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Motivation – Stochastic Optimal Control

Image: Forbes.com Image: galooli.com
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Motivation – Stochastic Optimal Control

Image: Forbes.com Image: galooli.com

Here: data-driven distributionally robust optimal control
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Problem Setting

Why distributionally robust control?
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Trade-off between robustness and conservatism
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Distributionally Robust Constraint Formulations

B. P. G. Van Parys, D. Kuhn, P. J. Goulart, and M. Morari, 2016. Distributionally Robust Control of Constrained Stochastic Systems, IEEE TAC
P. M. Esfahani, D. Kuhn, Data-driven distributionally robust optimization using the Wasserstein metric: Performance guarantees and tractable reformulations, Math. Program.

Chance constraints

How to model distributional ambiguity?

Robust constraintsDistributionally robust 
constraints

Robustness

Conservatism

Known distribution Unknown distribution 
with compact support

Distributional ambiguity
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Considered Distributionally Robust OCP
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Uncertainty Propagation via Moments?

Alternatives?

Propagation via mean and covariance
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Polynomial Chaos Expansion (PCE)

N. Wiener, 1938. “The homogeneous chaos,” American Journal of Mathematics.
T. J. Sullivan, 2015, Introduction to Uncertainty Quantification, Springer International.
L. Fagiano, and M. Khammash, 2012. “Nonlinear stochastic model predictive control via regularized polynomial chaos expansions,” in 51st IEEE CDC.
K. Kim, and R. Braatz, 2013. “Generalised polynomial chaos expansion approaches to approximate stochastic model predictive control,” Int. J. Control.
T. Mühlpfordt, R. Findeisen, V. Hagenmeyer and T. Faulwasser, 2018. “Comments on Truncation Errors for Polynomial Chaos Expansions,” IEEE L-CSS. 

Truncated PCE

PCE

Exact PCE Finitely many basis functions

Uncertainty propagation with exact PCEs?
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Uncertainty Propagation via PCE

G. Pan, R. Ou, and T.  Faulwasser, 2023. On a stochastic fundamental lemma and its use for data-driven optimal control. IEEE TAC
T. Faulwasser et al. 2023. Behavioral theory for stochastic systems? A data-driven journey from Willems to Wiener and back again. Annual Reviews in Control

Data-driven uncertainty propagation?
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Recap – Willems’ Fundamental Lemma

J. C. Willems, P. Rapisarda, I. Markovsky, and B. L. De Moor, 2005. A note on persistency of excitation. Systems & Control Letters
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Data-driven Uncertainty Propagation

Willems’ fundamental lemma

Realizations paths described by recorded data

J.C. Willems, P. Rapisarda, I. Markovsky, and B. L. De Moor, 2005. A note on persistency of excitation,  Systems & Control Letters.
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Data-driven Uncertainty Propagation

G. Pan, R. Ou, and T.  Faulwasser, 2023. On a stochastic fundamental lemma and its use for data-driven optimal control. IEEE TAC
T. Faulwasser et al. 2023. Behavioral theory for stochastic systems? A data-driven journey from Willems to Wiener and back again. Annual Reviews in Control

Exact PCEs enables tractable data-driven uncertainty propagation Stochastic fundamental lemma? How to construct basis for exact PCEs?
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A Stochastic Fundamental Lemma?
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A Stochastic Fundamental Lemma

. Pan, R. Ou, and T.  Faulwasser, 2023. On a stochastic fundamental lemma and its use for data-driven optimal control. IEEE TAC

Hankel matrices of measured realizations Input-output trajectories of (1*)
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Data-driven Uncertainty Propagation

Prediction of future random variables through recorded data

Stochastic fundamental lemma

G. Pan, R. Ou, and T.  Faulwasser, 2023. On a stochastic fundamental lemma and its use for data-driven optimal control. IEEE TAC
T. Faulwasser et al. 2023. Behavioral theory for stochastic systems? A data-driven journey from Willems to Wiener and back again. Annual Reviews in Control

How to consider distributional ambiguity? 
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Considered Distributionally Robust OCP
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Distributional Ambiguity

C. R. Givens and R. M. Shortt, 1984. A class of Wasserstein metrics for probability distributions. Michigan Math. J.

Gelbrich ambiguity for uncertainty propagation?
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Uncertainty Quantification Perspective on PCE Bases

Sullivan, Timothy John. Introduction to uncertainty quantification. Vol. 63. Springer, 2015.

UniformGaussianGammaBeta

Images: wikipedia.org

Design degrees of freedom for PCE bases are two-fold:
• Algebraic structure of basis functions
• Arguments of basis

Exact PCEs  with 2 coefficients for specific distributions 
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Generalization: construct PCE basis by covariance decomposition
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l Exact PCEs  with 2 coefficients for any L2 distributions 

How to choose the basis for PCE? 

Arbitrary L2 random variable

Scalar Gaussian
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Tailored covariance decomposition for Gelbrich ambiguity

Covariance decomposition leads to exact vector-valued PCE
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PCE Representation for Gelbrich Ambiguity

G. Pan, R. Ou, and T. Faulwasser, 2023. On Data-Driven Stochastic Output-Feedback Predictive Control, arXiv preprint
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Exact PCEs for all random variables?
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Representation of Input and Output Random Variables?

G.C. Calafiore and L.E. Ghaoui, 2006. On distributionally robust chance constrained linear programs, J. Optim. Theory Appl.
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Distributionally Robust Chance Constraints?

G.C. Calafiore and L.E. Ghaoui, 2006. On distributionally robust chance constrained linear programs, J. Optim. Theory Appl.

Distributionally robust constraints in PCE coefficients
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Distributionally Robust Optimal Control Problem
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Numerical Example

G. Pan and T.  Faulwasser, 2023. Distributionally robust uncertainty quantification via data-driven stochastic optimal control. IEEE L-CSS
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Data-driven uncertainty propagation
• Prediction of future random variables by 

previously recorded data
• Tractable propagation by exact PCE
• Second order cone reformulation of 

distributionally robust constraints

Distributional ambiguity via Gelbrich sets
• Outer approximation of Wasserstein ambiguity 

set in moment-based formulation
• Convex reformulation by a tailored 

decomposition of covariance matrix
• Decoupling into ambiguities of coefficients and 

germs via polynomial chaos
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Summary

Extensions to predictive control and closed-loop analysis

l Data-driven stochastic output-feedback predictive control with closed-loop guarantees

G. Pan, R. Ou, and T. Faulwasser, 2023. On Data-Driven Stochastic Output-Feedback Predictive Control, arXiv preprint

Data-driven distributionally robust optimal control

G. Pan, R. Ou, and T.  Faulwasser, 2023. On a stochastic fundamental 
lemma and its use for data-driven optimal control. IEEE TAC

G. Pan and T.  Faulwasser, 2023. Distributionally robust uncertainty 
quantification via data-driven stochastic optimal control. IEEE L-CSS
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Data-driven uncertainty propagation
• Prediction of future random variables by 

previously recorded data
• Tractable propagation by exact PCE
• Second order cone reformulation of 

distributionally robust constraints

Distributional ambiguity via Gelbrich sets
• Outer approximation of Wasserstein ambiguity 

set in moment-based formulation
• Convex reformulation by a tailored 

decomposition of covariance matrix
• Decoupling into ambiguities of coefficients and 

germs via polynomial chaos
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Summary

Open problems

l Tools for numerical implementation, fundamental lemma for nonlinear systems?
O. Molodchyk & T. Faulwasser, 2023. Exploring the Links between the Fundamental Lemma and Kernel Regression. IEEE L-CSS

Data-driven distributionally robust optimal control

G. Pan, R. Ou, and T.  Faulwasser, 2023. On a stochastic fundamental 
lemma and its use for data-driven optimal control. IEEE TAC

Thank you for your attention!

G. Pan and T.  Faulwasser, 2023. Distributionally robust uncertainty 
quantification via data-driven stochastic optimal control. IEEE L-CSS


