffu8NIpYorpFJam3Xc2P0U2pQMMmnpV5ieUzZmA55N6OaKm79dHbrlBxlyoCEkclKI5mpXydSqqydqCDrVBRH9qeXi7953QTDcz8VOk6QazZfFCaSYETyx8lAGM5QTjJCmRHZrYSNqKEMs3hK/wuhfVLzTmv163qlcbGIowgHcAhV8OAMGnAFTWgBgxE8wBM8O8p5dF6c13lrwVnM7MM3OG+fiRyN6w==</latexit>

x(t)
<latexit sha1_base64="EhS11YMdbM23sWIYhg/kexC4JNQ=">AAAB7XicjVDLSgNBEOyNrxhfUY9eBoMQPYSNBPUY9OIxgnlAsobZyWwyZnZnmekVw5J/8OJBEa/+jzf/xsnjoKJgQUNR1U13lx9LYdB1P5zMwuLS8kp2Nbe2vrG5ld/eaRiVaMbrTEmlWz41XIqI11Gg5K1Ycxr6kjf94cXEb95xbYSKrnEUcy+k/UgEglG0UuP+5qiIh918oVxypyB/kwLMUevm3zs9xZKQR8gkNaZddmP0UqpRMMnHuU5ieEzZkPZ529KIhtx46fTaMTmwSo8EStuKkEzVrxMpDY0Zhb7tDCkOzE9vIv7mtRMMzrxURHGCPGKzRUEiCSoyeZ30hOYM5cgSyrSwtxI2oJoytAHl/hdC47hUPilVriqF6vk8jizswT4UoQynUIVLqEEdGNzCAzzBs6OcR+fFeZ21Zpz5zC58g/P2CaQHjoc=</latexit>

x⇤(t)
tracking error

estimation error
<latexit sha1_base64="KonyYMavSXZUDRFpRsqZD/i2JWo=">AAAB8HicjVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwkWcLsZDYZMju7zPSKYclXePGgiFc/x5t/4+RxUFGwoKGo6qa7K0ikMOi6H05uaXlldS2/XtjY3NreKe7uNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo8up37rj2ohY3eA44X5EB0qEglG00m13SJHcl/G4Vyx5FXcG8jcpwQL1XvG9249ZGnGFTFJjOp6boJ9RjYJJPil0U8MTykZ0wDuWKhpx42ezgyfkyCp9EsbalkIyU79OZDQyZhwFtjOiODQ/van4m9dJMTz3M6GSFLli80VhKgnGZPo96QvNGcqxJZRpYW8lbEg1ZWgzKvwvhOZJxTutVK+rpdrFIo48HMAhlMGDM6jBFdShAQwieIAneHa08+i8OK/z1pyzmNmHb3DePgHpFY/W</latexit>

x̂(t)

t t

Tracking error dc(t) Estimation error de(t)

<latexit sha1_base64="U5AQvaYvKg3kHijVGV5VkOEbSRI=">AAAB/nicjVDLSsNAFJ3UV62vqLhyEyyCIJREirosunFZwT6gDWEyuWmHTh7M3GhLCPgrblwo4tbvcOffmKZdqCh44MLhnPviuLHgCk3zQystLC4tr5RXK2vrG5tb+vZOW0WJZNBikYhk16UKBA+hhRwFdGMJNHAFdNzR5dTv3IJUPApvcBKDHdBByH3OKOaSo+/1EcZY7EkleFl6fOeMM0evWjWzgPE3qZI5mo7+3vcilgQQIhNUqZ5lxminVCJnArJKP1EQUzaiA+jlNKQBKDstzmbGYa54hh/JvEI0CvXrREoDpSaBm3cGFIfqpzcVf/N6CfrndsrDOEEI2eyQnwgDI2OaheFxCQzFJCeUSZ7/arAhlZRhnljlfyG0T2rWaa1+Xa82LuZxlMk+OSBHxCJnpEGuSJO0CCMpeSBP5Fm71x61F+111lrS5jO75Bu0t09m2ZZt</latexit>

+wx
<latexit sha1_base64="v3ZndP65QHvvudQlwWuiT7gsT1g=">AAACCHicjVDLSsNAFJ3UV62vqEsXBosgCCWVoi6LblyVCvYBbQiTyU07dPJg5kYtIUs3/oobF4q49RPc+TemaRcqCh64cDjnvjhOJLhC0/zQCnPzC4tLxeXSyura+oa+udVWYSwZtFgoQtl1qALBA2ghRwHdSAL1HQEdZ3Q+8TvXIBUPgyscR2D5dBBwjzOKmWTru32EW8z3JBLcNDm8sXNJ+kmjkaa2Xq5WzBzG36RMZmja+nvfDVnsQ4BMUKV6VTNCK6ESOROQlvqxgoiyER1AL6MB9UFZSf5Aauxnimt4ocwqQCNXv04k1Fdq7DtZp09xqH56E/E3rxejd2olPIhihIBND3mxMDA0JqkYLpfAUIwzQpnk2a8GG1JJGWbZlf4XQvuoUj2u1C5r5frZLI4i2SF75IBUyQmpkwvSJC3CyB15IE/kWbvXHrUX7XXaWtBmM9vkG7S3T4BYmu0=</latexit>

+wNN

With disturbance: state/state estimate remains in a tube that scales with disturbance size

Key: for valid tubes, must get valid upper bound on disturbance.

<latexit sha1_base64="+oUe1aft4MCmc3XFlHuneKoqJ2g=">AAACKXicjVDLSgNBEJz1GeNr1aOXwSAIYkhCUI9BLx4jmAdkwzI720mGzD6Y6VXDkt/x4q94UVDUqz/iZJODioIFAzXVXVRTXiyFxlLpzZqbX1hcWs6t5FfX1jc27a3tpo4SxaHBIxmptsc0SBFCAwVKaMcKWOBJaHnD88m8dQ1Kiyi8wlEM3YD1Q9ETnKGRXLvm+BFS3wXqSKBHjjRWn5nvRDqk3K04CLeYBaUK/HHqNEEhvXEhI2PXLpSLpQz0b1IgM9Rd+8lE8iSAELlkWnfKpRi7KVMouIRx3kk0xIwPWR86hoYsAN1NswPGdN8oPu1FyrwQaaZ+daQs0HoUeGYzYDjQP2cT8bdZJ8HeaTcVYZwghHwa1EskxYhOaqO+UMBRjgxhXAlzK+UDphhHU27+fyU0K8XycbF6WS3UzmZ15Mgu2SMHpExOSI1ckDppEE7uyAN5Ji/WvfVovVrv09U5a+bZId9gfXwCHLampA==</latexit>

ḋe  ��ede + c2kwek
<latexit sha1_base64="nmaPWFV3YGF1YaYIwppjkbtVcgA=">AAACKXicjVDLSgNBEJz1GeMr6tHLYBAEMWQlqMegF48RzAOyYZmd7SRDZh/M9GrCkt/x4q94UVDUqz/iZJODioIFAzXVXVRTXiyFxnL5zZqbX1hcWs6t5FfX1jc2C1vbDR0likOdRzJSLY9pkCKEOgqU0IoVsMCT0PQGF5N58waUFlF4jaMYOgHrhaIrOEMjuYWq40dIfZdTRwI9cqSx+sx8J9Ih5a7tIAwxC0oV+OPUaYBCeusOMzJ2C0W7VM5A/yZFMkPNLTyZSJ4EECKXTOu2XY6xkzKFgksY551EQ8z4gPWgbWjIAtCdNDtgTPeN4tNupMwLkWbqV0fKAq1HgWc2A4Z9/XM2EX+btRPsnnVSEcYJQsinQd1EUozopDbqCwUc5cgQxpUwt1LeZ4pxNOXm/1dC47hkn5QqV5Vi9XxWR47skj1yQGxySqrkktRInXByRx7IM3mx7q1H69V6n67OWTPPDvkG6+MTLi2msA==</latexit>

ḋc  ��cdc + c1kwxk

a constantexp. convergence rate

<latexit sha1_base64="jg2qRBZAHQ0Hk3PNmIv478PDQMk=">AAACBnicjVDJSgNBEO2JW4zbqEcRGoMQEcKMBPUihHjxGMEskAyhp6cnadKz0F0jGYacvPgrXjwo4tVv8Obf2FkOKgo+KHi8V0VVPTcWXIFlfRi5hcWl5ZX8amFtfWNzy9zeaaookZQ1aCQi2XaJYoKHrAEcBGvHkpHAFazlDi8nfuuWScWj8AbSmDkB6Yfc55SAlnrmfhfYCGSQeWlIAk7VGF9gvzQ6wse4lvTMol22psB/kyKao94z37teRJOAhUAFUapjWzE4GZHAqWDjQjdRLCZ0SPqso6leyZSTTd8Y40OteNiPpK4Q8FT9OpGRQKk0cHVnQGCgfnoT8Tevk4B/7mQ8jBNgIZ0t8hOBIcKTTLDHJaMgUk0IlVzfiumASEJBJ1f4XwjNk7J9Wq5cV4rV2jyOPNpDB6iEbHSGqugK1VEDUXSHHtATejbujUfjxXidteaM+cwu+gbj7ROzypf3</latexit>

dynamics = f(x) +Bu
<latexit sha1_base64="JHuZDgGO8K3SLECPXDkvVsNpl0w=">AAACDnicjVDLSgNBEJyNrxhfqx69DIaAp5AVUS9C0IvHCOYBSQizk04yZGZ3memVhGW/wIu/4sWDIl49e/NvnDwEFQULGoqq7p7p8iMpDJZK705mYXFpeSW7mltb39jccrd3aiaMNYcqD2WoGz4zIEUAVRQooRFpYMqXUPeHFxO/fgPaiDC4xnEEbcX6gegJztBKHbfQQhihVokCZmINCgJM6RkddT6N0Ddpx817xdIU9G+SJ3NUOu5bqxvyeLKNS2ZM0ytF2E6YRsElpLlWbCBifMj60LQ0YApMO5mek9KCVbq0F2pbAdKp+nUiYcqYsfJtp2I4MD+9ifib14yxd9pORBDFCAGfPdSLJcWQTrKhXaGBoxxbwrgW9q+UD5hmHG2Cuf+FUDssesfFo6ujfPl8HkeW7JF9ckA8ckLK5JJUSJVwckvuySN5cu6cB+fZeZm1Zpz5zC75Buf1A/w0nVc=</latexit>

measurement = xobs

a constantexp. convergence rate

<latexit sha1_base64="nmaPWFV3YGF1YaYIwppjkbtVcgA=">AAACKXicjVDLSgNBEJz1GeMr6tHLYBAEMWQlqMegF48RzAOyYZmd7SRDZh/M9GrCkt/x4q94UVDUqz/iZJODioIFAzXVXVRTXiyFxnL5zZqbX1hcWs6t5FfX1jc2C1vbDR0likOdRzJSLY9pkCKEOgqU0IoVsMCT0PQGF5N58waUFlF4jaMYOgHrhaIrOEMjuYWq40dIfZdTRwI9cqSx+sx8J9Ih5a7tIAwxC0oV+OPUaYBCeusOMzJ2C0W7VM5A/yZFMkPNLTyZSJ4EECKXTOu2XY6xkzKFgksY551EQ8z4gPWgbWjIAtCdNDtgTPeN4tNupMwLkWbqV0fKAq1HgWc2A4Z9/XM2EX+btRPsnnVSEcYJQsinQd1EUozopDbqCwUc5cgQxpUwt1LeZ4pxNOXm/1dC47hkn5QqV5Vi9XxWR47skj1yQGxySqrkktRInXByRx7IM3mx7q1H69V6n67OWTPPDvkG6+MTLi2msA==</latexit>

ḋc  ��cdc + c1kwxk

Contraction

Bound error
Error-informed 

tubes
Tube-informed 

planning

<latexit sha1_base64="kZAnnkRTLZZi550KD6vQdBTiydE=">AAACFnicjZDLSsNAFIYnXmu9RV26GSyCIJa2FHVZdOOqVLAXaEqYTE/aoZMLMydqCXkKN76KGxeKuBV3vo1p2oWKgj8MHL7/nDOH3wml0FgqfRhz8wuLS8u5lfzq2vrGprm13dJBpDg0eSAD1XGYBil8aKJACZ1QAfMcCW1ndD7x29egtAj8KxyH0PPYwBeu4AxTZJtHh9yuWAi3mO2KFfST2GqBQnpjZ1x5cb2eZCixzUK5WMpE/y4KZKaGbb5b/YBHHvjIJdO6Wy6F2IuZQsElJHkr0hAyPmID6KalzzzQvTg7JaH7KelTN1Dp85Fm9OtEzDytx56TdnoMh/qnN4G/ed0I3dNeLPwwQvD59CM3khQDOsmI9oUCjnKcFowrkd5K+ZApxjFNMv+/EFqVYvm4WL2sFmpnszhyZJfskQNSJiekRi5IgzQJJ3fkgTyRZ+PeeDRejNdp65wxm9kh32S8fQL1bKCH</latexit>

+c2kwNNk



From error sources to tracking error

<latexit sha1_base64="8KZOw6KPq90SGrRYh1zy1IxjdTM=">AAACInicjVDJSgNBFOyJW4xb1KOXxiBExJCR4HILevEYwSyQCUNPz0vSpGeh+40aQr7Fi7/ixYOingQ/xs4iqChY0FBUveK9Li+WQmOx+GalZmbn5hfSi5ml5ZXVtez6Rk1HieJQ5ZGMVMNjGqQIoYoCJTRiBSzwJNS93tnIr1+B0iIKL7EfQytgnVC0BWdoJDd74vgRUt/ledyljgS670iT9pnLP9U9yl2bOjVQSK/dGyONuZvN2YXiGPRvkiNTVNzsi9nFkwBC5JJp3bSLMbYGTKHgEoYZJ9EQM95jHWgaGrIAdGsw/uKQ7hjFp+1ImRciHatfEwMWaN0PPDMZMOzqn95I/M1rJtg+bg1EGCcIIZ8saieSYkRHfVFfKOAo+4YwroS5lfIuU4yjaTXzvxJqBwX7sFC6KOXKp9M60mSLbJM8sckRKZNzUiFVwsktuSeP5Mm6sx6sZ+t1MpqypplN8g3W+wfbkaFu</latexit>

ḋc(t)  ��cdc(t) + c1kwx(t)k

<latexit sha1_base64="gcJy4hkm9+1ayvxe6iYDOf2wmK0=">AAACLXicjVDLSgNBEJyN7/iKevQyGISIGLIhqEdRD56CgolCNiyzs51kyOyDmV41LPkhL/6KCB4i4tXfcPIQVBQsGCiquuie8mIpNJZKAyszNT0zOze/kF1cWl5Zza2t13WUKA41HslIXXtMgxQh1FCghOtYAQs8CVde92ToX92A0iIKL7EXQzNg7VC0BGdoJDd36vgRUt+FAu5QRwLdc6RJ+8yFT3WXcrdMnToopLeug3CHKkir1b4xx6qby9vF0gj0b5InE5y7uSezlicBhMgl07phl2Jspkyh4BL6WSfREDPeZW1oGBqyAHQzHf22T7eN4tNWpMwLkY7Ur4mUBVr3As9MBgw7+qc3FH/zGgm2DpupCOMEIeTjRa1EUozosDrqCwUcZc8QxpUwt1LeYYpxNAVn/1dCvVy094uVi0r+6HhSxzzZJFukQGxyQI7IGTknNcLJPXkkA/JiPVjP1qv1Nh7NWJPMBvkG6/0D1mymHw==</latexit>

ḋe(t)  ��ede(t) + c2kwNN(t)k

Control mismatch error:

<latexit sha1_base64="BRmWpZGmbnQJ2Cm1BnysPXurG5k=">AAAB63icjVBNS8NAEJ3Ur1q/qh69LBahXkoiRT0WvXisYGuhDWWz3bRLdzdhdyKW0L/gxYMiXv1D3vw3Jm0PKgo+GHi8N8PMvCCWwqLrfjiFpeWV1bXiemljc2t7p7y717ZRYhhvsUhGphNQy6XQvIUCJe/EhlMVSH4bjC9z//aOGysifYOTmPuKDrUIBaOYS/dVPO6XK17NnYH8TSqwQLNffu8NIpYorpFJam3Xc2P0U2pQMMmnpV5ieUzZmA55N6OaKm79dHbrlBxlyoCEkclKI5mpXydSqqydqCDrVBRH9qeXi7953QTDcz8VOk6QazZfFCaSYETyx8lAGM5QTjJCmRHZrYSNqKEMs3hK/wuhfVLzTmv163qlcbGIowgHcAhV8OAMGnAFTWgBgxE8wBM8O8p5dF6c13lrwVnM7MM3OG+fiRyN6w==</latexit>

x(t)
<latexit sha1_base64="IrT0lBxNPGaFfBqX4Q6zh23TQMM=">AAACLnicjVDLSsNAFJ3UV62vqks3wSKoSEilWJdFEVwqWBXaWiaTm3boZBJmbqQl5Ivc+Cu6EFTErZ/htHbhE7xw4XDuOXOG48WCa3TdRys3MTk1PZOfLczNLywuFZdXznWUKAZ1FolIXXpUg+AS6shRwGWsgIaegAuvdzi8X1yD0jySZziIoRXSjuQBZxQN1S4eNX0IjHf0UupT1esoAJmlquNlqevsuE7VbFZoIvTxh6p/tb2JW1m7WCo77mjsv0GJjOekXbxv+hFLQpDIBNW6UXZjbKVUIWcCTFqiIaasRzvQMFDSEHQrHcVn9oZhfDuIlFmJ9oj97EhpqPUg9IwypNjV329D8rdbI8Fgv5VyGScIkn0EBYmwMbKH3dk+V8BQDAygTHHzV5t1qaIMTcOF/5VwvuuU95zKaaVUOxjXkSdrZJ1skjKpkho5JiekThi5IXfkiTxbt9aD9WK9fkhz1tizSr6M9fYOp32pgA==</latexit>

x⇤(t)
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x̂(t)
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u(x̂, x⇤, u⇤)
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u(x̂, x⇤, u⇤)
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• Bound error in a trusted domain                            , which we 
want to stay in at runtime.

• Select D to be a set near the training data.
• Use iid validation data + extreme value theory (EVT) [1, 2] to 

get upper bound            , valid with user-specified probability β 
(statistical test).

Tracking error dc(t)
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Dynamics error:
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State estimate error de(t)

(driven by state 
estimate error)
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[1] Chou, Ozay, Berenson; CDC’21.          [2] De Haan and Ferreira; Springer’07.
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Contraction

Bound error
Error-informed 

tubes
Tube-informed 

planning
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kwdyn(t)k  w̄dyn

EVT-β estimated Lipschitz constant



Measurement: 
RGB image

Measurement: 
RGB-D image Measurement: 

RGB image

4D nonholonomic 
ground vehicle

14D acceleration-
controlled arm

6D underactuated quadrotor

Results
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Nonholonomic car

Goal: safely reach goal 
using RGB-D images 

at runtime

Perception module:
y =  RGB-D image

! = obstacle locations
output =                   .

xy training data 
restricted to:
px in [0, 13.5]

py in [−2.5, −2.5]

Trajectory tracking

Runtime observations (RGB part)

Our method

State estimation

Legend:
Tubes; executed trajectory; planned 

trajectory; estimated trajectory 28
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Nominal dynamics:
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px, py,�



Trajectory tracking

Runtime observations

State estimation (no tubes)

Legend:
Tubes; executed trajectory; planned trajectory; estimated trajectory

Baseline: ignoring the effect of perception error during planning

no training data
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Measurement: 
RGB image

Goal: estimate duck pose relative to end 
effector, within a guaranteed accuracy; 

you can move the arm to get better readings

Perception module: 
y = RGB image
! = joint angles

output = (yaw, pitch, roll)

Result: tube encourages the arm move to low-
error regions of the space

Ya
w 

 
Pi

tch
 

Ro
ll 

State estimate tubes

Runtime observations

Legend: state estimate error;
tube (projections)

30

desired 
threshold

Guaranteed active perception on a 7DOF arm
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Task or mission 
specification

More info and preprints available @ web.eecs.umich.edu/~necmiye/

Plant

Observations
Learning while respecting architectures è system-level guarantees 
• Separation of dynamics, low-level control, planning, and high-level decision-making
• “Easier” characterization and propagation of uncertainty between layers 
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LTL =
High-level plan (logic 
structure) + Low-level 

predicates High-level decisions
Trajectory planning

Low-level feedback control

Learning in-the-loop control:
• Plant can be unknown and need to be 

learned (ACC’19, TAC’22)
• Task can be unknown and need to be 

learned (RA-L’20, RSS’20, AURO’21)
• Controller can be hard to design or 

synthesize and can be learned instead (RA-
L’21, CDC’21, EMSOFT’21, LCSS’23)

• Perception module typically does not have 
an analytical solution and is learned 
(EMSOFT’21, WAFR’22)
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Task or mission 
specification

More info and preprints available @ web.eecs.umich.edu/~necmiye/

Plant

Observations
Mostly planning, what about control with a larger domain of validity?
• Recent work on hybrid Koopman-inspired liftings for learning-based backward 

reachability (LCSS’23) 
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LTL =
High-level plan (logic 
structure) + Low-level 

predicates High-level decisions
Trajectory planning

Low-level feedback control

Learning in-the-loop control:
• Plant can be unknown and need to be 

learned (ACC’19, TAC’22)
• Task can be unknown and need to be 

learned (RA-L’20, RSS’20, AURO’21)
• Controller can be hard to design or 

synthesize and can be learned instead (RA-
L’21, CDC’21, EMSOFT’21, LCSS’23)

• Perception module typically does not have 
an analytical solution and is learned 
(EMSOFT’21, WAFR’22)



Learning the Model and 
Computing Backward 

Reachable Sets
Reference:

• Koopman-inspired Implicit Backward Reachable Sets for 
Unknown Nonlinear Systems (L-CSS, 2023)

12

Joint work with Haldun Balim Antoine Aspeel and Zexiang Liu



Koopman-Inspired Safety Control for Unknown Nonlinear Systems

Nonlinear system
 "! = $(", ')

Backward Reachable Set
)"

Hard

* = +(")
Koopman over-approximation

*! ∈ -* + /' +0" = 1*

Backward Reachable Set
2"

Easy

Inner approximates

Two key ingredients:
- Koopman over-approximation (KoA): a simulation-like relation between the 

original system and Koopman-inspired abstraction

- Implicit inner-approximation 2	of target set ) where {"|	+ " ∈ 2} ⊆ ).

Balim, Aspeel, Liu, Ozay, L-CSS’23



Koopman-Inspired Safety Control for Unknown Nonlinear Systems

Nonlinear system
 "! = $(", ')

Backward Reachable Set
)"

Hard

* = +(")
Koopman over-approximation

*! ∈ -* + /' +0" = 1*

Backward Reachable Set
2"

Easy

Inner approximates

Some properties:
- Any lifting function + including " in its coordinates can be used;

- The Koopman over-approximation is learned from data;

- If we can estimate local Lipschitz constants, can improve computation further by 
updating the linear representation locally

Balim, Aspeel, Liu, Ozay, L-CSS’23

Forced Duffing Oscillator



Nonlinear system
 "! = $(", ')

Backward Reachable Set
)"

Hard

* = +(")
Koopman over-approximation
*! ∈ -#* + /#' +0#  if " ∈ 9#  " = 1*

Backward Reachable Set
2"

Easy

Inner approximates

Single linearization is not enough:

- Different over-approximations are learned over local subdomains (leading to a 
PWA system) for better accuracy:

- Experiments show that to obtain BRSs with similar sizes, the Koopman over-
approximation requires less pieces than direct linearization (hybridization).

Why do we need hybridization in the lifted space? See Zexiang Liu’s talk 
tomorrow morning at 10am on non-existence of linear immersions for systems 
with multiple omega limit sets

Balim, Aspeel, Liu, Ozay, L-CSS’23

Forced Duffing Oscillator

Inverted Pendulum

Koopman-Inspired Safety Control for Unknown Nonlinear Systems



Single linearization is not enough:

- Different over-approximations are learned over local subdomains (leading to a 
PWA system) for better accuracy:

- Experiments show that to obtain BRSs with similar sizes, the Koopman over-
approximation requires less pieces than direct linearization (hybridization).

Why do we need hybridization in the lifted space? See Zexiang Liu’s talk 
tomorrow morning at 10am on non-existence of linear immersions for systems 
with multiple omega limit sets

Nonlinear system
 "! = $(", ')

Backward Reachable Set
)"

Hard

* = +(")
Koopman over-approximation
*! ∈ -#* + /#' +0#  if " ∈ 9#  " = 1*

Backward Reachable Set
2"

Easy

Inner approximates

Balim, Aspeel, Liu, Ozay, L-CSS’23

Forced Duffing Oscillator

Inverted Pendulum

Koopman-Inspired Safety Control for Unknown Nonlinear Systems
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Task or mission 
specification

More info and preprints available @ web.eecs.umich.edu/~necmiye/

Plant

Thanks!
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LTL =
High-level plan (logic 
structure) + Low-level 

predicates High-level decisions
Trajectory planning

Low-level feedback control

Learning in-the-loop control:
• Plant can be unknown and need to be 

learned (ACC’19, TAC’22, LCSS’23)
• Task can be unknown and need to be 

learned (RA-L’20, RSS’20, AURO’21)
• Controller can be hard to design or 

synthesize and can be learned instead (RA-
L’21, CDC’21, EMSOFT’21, LCSS’23)

• Perception module typically does not have 
an analytical solution and is learned 
(EMSOFT’21, WAFR’22)


