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Motivation — Stochastic Optimal Control

are ubiquitous in applications

Energy systems
Autonomous driving

Autonomous systems

N-1
min  E| Y Y.'QYi + Ux' RU
Ur€L?, —0
k€ljo, N —1] -
subject to

X1 = AXy + BU, + EWy,
Yi.=0CX,+ DU, + FW,

Xo = Xini
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Motivation — Stochastic Optimal Control

are ubiquitous in applications

N—1
i E Vi ' QYi + Uy ' RU
Uirélgz, ,max kz_:o e QYr + Uy k
kEH[O,N—l] kEH[O,N—l] o
subject to

Xp+1 = AXy, +BU, + EWy,,  Xo = Xing

Y. =CX, + DU, + FW,

Energy systems
Autonomous driving

Autonomous systems

Here: data-driven distributionally robust optimal control

TUHH
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Problem Setting

14

1

Xkt+1 = AXy + BUx + EWj

U—> —_— Y o

TUHH

o i.i.d. Wi ~ uw, uw unkown and non-Gaussian
e System matrices are not known

Measurements of past uy, v., and w; available

e L? random variables W}, € L(Q, p; R™) - - -

W, =  stochastic disturbance °
Measurements of realizations wy, := Wy (w) are available o
Here: Noise-free output and disturbance feedback o
Extension to output measurement noise is doable (but not today) e

Why distributionally robust control?

Probability space L?(€, 1; R)
Sample set (2, probability measure p
Random variables

Realizations of random variables
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Distributionally Robust Constraint Formulations TUHH

min ¢(y,u) subjectto y= f(u,w) e Y,we???

Chance constraints Distributionally robust Robust constraints
constraints

PY=fUW)eY)>1—c¢ P( =f( )eY)>1-¢ y = flu,w) €Y

Known distribution Distributional ambiguity Unknown distribution
with compact support

How to model distributional ambiguity?

B. P. G. Van Parys, D. Kuhn, P. J. Goulart, and M. Morari, 2016. Distributionally Robust Control of Constrained Stochastic Systems, IEEE TAC
P. M. Esfahani, D. Kuhn, Data-driven distributionally robust optimization using the Wasserstein metric: Performance guarantees and tractable reformulations, Math. Program.
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Considered Distributionally Robust OCP

Min-max formulation

N-1
Uiréi&’ Wrileal:;{v, E Z YkTQYk + U, " RU,
k€ljo, n—17 K€L, N 1] k=0
subject to
Xpy1=AX, + BU, + EWy, Xo= Xini
Yi,=CX,+ DU, + FW,
PYreY| >1—¢,, VIWLeW

P[UkEU] >1—¢e,, YVWLeW
Questions

e How to model distributional ambiguity beyond Wasserstein sets?
e Uncertainty propagation with ambiguity through unknown dynamics?

e Tractable distributionally robust optimal control?

TUHH
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Uncertainty Propagation via Moments?

TUHH

1%

1

Xi41 = AXy + BU + EWy,

U ey

Propagation via mean and covariance

E[Xy+1] =AE[Xy] + BE[Ux] + EE[Wj]
N[ Xpi1] =AS[XLAT + AX[X,, Uy|B'

e

1.1.d. Wy ~ 974

e Moments are nonlinear functions of random variables

e Dynamics differ for different moments

+ AX[Uy, Xi]B' + EX[W,]E' e Data-driven analysis is challenging

Alternatives?
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Polynomial Chaos Expansion (PCE)

e Hilbert space L*(Q, ;R), X :Q— R,wr— X(w)
e ng-variate polynomials {¢7}52 s.t. span{¢’}22, = L?(Q, u; R)
e Orthogonality relation for all 7, 5 € Ny

wmwwaéwwwwmmmw=ﬁw%ﬂ=ﬁwww

BT -3 SO e costicent wi
7=0
W e L@ i R™) WA S wol(©
1=0

TUHH

E[W¢’]

E|¢7 7]

m W => w/¢/(€) Finitely many basis functions
jeJ

N. Wiener, 1938. “The homogeneous chaos,” American Journal of Mathematics.

Uncertainty propagation with exact PCEs?

T. Mihlpfordt, R. Findeisen, V. Hagenmeyer and T. Faulwasser, 2018. “Comments on Truncation Errors for Polynomial Chaos Expansions,” IEEE L-CSS.
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Uncertainty Propagation via PCE

Stochastic LTI system

Xi+1 = AXy + BU, + EWj,

sampling
= Yi(w), - -

Uncerta
Up = Uk (w),

LTI dynamics of sampled trajectories

Tpy1 = Az + Buy + Ewy,
yr = Czy + Duy, + Fwy,

Data-driven uncertainty propagation?

TUHH

ZL Ei(a?tng(?)Es LTI dynamics of PCE coefficients
Ug=> " aud? (&), Ye="--- . . . .
=0 Xp,4q = Axy, + Buy, + Ewy,
- Vi = Oxg + Duy, + Fwy
Orthogonal projection

j=0,1,---,L—1

Random variables, realizations, and PCE coefficients
are subject to the same system dynamics

G. Pan, R. Ou, and T. Faulwasser, 2023. On a stochastic fundamental lemma and its use for data-driven optimal control. [EEE TAC
T. Faulwasser et al. 2023. Behavioral theory for stochastic systems? A data-driven journey from Willems to Wiener and back again. Annual Reviews in Control
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Recap — Willems’ Fundamental Lemma

Definition (Persistency of excitation): LTI system
The input data uf = [u{ - uT}T is persistently of exciting 0
I T Tpyr1 = Axg + Bug, x9=2

of order L if the Hankel matrix
yr = Cxp + Duyg

Uy -+ UT—-L+1

uy, uT

is of full row rank.

Fundamental lemma
Consider a controllable LTI system with minimal representation order n. If udT is persistently
exciting of order N 4+ n, then uy, yn Is an input-output trajectory pair if and only if there exists

g € RT=N*1 gych that
_ |UN
77 lyw]

J. C. Willems, P. Rapisarda, |. Markovsky, and B. L. De Moor, 2005. A note on persistency of excitation. Systems & Control Letters



Data-driven Uncertainty Propagation TUHH

Exact PCEs - ..
Stochastic LTI system U, — ZL__OI W (E), Vi = - LTI c'Iynamlcs <.)f PCE.coeff|C|§nts
- Xp,4q = Axy, + Buy, + Ewy,
Xi+1 = AXy + BU, + EWy,

Y. =CX, + DU, + FW, Orthogonal projection

Uncerta sampling
uk:Uk,(w), :Yk(w)’

y?;:CxZ;—I—Du*,i—i—Fwi
j=0,1,---, L —1

Persistently exciting 19, w® Non-parametric model
LTI dynamics of sampled trajectories controllable (A, [B E]) o (1) T
Tpr1 = Axp + Bug + Fwy %N(wj) g = [Wo,N-1]
yr = Cxp + Duy, + Fwy, I (y°) Y[o,N—1]

Willems’ fundamental lemma g€ RT-N+1

Realizations paths described by recorded data

Timm Faulwasser | Data-driven stochastic control with formal guarantees | ECC 2024

J.C. Willems, P. Rapisarda, I. Markovsky, and B. L. De Moor, 2005. A note on persistency of excitation, Systems & Control Letters.
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Data-driven Uncertainty Propagation TUHH

Exact PCEs - ..
Stochastic LTI system U, — ZL—_ol W (E), Vi = - LTI élynamlcs <.)f PCE.coeff|C|§nts
- Xp,4q = Axy, + Buy, + Ewy,
Xi+1 = AXy + BU, + EWy,

yib = C’X‘,i —I—Du*,i —|—FW?%
Y. =CX, + DU, + FW, Orthogonal projection

j:0717"'7L_1

sampling
= Y, (w), -

Uncerta
U = Uk (w),

Data-driven uncertainty propagation

LTI dynamics of sampled trajectories Measurements u¢ ¢ yd %N(ud) U‘[70 N—1]
L d T
Tipy1 = Az + Bup + Ewy, %N(wd) g = |Wo,n-1)
_ A (Y°) Yo no
yr = Cx + Duy + Fuwy, . 4 L ¥[o,N—1]
Persistently exciting u“, w gj c RT-N+1

controllable (A, [B E])

Stochastic fundamental lemma? How to construct basis for exact PCEs?

G. Pan, R. Ou, and T. Faulwasser, 2023. On a stochastic fundamental lemma and its use for data-driven optimal control. [EEE TAC
T. Faulwasser et al. 2023. Behavioral theory for stochastic systems? A data-driven journey from Willems to Wiener and back again. Annual Reviews in Control
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A Stochastic Fundamental Lemma?

TUHH

Hankel matrix description for PCE coefficients

A (u?) U0, v 1)
(d) g = |Yony| + F=0,...,L—1
S (W) _W‘EO,N_”_
Multiply with scalar PCE basis ¢/
S (uf) _ufﬁhN—l]_
I (y?) | &' ¢’ ny,N—l] ¢, j=0,...,L—-1
A (W) _W‘[707N_1]_
Sum over j =0,...,L —1
L—1 [ s (ud) L—1 _“fo,N—l]_
HN(Y) | g7 ¢ = Z ny,N—l] ¢’
i=0 [ A (W) T=0 [ Wio,n -1
S (u?) I (ud)] -1 L—1 _“fo,N—1]_ Ujo,n—1]
)| G= | )| D =D | Yony | =|Yon-1
%N(wd) %N(Wd) =0 7=0 _W{O,N—l]_ W[O,N—l]
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A Stochastic Fundamental Lemma

Stochastic LTI system with W}, € L?(Q, u, R™), Uy, € L2(Q, u, RP)

Xiy1 = AXy +BU, + EWy,  Xo= X" € L*(Q,p,R") (1%)
Yi=CXr+ DU, + FW,

Stochastic fundamental lemma (input-output setting)

Consider (1*) with (A, [B, F]) controllable and with exact PCEs for W, X,U. Let the realizations

u’, w9 be persistently exciting of order N + n.

The tuple (Uyg, n—11, Y[o,n—1], Wio,~v—1]) is an input-output-disturbance trajectory of (1*)
if and only if there exists G € L?(€, p; RT=N+1) such that

S (u?) Ujp, n—1]
%N(yd) G = Y[O,N—l]
Hankel matrices of measured realizations Input-output trajectories of (1*)

. Pan, R. Ou, and T. Faulwasser, 2023. On a stochastic fundamental lemma and its use for data-driven optimal control. IEEE TAC



Data-driven Uncertainty Propagation TUHH

Exact PCEs - ..
Stochastic LTI system U, — Zf—_ol W (E), Vi = - LTI dynamics of PCE coefficients

X)i;+1 = AX‘,i + Bu*,i + EW‘Z:
Xi+1 = AXy + BU, + EWy,
Y. =CX, + DU, + FW, Orthogonal projection

Uncerta sampling
uszk(w), =Yk(w),

l

Timm Faulwasser | Data-driven stochastic control with formal guarantees | ECC 2024

y?;:Cx-,i—kDu*};%—Fwi
j:0717"'7L_1

Stochastic fundamental lemma

Data-driven uncertainty propagation

LTI dynamics of sampled trajectories Measurements v, w?, 1/° Aoy (u) U
1 N [0,N—1]
Tr4+1 = Az + Bug + Ewy %N(wj) G = | Wp,n-1]
yr = Cxp + Duy, + Fwy, d d %N(y ) Yv[0>N—1]

Persistently exciting u“, w

2 . RT—N+1
controllable (A, [B EJ) G e L7(€, ;R )

How to consider distributional ambiguity?

G. Pan, R. Ou, and T. Faulwasser, 2023. On a stochastic fundamental lemma and its use for data-driven optimal control. [EEE TAC
T. Faulwasser et al. 2023. Behavioral theory for stochastic systems? A data-driven journey from Willems to Wiener and back again. Annual Reviews in Control
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Considered Distributionally Robust OCP

Min-max formulation

min max
Ue,eL?, WireW,
k€lo, N1 k€ljo, N —1)
subject to
X k41

N-1
E Z V. ' QY + U, ' RU,
k=0

:AXk+BUk+EWk, Xo = Xini

P[Yk S Y]
P[Uk S U]

>1—gy, VWL €W
Zl—Eu,VWkEW

TUHH

Timm Faulwasser | Data-driven stochastic control with formal guarantees | ECC 2024

—_
~



Distributional Ambiguity TUHH

Empirial distribution fiyy with expectation m and covariance &

Distributions close to the empirical distribution fyy

e Wasserstein metric dw(uw, i) = inf (]E [HW - W||2])§

W pw W piwy

o Wasserstein ambiguity set W(jiw, p) = {pw | dw(uw, iiw) < p}

Distributions close to the empirical moments (1, %)

e Gelbrich distance dg((m, %), (m, %)) = \/||m —m||2 +tr (z +Y - 2(2%22%)%)

e Gelbrich ambiguity set G(m, X, p) = {uw | dg(E[W], Z[W]), (m, X)) < p}

Gelbrich ambiguity for uncertainty propagation?

Timm Faulwasser | Data-driven stochastic control with formal guarantees | ECC 2024

C. R. Givens and R. M. Shortt, 1984. A class of Wasserstein metrics for probability distributions. Michigan Math. J.
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Uncertainty Quantification Perspective on PCE Bases TUHH

Exact PCEs with 2 coefficients for specific distributions

Beta Gamma Gaussian Uniform
Q\EE= J T
/ a=2,p=5 —— \ k=50.8=10
| o SEE A
=l \ ’ s
\ 0.1 ! E
03 7/ o b NN . e, - T
0’ 1 .\'\ 0o 2 4 6 8 10 12 14 16 18 20 0 a b X
0 0.2 0.4 0.6 0.8 1 mages: wikiedia.org
Distribution || Support Orthogonal basis polynomials | Argument
L-1 Gaussian (—00,00) | Hermite &~ N(0,1)
W = Z w’ ¢’ (€) Uniform a, D] Legendre E~U([—1,1]
j=0 Beta la, b Jacobi &~ Bla, 5,[—1,1])
Gamma (0, 00) Laguerre £ ~T(a,,(0,00))

Design degrees of freedom for PCE bases are two-fold:
* Algebraic structure of basis functions

* Arguments of basis

Sullivan, Timothy John. Introduction to uncertainty quantification. Vol. 63. Springer, 2015.

Timm Faulwasser | Data-driven stochastic control with formal guarantees | ECC 2024
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How to choose the basis for PCE? TUHH

Exact PCEs with 2 coefficients for any L? distributions W = Z w/ ¢j (&)

Scalar Gaussian

W e L2(Q, s R), W ~ N (m, 0?) > W=m+o-& &~N(0,1)

Arbitrary L2 random variable

W e L?(Q,;R),E[W] =m ‘ W=m-1+1-(W—-m), ¢o=1, &1 =W —m

Moments from PCE coefficients?

e Expectation: w®

e Variance: Zf:_ll(wj)Q, Covariance: ...

Generalization: construct PCE basis by covariance decomposition

Timm Faulwasser | Data-driven stochastic control with formal guarantees | ECC 2024
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PCE Representation for Gelbrich Ambiguity TUHH

Covariance decomposition leads to exact vector-valued PCE
W € L2(Q, i R™), E[W] =m, S[W] = MM Bl W=m+M £ ¢eL2(Q,uR™),E[f] =0,5[ =TI,

Convex PCE coefficient uncertainty set
Nonconvex Gelbrich ambiguity set im | M] € G(m, M, p)

Hw € g(m,z,p)
{MW‘\/]|m—mH2+tr<Z+i—2(i )Sp}

{im|M]| 30 = 0, ||| M) = | 3| . < o}

N

N[
N

$54)

” Germs & with normalized ambiguity
pe € G(0,1,,,0)

Tailored covariance decomposition for Gelbrich ambiguity

W=m+M{M=S"3(2:252)z, M =5°

Representation of Gelbrich ambiguity:  coefficients m, M and germs € L2(Q, y; R"™»)

G. Pan, R. Ou, and T. Faulwasser, 2023. On Data-Driven Stochastic Output-Feedback Predictive Control, arXiv preprint

Timm Faulwasser | Data-driven stochastic control with formal guarantees | ECC 2024
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Representation of Input and Output Random Variables? TUHH

Exact PCEs for all random variables?
o Exact PCEs W), = m + M&, pe, € G(0,Inp,,,0)
o Let £ - [5(—)[—7 e 75]—5—1]’ 1223 S g(O7Ian>O)

e LTI dynamics %%
e Control U is affine and modelled as causal disturbance feedback 1
Uon_11 =Uon-1 + KuWion_11,
o | K o pNmexNe, Y= CXg+ DUy + FWi
KN.—l,O KN—(l),N—Q 0

= U and Y} depend affinely on &

L-1 L-1
= Exact PCEs: Up = » ul¢/(€), Vi = Y yj¢7(£), -

=0 =0

PCE reformulation of distributionally robust chance constraints?

G.C. Calafiore and L.E. Ghaoui, 2006. On distributionally robust chance constrained linear programs, J. Optim. Theory Appl.

Timm Faulwasser | Data-driven stochastic control with formal guarantees | ECC 2024
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Distributionally Robust Chance Constraints? TUHH

Distributionally robust constraints in PCE coefficients

Pla'Uk(€) <1]>1—¢, Vue € G(0,Inp,,,0) =3 a'u? + \/1_5 N”lw (aTu))2 <1

Pla"Y1(€) <1]>1—¢, Yug € G(0,Inn,.0) &  aly)+ \/1_5 e (aTyl)? <1

Ui and Y. depend affinely on & + orthonormality of &
= Exact second-order cone reformulation independent of &

Do we need for distributionally robust optimal control?

Timm Faulwasser | Data-driven stochastic control with formal guarantees | ECC 2024

G.C. Calafiore and L.E. Ghaoui, 2006. On distributionally robust chance constrained linear programs, J. Optim. Theory Appl.
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Distributionally Robust Optimal Control Problem

N—-1L-1

mln max Z Z ”yk”Q + Jupl|%)

k 0 57=0
s.t. V[m,M] € G(m, %, p), Vk € Ijg ny—1),

wion i = 1y @ m, Iy ® M]

c%N-i-l(l'ICI7VV Y )gj — (uaway){_l,N_l]
(U7W7y)?—l,—1] - (uawvy)[—l,—l]

. 0 .
ufO,N—l] = 07U, n—1] + KwaO,N—u

TUHH

Convex Gelbrich ambiguity

Data-driven uncertainty propagation via PCE

Affine disturbance feedback policy

Second-order cone reformulation

e Robust optimization with convex ambiguity set independent of

e Approximation of G by polytope = tractable second-order cone program

e Open-loop distributionally robust solution:

= ujo,N—1] + Kuw

Timm Faulwasser | Data-driven stochastic control with formal guarantees | ECC 2024

N
&



Numerical Example TUHH

X1 = {1 1] X5+ lofl U, + W, Non Gaussian puy: mixture of N([91],0.0113) and N'([Z'1],0.0115)
P|Ui, < 0.5] > 80%, P|Uy > —0.5] >80%, Q=R=1, N =10

Vi=[1 0] X,
1 2 Averaged cost Violations at £k = 3 §
|deal g(mtruea Yitrue, 0) é i 25.04 0.3 % §
8 S
§
Optimistic G(m, %, 0) 24 A7 5.8 % S
p
Distributionally robust %
A(m, X, p) 25.79 0.8 % 8
p=0.5|[m, X]||lr ’

G. Pan and T. Faulwasser, 2023. Distributionally robust uncertainty quantification via data-driven stochastic optimal control. IEEE L-CSS
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Summary TUHH

Distributional ambiguity via Gelbrich sets Data-driven uncertainty propagation
* Quter approximation of Wasserstein ambiguity * Prediction of future random variables by
set in moment-based formulation previously recorded data
* Convex reformulation by a tailored * Tractable propagation by exact PCE
decomposition of covariance matrix e Second order cone reformulation of
 Decoupling into ambiguities of coefficients and distributionally robust constraints

germs via polynomial chaos

G. Pan and T. Faulwasser, 2023. Distributionally robust uncertainty G. Pan, R. Ou, and T. Faulwasser, 2023. On a stochastic fundamental
guantification via data-driven stochastic optimal control. IEEE L-CSS lemma and its use for data-driven optimal control. IEEE TAC

4 4

Data-driven distributionally robust optimal control

Extensions to predictive control and closed-loop analysis

o Data-driven stochastic output-feedback predictive control with closed-loop guarantees

G. Pan, R. Ou, and T. Faulwasser, 2023. On Data-Driven Stochastic Output-Feedback Predictive Control, arXiv preprint
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Summary TUHH

Distributional ambiguity via Gelbrich sets Data-driven uncertainty propagation
* Quter approximation of Wasserstein ambiguity * Prediction of future random variables by
set in moment-based formulation previously recorded data
* Convex reformulation by a tailored * Tractable propagation by exact PCE
decomposition of covariance matrix e Second order cone reformulation of
 Decoupling into ambiguities of coefficients and distributionally robust constraints

germs via polynomial chaos

G. Pan and T. Faulwasser, 2023. Distributionally robust uncertainty G. Pan, R. Ou, and T. Faulwasser, 2023. On a stochastic fundamental
guantification via data-driven stochastic optimal control. IEEE L-CSS lemma and its use for data-driven optimal control. IEEE TAC

4 4

Data-driven distributionally robust optimal control

Open problems

o Tools for numerical implementation, fundamental lemma for nonlinear systems?

O. Molodchyk & T. Faulwasser, 2023. Exploring the Links between the Fundamental Lemma and Kernel Regression. IEEE L-CSS
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Thank you for your attention!
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